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PREFACE. 



The first chapter of this book prepares the way for quite 
a full treatment of simple integral equations with one 
unknown number. In the first two chapters only positive 
numbers are involved, and the beginner is led to see the 
practical advantages of Algebra before he encounters the 
diflB.culties of negative numbers. 

The definitions and explanations contained in these 
chapters should be carefully read at first ; after the learner 
has become familiar with algebraic operations, special atten- 
tion should be given to the principal definitions. 

The third chapter contains a simple explanation of nega- 
tive numbers. The recognition of the fact that the real 
nature of subtraction is coimting backwards, and that the 
real nattu*e of multiplication is forming the product from 
the multiplicand precisely as the multiplier is formed from 
unity, makes an easy road to the laws of addition and sub- 
traction of algebraic numbers, and to the law of signs in 
multiplication and division. All the principles and rules 
of this chapter are illustrated and enforced by numerous 
examples involving simple algebraic expressions only. 

The ordinary processes with compound expressions, in- 
cluding cases of resolution into factors, and the treatment 
of fractions, naturally follow the third chapter. The im- 
mediate succession of topics that require similar work is of 
the highest importance to the beginner, and it is hoped that 
the chapters on compound expressions will prove interest- 
ing, and give sufficient readiness in the use of symbols. 



IV 



PREFACE, 



The chapter on Factors has been made as complete as 
possible for an elementary text-book, with a view to shorten 
subsequent work. The easy method of resolving quadratic 
trinomials into factors, whether the coefficient of the square 
of the letter involved is unity or greater than unity, and the 
Factor Theorem, explained on page 102, will be found of very 
great service in abridging algebraic processes. Examples 
of short methods for finding the highest common factor of 
compound expressions are given on page 118 ; and examples 
of short methods for solving quadratic equations by resolv- 
ing them into factors are given on pages 272 and 273. 

A five-place table of logarithms is placed at the end of 
the book instead of a four-place table. Five-place loga- 
rithms are in common use for practical calculations, and 
are required by most colleges and science schools for the 
solution of problems set in entrance examination papers. 

The exercises throughout the book are carefully graded. 
They are sufficiently varied and interesting, and are not so 
difficult as to discourage the learner, or so easy as to deprive 
him of the satisfaction of well-earned success. 

The author has spared no pains to make this a model 
text-book in subject-matter and mechanical execution. The 
remarkable favor with which his other Algebras have been 
received is shown by the fact that nearly a million copies 
have already been sold, and the sale continues to increase 
from year to year. The author trusts that this new candi- 
date for favor will have the same generous reception, and be 
found to meet fully the requirements of the recent advance 
in the science and method of teaching Elementary Algebra. 

The author is under obligations to many teachers for 

valuable suggestions, and he will be thankful for corrections 

or criticisms. 

G. A. VTENT WORTH. 

ETER, N. H., June, 1808. 
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N^EW SCHOOL ALGEBEA. . 

CHAPTER I. 
DEFINITIONS AND NOTATION. 



Numbers and Number-Symbols. 

1. Algebra. Algebra, like Arithmetic, treats of numbers. 

2. Units, In counting separate objects or in measuring 
magnitudes, the standards by which we count or measure 
are called units. 

Thus, in counting the boys in a school, the unit is a boy ; in selling 
eggs by the dozen, the unit is a dozen eggs ; in selling bricks by the 
thousand, the unit is a thousand bricks ; in expressing the measure of 
short distances, the unit is an inch, a foot, or a yard ; in expressing 
the measure of long distances, the unit is a rod, or a mile. 

3. Numbers. Repetitions of the unit are expressed by 
numbers. 

A single unit and groups of units formed by successive additions of 
a unit may be represented as follows : 

/ // /// //// fw rw / 
rw ii rw III iw nil iw mj 

These representative groups are named one, two, three, four, five, 
six, seven, eight, nine, ten ; and are known collectively under the 
general name of numbers. It is obvious that these representative 
groups will have the same meaning, whatever the units may be that 
are counted. 
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DEFINITIONS AND NOTATION, 3 

The Principal Signs of Operations. 

The principal signs of operations are the same in Algebra 
as in Arithmetic. 

8. The Sign of Addition, +. The sign + is read plm. 

Thus, 4 + 3 is read 4 plus 3, and indicates that the number 3 is to 
be added to the number 4 ; a + 6 is read a plus 6, and indicates that 
the number 6 is to be added to the number a. 

9. The Sign of Subtfaction, — . The sign — is read minus. 

Thus, 4 — 3 is read 4 minus 3, and indicates that the number 3 is 
to be subtracted from the number 4 ; a — 6 is read a minus 6, and 
indicates that the number 6 is to be subtracted from the number a. 

10. The Sign of Multiplication, X. The sign X is read 
times, or multiplied by. 

Thus, 4 X 3 is read 4 times 3, and indicates that the number 3 is 
to be multiplied by 4 ; a X 6 is read a times 5, and indicates that the 
number 6 is to be multiplied by the number a, 

A dot is sometimes used for the sign of multiplication. 
Thus, 2 • 3 • 4 • 5 means the same as 2 X 3 X 4 X 5. Either 
sign is read multiplied by when followed by the multiplier. 
%a X b, or $a • b, is read a dollars multiplied by b. 

11. The Sign of Division, -f-. The sign -5- is read divided by. 

Thus, 4 -f 2 is read 4 divided by 2, and indicates that the number 
4 is to be divided by 2 ; a -r 6 is read a divided by 6, and indicates 
that the number a is to be divided by the number h. 

Division is also indicated by writing the dividend above 
the divisor with a horizontal line between them; or by 
separating the dividend from the divisor by an oblique 
line, called the solidus. 

Thus, - ? or a/b, means the same as a -r- b. 

Note. The operation of adding 6 to a, of subtracting 6 from a, of 
multiplying a by 6, or of dividing a by 6 is algebraicaHy complete 
when the two letters are connected by the proper sign. 



4 DEFINITIONS AND NOTATION 

12. The Radical Sign, ^. The sign V is called the 
radical sign, and denotes that a root of the number before 
which it is placed is to be found. 

Other Signs Used in Algebra. 

13. The Sign of Equality, =. The sign = is read is 
equal to, and when placed between two numbers indicates 
that these two numbers are equal. 

Thus, 8 4- 4 = 12 means that the sum of 8 and 4 is equal to 12 ; 
X 4- y = 20 means that the sum of x and y is equal to 20 ; and x = d+h 
means that x is equal to the sum of a and h. 

14. The Sign of Deduction, .*. The sign .'.is read hence 
or therefore. 

15. The Sign of Continuation, The sign is read 

and so on. 

Thus, 1, 2, 3, 4, is read one, two, three, four, and so on, ai, 

02, as, On is read a sub one, a sub two, a sub three, and so on to 

a sub n. a', a'', a'", is read a prime, a second, a third, and so on, 

16. The Signs of Aggregation. The signs of aggregation 
are the parenthesis ( ), the bracket [ ], the brace \ \, the 
vinculum — , and the bar | . 

These signs mean that the indicated operations in the 
expressions affected by them are to be performed first, and 
the result treated as a single number. 

Thus, (a 4- 6) X c means that the sum of a and b is to be multiplied 
by c ; (a — b)'x.c means that the difference of a and 6 is to be multi- 
plied by c. 

The vinculum is written over the expression that is to be 
treated as a single number. 

Thus, a — 6 4- c means the same as a — (b + c), and signifies that 
the sum of b and c is to be subtracted from a ; and Va — b means 
the same as V(« ~~ &)» and signifies that b is to be subtracted from a, 
and the square root of the remainder found. 
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Factors, Powers, Roots. 

17. Factors. When a number is tlie product of two or 
more numbers, each of these numbers, or the product of 
two or more of them, is called a factor of the given number. 

Thus, 2, a, 6, 2 a, 2 6, ab are factors of 2 ab. 

18. Factors expressed by letters are called literal factors ; 
factors expressed by figures are called numerical factors. 

19. The sign X is omitted between factors, if the factors 
are letters, or a numerical factor and a literal factor. 

Thus, we write 63 a6 for 63 X a X 6 ; we write abc for a X b x c. 

20. The expression abc must not be confounded with 
a -\-b -\- c. abc is a product ; a -\- b -\- c is Si sum. 

If a = 2, 5 = 3, c = 4, 

then a5c = 2 X 3 X 4 = 24 ; 

but a-{-b-\-c = 2 + S-\-4: = 9. 

Note. When a sign of operation is omitted in the notation of 
Arithmetic, it is always the sign of addition; but when a sign of 
operation is omitted in the notation of Algebra, it is always the sign 
of multiplication. Thus, 456 means 400 + 50 ^^ 6, but 4 ab means 
4 X a X 6. 

21. If one factor of a product is equal to 0, the product 
is equal to 0, whatever the values of the other factors. 
Such a factor is called a zero factor. 

Thus, abed = 0, if a, 6, c, or d = 0. 

22. Coefficients. Any factor of a product may be con- 
sidered as the coefficient of the remaining factors ; that is, 
the co-factor of the remaining factors. Coefficients expressed 
by letters are called literal coefficients ; expressed by Arabic 
numerals, numerical coefficients. 

Thus, in 7 X, 7 is the numerical coefficient of x ; in ax, a is the 
literal coefficient of x. 

If no numerical coeflQcient is written, 1 is understood. 
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23. Powers and Roots. Wlien a number is taken a num- 
ber of times as a factor, the result is called a power of tlie 
factor. When a number is the product of eqiial factors, 
one of the equal factors is called a root of the number. 

24. Indices or Exponents of Powers. An index or exponent 
of a power is a number-symbol written at the right of and 
a little above the number. 

If the exponent is a ivhole number, it shows the number 
of times the given number is taken as a factor. 

Thus, a^, or simply a, denotes that a is taken once as a factor ; a^ 
denotes that a is taken twice as a factor ; a^ denotes that a is taken 
three times as a factor ; and so on. These are read : the first power 
of a ; the second power of a \ the third power of a ; and so on. We 
write a^ for aaa^ a* for aaaa^ a^ for aaaa to n factors. 

Note. The second power of a number is often called the square of 
that number ; thus, a^ is called the square of a, because if a denotes 
the number of units of length in the side of a square, a^ denotes the 
number of units of surface in the square. The third power of a 
number is often called the cube of that number ; thus, a^ is called the 
cybe of a, because if a denotes the number of units of length in the 
edge of a cube, a^ denotes the number of units of volume in the cube. 

25. The meaning of coefficient and exponent must be 
carefully distinguished. Thus, 

^a = a-\- a -\- a-\- a-y 
a* = axaxaxa. 
If a = 3, 4a = 3 + 3 + 3 + 3 = 12. 

rt4 = 3 X 3 X 3 X 3 = 81. 

26. Indices of Roots. An index of a root is a number- 
symbol written above the radical sign to indicate the re- 
quired root. 

Thus, Va, or simply Va, means one of the two equal factors of a, 

8/- 

that is, the square root of a ; V a means one of the three equal factors 
of a, that is, the cube root of a ; and so on. 
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Algebraic Expressions. 

27. An Algebraic Expression. An algebraic expression is 
a number written with algebraic symbols. An algebraic 
expression may consist of one symbol, or of several symbols 
connected by signs. 

Thus, a, 3 abc, 5 a + 2 6 — 3 c, are algebraic expressions. 

28. Terms. A term is an algebraic expression of one sym- 
bol, or of several symbols not separated by the sign -|- or — . 

Thus, a, 6 xy, 2 a6 X 4 cd, -r-z are algebraic expressions of one term 
each. A term may be separated into parts by the sign X or -r. 

29. Similar Terms. If terms have the same letters, and 
each letter has the same exponent in all the terms, they are 
called similar terms or like terms. 

Thus, 3 x2y8^ 5 jpSyS^ and 7 z^ are similar terms. 

30. Simple Expressions. An algebraic expression of one 
term is called a simple expression or a monomial. 

Thus, 6xy, 7 a X 2 6, 7 a -f 2 6, are simple expressions. 

31. Compound Expressions. An algebraic expression of 
two or more terms is called a compound expression or a poly- 
nomial. 

Thus, 5xy4-7a, 2x — y — Sz, are compound expressions. 

32. A polynomial of two terms is called a binomial ; of 
three terms, a trinomial. 

Thus, 3 a — 6 is a binomial ; and 3a — 64-cisa trinomial. 

33. Plus and Minus Terms. A term preceded by the 
sign + is called a plus term ; and a term preceded by the 
sign — is called a minus term. The sign + before a single 
term, and before the first of a series of terms is omitted. 
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34. A plus term and a minus term cancel each other when 
combined, if both terms stand for the same number. 

35. The Numerical Value of an Expression. The result 
obtained by putting particular values for the letters of an 
expression and performing the indicated operations is called 
the numerical value of the expression. 

Numerical Values of Simple Expressions. 

1. If a = 3, find the numerical values of 4 a and a\ 

4a = 4Xa = 4x.3 = 12; 
and a*=axaxaxa = 3x3x3x3 = 81. 

2. li a — 5, b = 6, c = 7, find the numerical value of the 
expression ^^ abc. 

^9^ a6c = y\ X 5 X 6 X 7 = 135. 

3. li X = 2, y = Sf find the numerical value of 5 x^y^. 

5 xV = 5 X 22 X 33 = 5 X 4 X 27 = 540. 

4. If X = 4, y/ = 6, find the numerical value of f x^j/. 

ix^y = f X 42 X 6 = f X 16 X 6 = 64. 

5. If ir = 2, y = 3, z = 4, find the numerical value of 
Sxhj-hSz\ 

8x2y _ 8 X2X2X3 _1 
3^3 ~3 X 4 X 4 X 4~2' 

6. If a: = 3, find the numerical values of V^^J v4x^; 
and2V(9aj2). 

V4x2 = V4 X 32 = 2 X 9 = 18. 
VJ^ = V4 X '.y^ = V36 =6. 

2 V(9ic2) = 2 V(9 X 32) = 2^ X 9 = 18. 

Note. When no vinculum or parenthesis is used, a radical sign 
affects only the symbol immediately following it. 



1. 


15 a!. 


11. 


|iV. 


21. 


Sa'cP 


2. 


Sab. 


12. 


fcV- 




Sbc 


3. 


7 by. 


13. 


f^V- 


22. 


76V 


4. 


5bd. 


14. 


fay- 




2rfc 


5. 


9y». 


15. 


^a;V. 


23. 


a^V 


6. 


3b*e. 


16. 


^c*<P. 




6JV 


7. 


4cV. 


17. 


A<^. 


24. 


a;*y'«» 


8. 


2b'x. 


18. 


faV. 


Sc**? 


9. 


iV- 


19. 


«s'y». 




10a»J« 


10. 


a«SV. 


20. 


|c»d«. 


25. 


d**" 
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Exercise 1. 

If a = 1, & = 2, c = 3, e^ = 4, a; = 5, y = 6, « = 0, find 
the numerical value of : 

26. V^y. 

27. -y/dx, 

28. v'Sc, 

29. \^^^. 

30. V(%). 

31. Va6V. 

32. VajV«^ 

33. ^Sbc'd. 

34. 2V&W. 

35. cV^*. 

Ntunerical Values of Compound Expressions. 

36. Each term should be written in the algebraic form 
by omitting the sign X between a numerical factor and a 
literal factor or between two literal factors. The operar 
tions indicated in a term must be performed before the 
operation indicated by the sign prefixed to the term. 

37. The parts of a term are combined in the order of the 
signs X and -^ from left to right. 

The terms of an expression are combined in the order of 
the signs + and — from left to right. 

Thus, 60 - 40 -r 6 X 3 - 20 = 60 - V X 3 - 20 = 16. 

38. The terms may be arranged in any order before 
combining them. This is called the commutative law for 
addition and subtraction. 
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Numerical Values of Compound Expressions. 

1. If b = 10, e = 2, y = 5, find the numerical value of 
6b-(Sy-ir2c)c-2cy. 

66 — (8y-r2c)c — 2cy = 6xl0 — yx2— 2X2X6 
= 60 - 20 - 20 = 20. 



2. It x = 7, y = 5, find the numerical value of 

(x + y)(x-y) + |±| = (7 4-6)(7-6)4-^ 
= 12 X 2 + V = 30. 



Exercise 2. 
If a = l, b = 2, c = 3, find the value of : 

1. 7a — be. 5. 2a — b-\-c, 9. ■y/4: abc -\- 2 c. 

2. ac + b. 6. ab + bc — ac. 10. WGabc — 2 b. 

3. 4aft-c. 7. b^ -{- a^ -\- c'. 11. c» - &^ 



»/■ 



4. 6a5-^>-c. 8. 5bc^-2ab. 12. Vc^ — a\ 

13. 2b-{-Sc-a. 16. 6^>- 10^>c-5-12a + 2c. 

14. (a + &)^4-2(c-a)». 17. 5c h- (^> - a) - 6 - a. 

15. -Vebc -b-c. 18. -v^^^ - \^^ 

Ua = l,b = 2,c = S,d = 0, find the value of : 

19. 7a-bc + 6d. 25. ■y /4: abed -\- 2 b^. 

20. ac + ft — c?. 26. V4 abed + ft«. 

21. 4aft — cc? — <^. 27. P — c -\- d"". 

22. 2a-ft + c6^. 28. 3c^-2ft2 + a. 

23. ab + be-ad. 29. 2ft +(5c - 3)-5-(2c - a). 

24. 2ab-5bed, 30. 3c2-2aa-2ft^ 
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Parentheses. 

39. A parenthesis preceded by the sign -{-. If a man has 

10 dollars and afterwards collects 3 dollars and then 2 
dollars, it makes no difference whether he puts the 3 
dollars and the 2 dollars together and adds their sum to 
his 10 dollars, or adds the 3 dollars to his 10 dollars, and 
then the 2 dollars. 

The first process is represented by 10 + (3 + 2). 
The second process is represented by 10 + 3 + 2. 

Hence, 10 + (3 -|- 2) = 10 -h 3 -h 2. (1) 

If a man has 10 dollars and afterwards collects 3 dollars 
and then pays a bill of 2 dollars, it makes no difference 
whether he pays the 2 dollars from the 3 dollars collected 
and adds the remainder to his 10 dollars, or adds the 3 
dollars collected to his 10 dollars and pays from this sum 
his bill of 2 dollars. 

The first process is represented by 10 + (3 — 2). 
The second process is represented by 10 + 3 — 2. 

Hence, 10 + (3 - 2) = 10 + 3 - 2. (2) 

If we use general symbols in (1) and (2), we have, 
a-^ (b -^ c) = a-\-b + c, 
and a-\- (b — c) = a + b — e. Hence, 

We have the general rule for a parenthesis preceded by + : 

If an expression within a parenthesis is preceded by the 
sign +, the parenthesis may be removed without making any 
change in the signs' of the terms of the expression. 

Instead of a parenthesis, any other sign of aggregation 
may be used and the same rule will apply. 
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40. A paienthesis preceded by the sign — . If a man with 
10 dollars has to pay two bills, one of 3 dollars and one of 
2 dollars, it makes no difference whether he takes 3 dollars 
and 2 dollars at one time, or takes 3 dollars and 2 dollars 
in succession, from his 10 dollars. 

The first process is represented by 10 — (3 + 2). 
The second process is represented by 10 — 3 — 2. 

Hence, 10 - (3 + 2) = 10 - 3 - 2. (1) 

If a man has 10 dollars consisting of two 5-dollar bills, 
and has a debt of 3 dollars to pay, he can pay his debt by 
giving a 5-dollar bill and receiving 2 dollars. 

This process is represented by 10 — 5 -h 2. 

Since the debt paid is 3 dollars, that is, (5 — 2) dollars, 
the number of dollars he has left can be expressed by 

10 - (5 - 2). 
Hence, 10 - (5 - 2) = 10 - 5 + 2. (2) 

If we use general symbols in (1) and (2), we have, 
a — (b -\- c) = a — b — c, 
and a — (b — c) = a — b -\-c. Hence, 

We bave the general rule for a parenthesis preceded by — : 

If an expression within a parenthesis is preceded by the 
sign — , the parenthesis may be removed, provided the sign 
before each term within the parenthesis is changed, the 
sign -\- to — and the sign — to +. 

Note. If the vinculum is used, the sign prefixed to the first term 
under the vinculum must be understood as the sign before the 
vinculum. 



Thus, a 4- 6 — c has the same meaning as a 4- (6 — c), 
and a — b — c has the same meaning as a — (b — c). 
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Exercise 3. 
Kemove the parentheses and combine : 

1. 9 + (3 -h 2). 5. 9 - (8 - 6). 9. (3 - 2) - (2 - 1). 

2. 9 + (3 -2). 6. 8 -(7 -5). 10. (7 -3) -(3 -2). 

3. 7 + (5 + 1). 7. 9 -(6 + 1). 11. (8 -2) -(5 -3). 

4. 7 + (5 -T 1). 8. 8 - (3 + 2). 12. 15 - (10 - 3 - 2). 

If a = 10, 6 = 5, c = 4, c? = 2, find the value of : 

13. (a -\- b) + (c -h d). 15. (a - b) - (c - d). 

14. (a -\- b) - (c - d). 16. (a - b) -{- (e - d). 

Product of a Compound by a Simple Factor. 

41. In finding the product of 4 (5 + 3), it makes no dif- 
ference in the result whether we multiply the sum of 5 and 
3 by 4, or multiply 5 by 4 and 3 by 4 and add the products. 

By the first process, 4 (5 + 3) = 4 X 8 = 32. 

By the second process, 4 (5 + 3) = (4 X 5 + 4 X 3) = 32. 

In like manner, 4 (5 — 3) = 4 X 2 = 8, 

and 4(5-3) = (4x 5-4x3)= 8. 

In general symbols, a (b + e) = ab -\- ac, 
and a (b — c) = ab — ac. 

This is called the distributive law for multiplication. 

42. The order of the factors is immaterial. 
Thus, 4 (5 + 3) = 4 X 5 + 4 X 3 = 32, 

and (5 + 3) 4 = 5 X 4 + 3 X 4 = 32. 

In general symbols, ab = ba. 
This is called the commutative law for multiplication. 
Perform the indicated operations : 

1. x + S(a-b), 2. x-S(a-b), 

1.- x + 3(a-6) = x + (3a-36) = x + 3a-36. 
2. X — 3(a — 6) = x — (3a — 36) = aj — 3a + 36. 
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Exercise 4. 

Perform the indicated operations, and find the numerical 
value of each expression, if a = 5, ft = 4, c = 3 : 

1. 3(ab + e). 7. bc-\-a(b-c). 13. (a-c)b — a. 

2. 4:(ac + b). 8. b + 2 (a — c). 14. (a — b)a-\-2c. 

3. 2(ab — c). 9. ac — 2 (b + c). 15. (b + c)c-2b. 

4. 5(ac-by 10. 5ac-2(b^-hby 16. (a-c)7-3c. 

5. 7(ftc-a). 11. 2b + S(a-cy 17. (a-c)c^-2e2. 

6. ac(b-c). 12. aft + ft (ft -c). 18. (a2-ft2)c-a2. 

Quotient of a Compound by a Simple Expression. 

43. In finding the quotient of(8 + 4)-5-2 it makes no 
difference in the result whether we divide the sum of 8 and 
4 by 2, or divide 8 by 2 and 4 by 2, and add the quotients. 

By the first process, (8 + 4) -^ 2 = 12 -^ 2 = 6. 

By the second process, (8 + 4)^2 = (8-^24■4-5-2) = 6. 

In general symbols, = - + , 

c c c 

a — b a ft 

and = 

c c c 

This is called the distributive law for division. 

Perform the indicated operations : 

1. a; + (3a + 3ft)-f-3. 2. a; - (3a + 3ft) -5- 3. 

1. X + {3a + 36) -r 3 = x + (a + 6) = X + a 4- 6. 

2. x-(3a + 36)-f3 = x-(a + 6) = x — a~6. 

Exercise 5. 

Perform the indicated operations, and find the numerical 
value of each expression, if a = 8, ft = 4, c = 2 : 

1. (ft + c)-i-c. 5. (aft + c)-5-c. 9. (ft* + c*)^a. 

2. (a + c)-s-ft. 6. (ac-fft)-^ft. 10. {b^-/)^b, 

3. (a -ft) -4- ft. 7. (ac-ft)-^ft. 11. (a^ - c^) -5- c*. 

4. (ft-c)H-c. 8. \ab-c)-^c. 12. (a^ - ft^) -5- ftl 



CHAPTER n. 
SIMPLE EQUATIONS. 

44. Equations. An equation is a statement in symbols 
that two expressions stand for the same number. 

Thus, the equation 3x4-2 = 8 states that 3x + 2 and 8 stand for 
the same number. 

45. That part of the equation which precedes the sign 
of equality is called the first member, or left side, and that 
part of the equation which follows the sign of equality is 
called the second member, or right side. 

46. An equation containing letters, if true for all values 
of the letters involved, is called an identical. equation; but 
if it is true only for certain particular values of the letters 
involved, it is called an equation of condition. 

Thus, a + 6 = 6 + a, which is true for ail valties of a and 6, is an 
identical equation; and 3x + 2 = 8, which is true only when x stands 
for 2, is an equation of condition. 

For brevity, an identical equation is called an identity, 
and an equation of condition is called simply an equation. 

47. We often employ an equation to discover an unknown 
number from its relation to known numbers. We usually 
represent the unknown number by one of the last letters of 
the alphabet, as x, y, z; and the known numbers by the 
first letters, a, b, c, and by the Arabic numerals. 

48. Simple Equations. Equations which, when reduced 
to their simplest form, contain only the first jpower 
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of the unkno 71 numbers are called simple equations, or 
equations of the first degree. 

Thus, 7 X + 6 = 4x + 14,and ax-^h = c are simple equations in x. 

49. Two or more like terms may be combined to form a 
single like term by uniting their numerical coefficients. 

Thus, 3 ox + ox = 4 ax ; and 6ax — 3ax = 2ax. 

50. To Solve an Equation with One Unknown Number is to 

find the imknown number; that is, to find the number 
which, when substituted for its symbol in the given equar 
tion, renders the equation an identity. 

This number is said to satisfy the equation^ and is called 
the root of the equation. 

61. Axioms. In solving an equation, we make use of 
the following self-evident truths, called axioms : 

Ax. 1. If equal numbers are added to equal numbers, the 
sums are equal. 

Ax. 2. If equal numbers are subtracted from equal num- 
bers, the remainders are equal. 

Alx. 3. If equal numbers are multiplied by equal num- 
bers, the products are equal. 

Ax. 4. If equal numbers are divided by equal numbers, 
the quotients are equal. 

Ax. 5. If two numbers are equal to the same number, 
they are equal to each other. 

52. Transposition of Terms. It becomes necessary in 
solving simple equations to bring all the terms that contain 
the symbols for the unknown numbers to one side of the 
equation, and all the other terms to the other side. This 
process is called transposing the terms. 
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1. Find the number for which x stands w .fen 

x — b = a. 
Add b to each side, x — b + b = a + b. (Ax. 1) 

Cancel -6 + ft, x = a-{'b. (§34) 

The result is the same as if we had transposed — b from 
the left side to the right side and changed its sign. 

2. Find the number for which x stands when 

x-{'b = a. 
Subtract b from each side, x + b — b = a — b. (Ax. 2) 
Cancel + 6 -^ x = a-b. (§34) 

In this case, we have transposed b from the left side to 
the right side and changed its sign. 

We can proceed in like manner in any other case. 

Hence, the general rule : 

58. Anj/ term may be transposed from one side of an 
eqvxition to the other y provided its sign is changed. 

It follows from axioms 1 and 2 that : 

64. Any term that occurs with the same sign on both sides 
of an equation mxiy be cancelled. 

If we transpose each term of the equation, 

c — x =^ a — by (1) 

we have 6 — a = a; — c. 

That is, a; - c = 6 - a. (2) 

Equation (2) is the same as (1) with the sign before 
each term changed. Hence : 

66. The sign of every term of an equation may be changed 
without destroying the equality. 
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56. Numerical Equations. An equation in which all the 
known numbers are expressed by Arabic numerals is called 
a numerical eqtcation. 

Solution of Simple Numerical Equations in X. 

1. Solve Sx-7 = 14:-4:x, 

Transpose — 4 a? to the left side and — 7 to the right side, 





3x + 4a; = 14 + 7. 


(§53) 


Combine, 


7x = 21. 


(§49) 


Divide by 7, 


aj = 3. 


(Ax. 4) 



2. Solve the equation 

1 - 4.(x - 2) = 7 X - S(Sx - 1). 
Multiply the compound factor by the simple factor in each side, 

l-(4x-8) = 7x-(9x-3). 
Remove the parenthesis la each side, 

l-4x4-8 = 7aj-9x + 3. (§40) 

Transi)Ose, 9x — 4x — 7x = 3 — 1 — 8. 
Change the signs of all the terms, 

4x + 7x-9x = 1+8-3. (§ 55) 

Combine, 2x = 6. (§49) 

Divide by 6, x = 3. (Ax. 4) 

67. To Solve a Simple Numerical Equation in x, therefore : 
Transpose all the terms that contain x to the left side, and 

all the other terms to the right side. Combine similar termsy 
and divide both sides by the coefficient of x, 

68. Verification. If the value found for x is substituted 
for X in the original equation, and the equation reduces to 
an identity, the value of x, that is, the root of the equation^ 
is said to be verified. 

Note. In verifying a solution, as in solving an equation, it is im- 
portant to notice that the signs of all the terms may be changed. 
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Show that X stands for 3 in the equation 

3aj-7 = 14-4a;. 
Put 3 for z in this equation, and we have 
^ 3x3-7 = 14 -4X3, 

or, 9 - 7 = 14 - 12, 

that is, • 2 = 2. 

Exercise 6. 
Find the value of cc, and verify the answer : 

1. 5a; -4 = 16. 10. 14a; - 79 = 8a; - 25 

2. 3a; -1-4 = 25. 11. 5a; - 4 = 12 - 3a;. 

3. 24a; -7a; = 34. 12. 7 a; -h 4 = 3 a; -h 24. 

4. 16a; = 7a; -1-81. 13. 12a; - 16 = 8 -h 6a;. 

5. 3a; = 55 -2a;. 14. 4a; - 10 = 14 -h 2a:. 

6. 5a; = 3a; -1-6. 16. 2a; — 5 = 7 -a;. 

7. 7a; = 6a; -1-4. 16. 4a; -14 = a; -2. 

8. 5a; = 28 -2a;. 17. 4a; - 11 = 2a; - 5. 

9. 2a; = 11 -ha;. 18. 4a; - 10 = 3a; - 5. 

19. 5 (a; -h 1) + 6 (a; + 2) = 7 (a; -f 3). 

20. 4(a;-f 7)-36 = 13(a;-2). 

21. 6(3a;-l)-8a; = 140-f 2(a;-l). 

22. 3 (3a; - 2) - 6 (4 - a;) = 24a; -4 (7a; -2). 

23. 3 (a; -h 13) - 15 = 4 (a; - 2) - 9. 

24. 10a; -(a; -10) = 3 a; -1-52. 

25. 3a; - (a; -h 5) - (a; - 3) = 10 - x. 

26. a;2 -h 8a; - (x^ - a;) = 5 (a; -h 3) -h 5. 

27. 5 - a; + 4 (a; - 1) - (a; - 2) = 15. 

28. 3 (a; -h 10) H- 4 (a; H- 20) -h 5a; = 185 - 3a;. 

29. 2(x- 2) + 3 (a; - 3) -h 4 (a; - 4) = 3a; + 7. 

30. (5a; + 3) - 2 (a; - 1) + (1 - a;) = 4 (9 - x). 

31. 7 -21 (a; + 3) = 13 -15 (2a; -5). 

32. 5 (a; - 3) - 7 (6 - a;) -h 29 = 50 - 3 (8 - a;). 
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Statement and Solution of Problems. 

59. To express in algebraic language the conditions of a 
problem that are stated in common language is generally 
very difficult for the beginner. We will therefore give an 
exercise on translating common language into algebraic 
language before proceeding to the solutions of problems. 



Exercise 7. 

1. Write in symbols : a diminished by 5 ; a increased 
by ft ; a multiplied by ft ; a divided by ft ; the square of a ; 
the square root of a ; the cube root of a ; the square of a 
multiplied by the fourth power of ft. 

2. If a man walks x miles an hour, how many miles 
will he walk in 4 hours ? in a hours ? 

3. If a man walks 3 miles an hour, how many hours 
will it take him to walk 12 miles ? x miles ? 

4. If a man walks x miles an hour, how many hours 
will it take him to walk 20 miles ? y miles ? 

5. What is the divisor, if the dividend is 20 and the 
quotient 5 ? if the dividend is a and the quotient ft ? 

6. What is the dividend, if the divisor is 4, the quotient 
3, and the remainder 2 ? if the divisor is d, the quotient 
q, and the remainder r ? 

7. What is the quotient, if the dividend is 22, the divi- 
sor 4, and the remainder 2 ? if the dividend is p, the divi- 
sor dy and the remainder r ? 

8. What is the divisor, if the dividend is 22, the quo- 
tient 4, and the remainder 2 ? if the dividend is p, the 
quotient q, and the remainder r ? 

9. If one part of 25 is 10, what is the other part ? 
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10. If one part of 30 is x, what is the other part ? 

11. If one part of x is c, what is the other part ? 

12. If the sum of two numbers is 40, and one of them is 
25f what is the other ? 

13. If the sum of two numbers is x, and one of them is 
5, what is the other ? 

14. If the sum of two numbers is s, and one of them is 
a, what is the other ? 

15. If the difference of two numbers is 7, and the smaller 
number is 13, what is the greater number ? 

16. If the difference of two numbers is a, and the smaller 
number is x, what is the greater number ? 

17. If the difference of two numbers is c, and the greater 
number is a, what is the smaller number ? 

18. Henry is a years old to-day. How old was he 4 
years ago ? How old will he be in 4 years ? 

19. John is X years old to-day. How old was he b years 
ago ? How old will he be a years hence ? 

20. By how much does 5 x exceed 3 a:? 

21. By how much does x exceed a ? 

22. How much does a lack of being x ? 

23. Write the excess of 2 a; + 3 over a: + 1. 

Note. If the number to be subtracted is a compound expression 
it must be enclosed by a parenthesis. Thus, the excess of 2 x + 3 
over X + 1 is 2x + 3 — (x + 1). 

24. Write the excess of 3a: over 4 (18 — a;). 
26. Write the excess of a: — 50 over 80 — a:. 

26. What is the excess of 2 a: — 24 over 80 - 5 a: ? 

27. What is the excess of 5 a: + 24 over 60 — a; ? 

28. Express in cents a half-dollars and b quarters. 



';A. 
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29. Express in cents a dollars b dimes and c cents. 

30. A man has a dollars. If he spends b half-dollars 
and c dimes, how many cents has he left ? 

31. A man has x dollars y dimes and z cents. If he 
spends a half-dollars and b quarters, how many cents has 
he left? 

32. A man makes a journey of 236 miles. He travels a 
miles by train, c miles by boat, and the remainder on foot. 
How^JsHT does he go on foot ? 

33. A train is running at the rate of a miles an hour. 
How many miles will it travel in m hours ? 

34. The floor of a square room measures a feet each 
way. How many square yards of oilcloth will be required 
to cover it ? 

35. The floor of a rectangular room measures u feet by 
b feet. How many square yards of oilcloth will be re- 
quired to cover it ? 

36. A rectangular floor is a feet long and b feet wide. 
In the middle of the floor there is a square carpet c feet on 
a side. How many square yards of the floor are bare ? 

60. In stating problems, x must not be put for money, 
length, time, weight, etc., but for the required number of 
specified units of money, length, time, weight, etc. 

Each statement must be made in algebraic symbols, and 
the meaning of each algebraic statement should be written 
out in full, in common language. 

After the algebraic statements are written, it is necessary 
and sufficient, in problems involving only one unknown 
number, to select two expressions that stand for the same 
number, and to make them the members of the required 
equation. (Ax. 5.) 
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Problems Stated and Solved. 

1. Three times a certain number is equal to the number 
increased by 20. Find the number. 

Let X — the number. 

Then 3 a; = 3 times the number ; 

and a; + 20 = the number Increased by 20. 

But the last two expressions are equal. 
Therefore,. 3x = xH-20. 

Transposing, 3 a; — « = 20. 

Combining, 2 x = 20. 

Dividing by 2, x = 10. 

2. John has three times as many oranges as James, and 
they together have 32. How many has each ? 

Let X stand for the number of oranges James has. 

Then 3 x is the number of oranges John has ; 
and X + 3 X is the number of oranges they together have. 
But 32 is the number of oranges they together have. 
Therefore, x + 3 x = 32. 

Combining, 4 x = 32. 

Dividing by 4, x = 8. 

Multiplying by 3, 3 x = 24. 

Therefore, James has 8 oranges, and John has 24 oranges. 

Note. Beginners in stating the preceding problem generally write : 
Let X = what James had. 

Now, we know whxit James had. He had oranges, and we are to 
discover simply the rmmher of oranges he had. 

3. James and John together have $24, and James has 
$8 more than John. How many dollars has each ? 

Let X stand for the number of dollars John has. 

Then x + 8 is the number of dollars James has ; 

and X + (x + 8) is the number of dollars they together have. 

But 24 is the niimber of dollars they together have. 
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Therefore, x + (x + 8) = 24. 

Remoying the parenthesis, x + x + 8 = 24. 
Combining, 2x = 16. 

Dividing by 2, x = 8. 

Adding 8 to each side, x + 8 = 16. 

Therefore, John has $8, and James has $16. 

Note. The beginner must avoid the mistake of writing 
Let X = John*s money. 

We are required to find the mmiber of dollars John has, and there- 
fore X must represent this required number. 

4. The sum of two numbers is 18^ and three times the 
greater number exceeds four times the smaller by 5. Find 
the numbers. 

Let X = the greater number. 

Then, since 18 is the sum, and x is one of the numbers, the other 
number must be the sum minus x. Hence, 

18 — X = the smaller number. 
Now, three times the greater number is 3x, and four times the less 
number is 4 (18 — x); and 3x — 4 (18 — x) is equal to the excess of 
three times the greater number over four times the smaller number. 
But 5 = this excess. 

.•.3x-4(18-x) = 5. 
.•.3x-(72-4x) = 5, 
or 3x-72+4x = 6. 

.•.7x = 77, 
and X = 11. 

Therefore, the numbers are 11 and 7. 

5. A had three times as much money as B. He gave 
B $10, and then had only twice as much as B. How much 
had each at first ? 

Let X = the number of dollars B had at first. 
Then 3 x = the number of dollars A had at first. 
Now, 3 X — 10 is the number of dollars A had after giving f 10 to 
B, and x + 10 is the number of dollars B then had. 
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Since A's money is twice B's, 

3«-10 = 2(x + 10) 
3x-10 = 2x + 20 
3x-2x = 20 + 10 
x = 30 
3a; = 90. 

Therefore, B had $30 and A had $90. 



6. A has $7 in haK-doUars and quarters. If he has 24 
coins in all, how many are halves and how many quarters ? 

Let X = the number of halves. 

Then 24 — x = the number of quarters. 

50 X = the value in cents of the halves. 
25 (24 — x) = the value in cents of the quarters. 
Therefore, 50 x + 25 (24 — x) = the value of his money in cents. 
But 700 = the value of his money in cents. 

Hence, 50 x + 25(24 -x) = 700 
50x + 600-25x = 700 
25x = 100 
x = 4 
24 - X = 20. 

Therefore, he has 4 half-dollars and 20 quarters. 

7. A man is now twice as old as his son ; 15 years ago 
he was three times as old. Find the age of each. 

Let X = the number of years in the son's age. 

Then 2 x = the number of years in the father's age. 

X — 15 = the number of years in the son's age 15 years ago. 
2 X — 15 = the number of years in the father's age 15 years ago. 
But 15 years ago 3 times the son's age was equal to the father's age. 

Therefore, 3 (x — 15) = 2 x — 15 

3x — 45 = 2x — 15 
x = 30 
2x = 60. 

Therefore, the son is 30 years old and the father 60 
years old. 
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Exercise 8. 

1. If a number is multiplied by 9, the product is 810. 
Find the number. 

2. If the sum of the ages of a father and son is 56 years, 
and the father is 7 times as old as the son, what is the age 
of each ? 

3. The sum of two numbers is 161, and the greater is 6 
times the less. Find the numbers. 

4. A tree 100 feet high was broken so that the part 
broken off was 9 times the length of the part left standing. 
Find the length of each part. 

^ f^^-' 6. The difference of two numbers is 7, and their sum is 

63. Find the numbers. 

^ c ^^ 6. The difference c^ two numbers is 13, and their sum is 
»y ^^^ 59. Find the numb^s. 

7. Divide 36 into two parts so that one part shall be 
greater by 6 than the other part. 

8. Three times a given number is equal to the number 
increased by 36. Find the number. 

9. Three times a given number diminished by 20 is 
equal to the given number. Find the number. 

10. One number is 4 times another, and their difference 
is 24. Find the numbers. 

11. The sum of two numbers is 48, and one of them 
exceeds the other by 6. Find the numbers. 

12. The sum of two numbers is 42, and 5 times the 
smaller number is equal to the larger number. Find the 
numbers. 

13. Find three consecutive numbers, a;, a; + 1, and x -j-2, 
whose sum is 108. 
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14. Find five consecutive numbers whose sum is 70. 

15. A man walks 4 miles an hour for x hours, and 
another man walks 3 miles an hour f or x + 4 hours. If 
they each walk the same distance, how many miles does 
each walk? 

16. A farmer employed two men to build 112 rods of 
wall. One of them built on the average 4 rods a day, and 
the other 3 rods a day. How many days did they work ? 

17. Two men start from the same place and travel in 
opposite directions, one 30 miles a day, and the other 20 
miles a day. In how many days will they be 350 miles apart ? 

18. Two men start from the same place and travel in the 
same direction, one 30 miles a day, and the other 20 miles 
a day. In how many days will they be 350 miles apart ? 

19. A man bought 3 equal lots of hay for $255. For 
the first lot he gave $17 a ton, for the second $16, for the 
third $18. How many tons of each kind did he buy ? 

20. A farmer sold a quantity of wood for $84, one half 
of it at $3 a cord, and the other half at $4 a cord. How 
many cords of each kind did he sell ? 

21. If 2aj — 3 stands for 37, for what number will 
7 -f x stand ? 

22. At an election two opposing candidates received 
together 2000 votes, and one received 100 more votes than 
the other. How many votes did each candidate receive ? 

23. If a number is multiplied by 17, the product is 136. 
Find the number. 

24. The sum of two numbers is 54, and the greater is 
seventeen times the smaller number. Find the numbers. 

25. A tank holding 1500 gallons has three pipes. The 
first lets in 8 gallons a minute, the second 10 gallons, and 
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the third 12 gallons a minute. In how many minutes will 
the tank be filled ? 

26. The fore and hind wheels of a carriage are 10 feet 
and 12 feet respectively in circumference. How many 
feet will the carriage have passed over when the fore wheel 
has made 100 revolutions more than the hind wheel ? 

27. Divide a yard of tape into two parts so that one part 
shall be 6 inches longer than the other part. 

28. Divide 23 into two parts such that the sum of twice 
the greater and three times the smaller is 57. 

29. Four times the smaller of two numbers is three times 
the greater, and their sum is 63. Find the numbers. 

30. A farmer sold a sheep, a cow, and a horse for $216. 
He sold the cow for seven times as much as the sheep, and 
the horse for four times as much as the cow. How much 
did he get for each ? 

31. Distribute $15 among Thomas, Richard, and Henry 
so that Thomas and Richard shall each have twice as much 
as Henry. 

32. Three men. A, B, and C, pay $1000 taxes. B pays 
four times as much as A, and C pays as much as A and B 
together. How much does each pay ? 

33. John's age is three times the age of James, and their 
ages together are 16 years. What is the agjs of each ? 

34. Twice a certain number increased by 8 is 40. Find 
the number. 

35. Three times a certain number is 46 more than the 
number itself. Find the number. 

36. One number is four times as large as another. If I 
take the smaller from 12 and the greater from 21, the 
remainders are equal. What are the numbers ? 
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37. Thirty yards of cloth and 20 yards of silk together 
cost $70; and the silk costs twice as much per yard as 
the cloth. How much does each cost per yard ? 

38. In a company of 180 persons, composed of men, 
women, and children, there are twice as many men as 
women, and three times as many women as children. 
How many are there of each ? 

39. Two trains traveling, one at 25 and the other at 30 
miles an hour, start at the same time from two places 330 
miles apart, and move toward each other. In how many 
hours will the trains meet ? 

40. Twelve persons subscribed for a new boat, but two 
being unable to pay, each of the others had to pay $4 more 
than his share.- Find the cost of the boat. 

41. A tree 84 feet high was broken so that the part 
broken off was five times the length of the part left stand- 
ing. Required the length of each part. 

42. At an election there were two candidates, and 2800 
votes were cast. The successfjil candidate had a majority 
of 160. How many votes were cast for each ? 

43. Divide 20 into two parts such that four times the 
greater exceeds three times the smaller by 17. 

44. The sum of two numbers is 50, and seven times the 
smaller number exceeds three times the greater number by 
10. Find the numbers. 

45. Divide 19 into two such parts that twice the smaller 
part exceeds the greater by two. 

46. Three times the excess of a certain number over 6 is 
equal to the number plus 18. Find the nimiber. 

47. Thirty-one times a number exceeds 80 by as much as 
nine times the number is less than 80. Find the number. 
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48. Find the number whose double diminished by 3 ex- 
ceeds 80 by as much as the number itself is less than 100. 

49. Divide 19 into two parts such that the greater part 
exceeds twice the smaller part by 1 less than twice the 
smaller part. 

50. A man is now twice as old as his son ; 20 years ago 
he was four times as old as his son. Find the age of each. 

61. A man. is four times as old as his son; in 20 years 
he will be only twice as old. Find the age of each. 

52. A man was four times as old as his son 7 years ago, 
and will be only twice as old as his son 7 years hence. 
Find the age of each. 

53. A man has 8 hours for an excursion.^ How far can 
he ride into the country in a carriage that goes at the rate 
of 9 miles an hour so as to return in time, walking back at 
the rate of 3 miles an hour ? 

54. . A man was hired for 26 days. Every day he worked 
he was to receive $3, and every day he was idle he was to 
pay f 1 for his board. At the end of the time he received 
^^2. How many days did he work ? 

55. A, walking 4 miles an hour, starts two hours after B, 
who walks 3 miles an hour. How many miles must A walk 
to overtake B ? 

56. A river runs 1 mile an hour. A man swims a certain 
distance up the river in 3 hours, and the same distance down 
in 1 hour. Find his rate of swimming in still water. 

57. A man bought 12 yards of velvet. If he had bought 
1 yard less for the same money, each yard would have cost 
$1 more. What did the velvet cost a yard ? 

58. A and B have together $8; A and C, $10; B and 
C, $12. How much has each ? 
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59. I have in mind a certain number. If this number is 
diminished by 8 and the remainder multiplied by 8, the 
result is the same as if the number were diminished by 6 
and the remainder multiplied by 6. What is the number ? 

60. A man having only ten-cent pieces and five-cent 
pieces wished to give some children 15 cents, each, but 
found that he had not money enough by 25 cents; he, 
therefore, gave them 10 cents each and had 30 cents left. 
How many children were there ? 

61. A sum of money was divided among- A, B, and C in 
such a way that A received three times as much as B, and 
B twice as much as C. If A received $6 more than C, how 
much did each receive ? 

62. The sum of the ages of a man and his son is 80 
years ; and the father's age is 2 years more than twice the 
age of his son. What is the age of each ? 

63. Two casks contain equal quantities of vinegar. From 
one cask 37 gallons are drawn, and from the other 7 gallons 
are drawn. The quantity now remaining in one cask is 7 
times that remaining in the other. How much did each 
cask contain at first ? 

64. A merchant has two kinds of tea; one worth 50 
cents a pound, and the other 75 cents a pound. He makes 
a mixture from these of 100 pounds, worth 60 cents a 
pound. How many pounds of each kind does he take ? 

65. A had $7 and B had $5. B gave A a certain sum ; 
then A had 3 times as much as B. How many dollars did 
B give A ? 

66. A boy bought 9 dozen oranges for $2.50. For a part 
he paid 25 cents a dozen, and for the remainder 30 cents a 
dozen. How many dozen of each kind did he buy ? 
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Note. In the following examples express in cents all money values. 

67. How can $2.25 be paid in quarters and ten-cent 
pieces so as to pay twice as many ten-cent pieces as 
quarters ? 

68. I have $1.80 in ten-cent pieces and five-cent pieces, 
and have -four times as many live-cent pieces as ten-cent 
pieces. How many have I of each ? 

69. I have $6 in silver half-dollars and quarters, and I 
have 20 coins in all. How many have I of each ? 

70. I have five times as many half-dollars as quai-ters, 
and the half-dollars and quarters amount to $11. How 
many have I of each ? 

71. A man has $65 in ten-dollar bills and one-dollar 
bills. He has three times as many one-dollar bills as ten- 
dollar bills. How many bills has he of each kind ? 

72. A sum of money is divided among three persons, 
A, B, and C, in such a way that A and B together have 
$6, A and C $6.50, and B and C $7.50. How much has 
each? 

73. A purse contains 27 coins which amount to $11.25. 
There is a certain number of silver dollars, and three times 
as many half-dollars as dollars; the remaining coins are 
quarters. Find the number of each. 

74. A man bought 10 yards of calico and 20 yards of 
cloth for $30.60. The cloth cost as many quarters per 
yard as the calico cost cents per yard. Find the price of 
each per yard. 

75. A man has a certain number of dollars, half-dollars, 
and quarters. The number of quarters is twice the number 
of haK-doUars and four times the number of dollars. If 
he has $15, how many coins of each kind has he ? 



CHAPTER m. 
POSITIVE AND NEGATIVE NUMBERS. 

61. Positive and Negative Quantities. If a person is en- 
gaged in trade, his capital will be increased by his gains, 
and diminished by his losses. 

Increase in temperature is measured by the number of 
degrees the mercury I'ises in a thermometer, and decrease 
in temperature by the number of degrees the mercury falls. 

In considering any quantity whatever, a quantity that 
increases the quantity under consideration is called a posi- 
tive quantity ; and a quantity that decreases the quantity 
under consideration is called a negative quantity. 

62. The Natural Series of Numbers. If from a given point, 
marked 0, we draw a straight line to the right, and begin- 
ning from the zero point lay off units of length on this line, 
the successive repetitions of the unit will be expressed by 
the natural series of numbers, 1, 2, 3, 4, etc. Thus : 

123450789 10 11 
I I I I I I I I I I I 

In this series if we wish to add 2 to 5, we begin at 5, 
count 2 units forwards, and arrive at 7. If we wish to 
subtract 2 from 5, we begin at 5, count 2 units backwards, 
and arrive at 3. If we wish to subtract 5 from 5, we count 
5 units backwards from 5, and arrive at 0. If we wish to 
subtract 5 from 2, we cannot do it, because when we have 
counted backwards from 2 as far as 0, t?ie natural series of 
numbers comes to an end. 
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63. Positive and Negative Numbers. In order to subtract 
a greater number from a smaller it is necessary to assume 
a new series of Jiumbers, beginning at zero and extending 
to the left of zero. The series to the left of zero must 
proceed from zero by the repetitions of the unit, precisely 
like the natural series to the right of zero ; and the oppo- 
sition between the right-hand series and the left-hand series 
must be clearly marked. This opposition is indicated by 
calling every number in the right-hand series a positive 
number, and prefixing to it, when written, the sign + ; and 
by calling every number in the left-hand series a negative 
number, and prefixing to it the sign — . The two series of 
numbers may be called the algebraic series of numbers, and 
written thus : 



-4 -3 -2 -1 4-1 +2 -+3 -f4 

\ I I I I I I I I 

If, in this double series of numbers, we wish to subtract 
4 from 2, we begin at 2 in the positive series, count 4 units 
in the negative direction (to the left), and arrive at — 2 in 
the negative series ; that is, 2 — 4 = — 2. 

The result obtained by subtracting a greater number from 
a less, when both are positive, is always a negative nurnber. 

In general, if a and b represent any two numbers of the 
positive series, the expression a — h will be a positive num- 
ber when a is greater than b ; will be zero when a is equal 
to b ; will be a negative number when a is less than b. 

In counting from left to right in the algebraic series, 
numbers increase in magnitude ; in counting from right to 
left, numbers decrease in magnitude. Thus, —3,-1, 0, 
+ 2, + 4, are arranged in ascending order of magnitude. 

64. The Absolute Value of a Number. The absolute value 
of a number is its value independent of its sign. 
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66. Every algebraic number, as + 4 or — 4, consists of 
a sign + or — and the absolute value of the number. The 
sign shows whether the number belongs to the positive or 
negative series of numbers ; the absolute value shows the 
place the number has in the positive or negative series. 

When no sign stands before a number, the sign -h is 
always understood. But the sign — is never omitted. 

66. Two algebraic numbers that have, one the sign +, 
and the other the sign — , are said to have unlike signs. 

Two algebraic numbers that have the same absolute 
values, but unlike signs, cancel each other when combined. 
Thus, + 4-4 = 0; + a - a = 0. 

67. Double Meanings of the Signs + and ^. The use of 

the signs + and — to indicate addition and subtraction 
must be carefully distinguished from the use of the signs 
4- and — to indicate in which series, the positive or the 
negative, a given number belongs. In the first sense they 
are signs of operations, and are common to Arithmetic and 
Algebra ; in the second sense they are signs of opposition, 
and are employed in Algebra alone. 

Note. In Arithmetic, if the things counted are whole units^ the 
numbers that count them are called whole numbers, integral numbers, 
or integers, the adjective being transferred from the things counted 
to the numbers that count them. But if the things counted are only 
parts of units^ the numbers that count them are called fractional num- 
bers, or simply fractions, the adjective being transferred from the 
things counted to the numbers that count them. 

Likewise in Algebra, if the units counted are negative, the numbers 
that count them are called negative numbers, the adjective that defines 
the nature of the units counted being transferred to the numbers that 
count them. 

68. Addition of Algebraic Numbers. An algebraic number 
is often enclosed in a parenthesis, in order that the signs -h 
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and — , which are used to distinguish positive and negative 
numbers, may not be confounded with the -h and — signs 
that denote the operations of addition and subtraction. 

Thus, + 4 + (— 3) expresses the sum, and + 4 ~ (— 3) expresses 
the difference, of the numbers + 4 and — 3. 

89. In order to add two algebraic numbers, we begin at 
the place in the series which the first number occupies, and 
count, in the direction indicated hy the sign of the second 
number, as many units as there are in the absolute value of 
the second number. 



-4 -3 -2 -1 4-1 +2 -+3 +4 

1 I \ I I I I \ I 

Thus, the sum of + 2-h(+3)is foimd by counting from 
-h 2 three units in the positive direction ; that is, to the right 
and is, therefore, -h 5. 

The sum of-h2 + (— 3)is found by coimting from + 2 
three units in the negative direction ; that is, to the left, and 
is, therefore, — 1. 

The sum of— 2-|-(+3)is found by counting from — 2 
three units in the positive direction, and is, therefore, + 1. 

The sum of — 2 + (— 3)is found by counting from — 2 
three units in the negative direction, and is, therefore, — 5. 

70. If a and h represent any two numbers, we have . 
-h a -h (-h ^) = a -^'h. -a^-{^-J}) = -a-\-h. 
+ a + \-h)=-a-h. -a + \-h) = -a-h. 

Therefore, from these four cases, we have the following 
Rule for Adding Two Algebraic Numbers: 

1. If the numbers have like signs, find the sum of their 
absolute values, and prefix th^ common sign to the result, 

2. If the numbers have unlike signs, find the difference of 
their absolute values, and prefix the sign of the greater num- 
ber to the result. 
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71. The result is called the algebraic sum in distinction 
from the arithmetical sum ; that is, the sum of the absolute 
values of the numbers. 

Note. If there are more than two numbers to be added, add two 
of the numbers, and then this sum to a third number, and so on ; or 
find the sum of the positive numbers and the sum of the negative 
numbers, then the difference between the absolute values of these two 
sums, and prefix the sign of the greater sum to the result. 



Exercise 9. 



Perform mentally the indicated additions : 



1. 


2. 


3. 


4. 


5. 


6. 


+ 8 


-8 


-7 


-11 


+ 11 


-11 


-7 


+ 7 


-7 


+ 4 


- 4 


- 4 


7. 


8. 


9. 

r 


10. 


11. 


12. 


+ 6 


-8 


-9 


-20 


+ 87 


-37 


-7 


-7 


.--^7 


+ 24 


-36 


+ 40 


-9 


+ 9 


-6 


+ 36 


-42 


-20 


13. 


14. 


16. 


16. 


17. 


18. 


+ 16 


-15 


-21 


-20 


-18 


+ 17 


+ 12 


-12 


+ 12 


-30 


+ 32 


-27 


-20 


+ 30 


-13 


+ 40 


-12 


-19 


19. 


20. 


21. 


22. 


23. 


24. 


31 


-31 


81 


19 


-15 


90 


-17 


-17 


-71 


/'_ 7 • 


-70 


-30 


-15 


-16 


31 


13 


-40 


-20 


21 


21 


-40 


-28 


-90 


10 



V 
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Addition of Siznilax Monomials. 

1. Find the sum of 3 a, 2 a, a, 5 a, 7 a. 

The sum of the coefficiente is 3 + 2 + 1+6 + 7 = 18. 
Hence, the sum of the monomials is 18 a. 

2. Find the sum of — 5 f, — r, — 3 c, — 4 c, — 2 c. 

The sum of the coefficients is— 6 — 1— 3 — 4 — 2 = — 15. 
Hence, the sum of the monomials is — 15 c. 

3. -Find the sum of 8 .r, —9x, — x, 3x, 4:Xf — 12 x, x. 

The sum of the positive coefficients is8 + 3 + 4 + l = 16. 
The sum of the negative coefficients is—Q — l— 12 = — 22. 
The difference between 16 and 22 is 6, and the sign of the greater 
is negative. Hence, the sum is — 6 x. Therefore, 

72. To Find the Sum of Similar Monomials, 

Find the algebraic sum of the coefficients, and annex to 
this sum the letters common to the terms. 

Exercise 10. 
Perform mentally the indicated additions : 



1. 


2. 


3. 


4. 


6. 


6. 


7a 


7x,j 


'■iijz 


2ab 


13 c 


Bxz 


2a 


2xy 


-9y« 


-9ab 


12 c 


7xz 


— 5a 


-Zxy 


-2,/z 


-7ab 


-24c 


— 9xz 


-2a 


Axij 


7yz 


^ab 


15 c 


— xz 


7. 


8. 


9. 


10. 


11. 


12. 


12 z* 


4 m* 


Wahc 


27 yV 


17 «« 


\%f 


- 7z* 


-9m* 


3aJc 


- 41 y%* 


-31a;« 


27 rf 


- Sg* 


-7m* 


— 7 ahe 


- 2yV 


-47a!» 


-43/ 


- s* 


5 m* 


- 9abc 


- yV 


61a;» 


-21?/ 
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Exercise 11. 
Find the algebraic sum of : 

1. 7 a, 2 a, —S a, — 5 a. 9. 3 yz, — 9 yz, 20 yz, 7 yz. 

2. 7 xy, 2xy, —4: xy, — 5 xy. 10. 2 ab, — 10 ab, —7al),3 ah. 

3. 4 a^^, - 3 a% -5a^b. 11. 14 x% 9x^,-S x^, - 11 a^. 

4. 3a;y, 4a;i^, 7a:i^, -3a:y. 12. 17 y^, - S 7/, 5 y^, - y'. 
6. 16^, -lift, -2^, 3ft. 13.*12^*, -7;5;S-8^*, -9;^*. 

6. 13c, 12c, -24c, 2c. 14. 21y^,-17f,-3f,-4f. 

7. -3a;«, 7a;«, -2ic«, -ir«. 15. c^ - 2c*, - 15c^ - ISc^. 

8. 2 ac, 5 ac, — 9 ac, 3 ac. 16. 4m*, — 11m*, — 7m*, 5m\ 

Express in one term each of the following : 

17. 9x*-7aj* + 4a:*-3x* + 3a:*-5a:*. 

18. 3a*-18a* + a*-'5a* + 6a*-10a*. 

19. 5a^x + 7 a?x — 9o^x — 29 a^x + 4 a^x. 

20. - 5 a*ft* + 7 a*ft* + 11 a*ft* - 4 a*ft* - 9 a%\ 

21. - 21 aa:« + 20 aa;« - 6 aic» + 5 aa;' - 13 aa;». 

22. — 11 ahcx -h 3 aftcaj — 7 aftco; + 29 aftcx + aftcar. 

23. -3i^V-27i^V-2i^V-h41yV-f 2/V. 

24. - 4 xY + 18 a;y + 27 x^ - 43 a^^y* - x^if. 

25. - 31 aft;^^ + 17 aft«« - 47 ab^ + 61 aft;^ + ah^. 

26. -J-a + ia — T^u^ + la — Ja + a. 

27. |a*-5a* + |a* + 7a*-ia* + ia*. 

28. xy — \xy-^\xy — \xy-^\xy — \\xy. 

29. iz-iz-iz + z + \^z-^z. 

30. JgL a^/s -h V^ ai/;2; + V^ ay^sj + J^ ayz — 7 ayz, 

31. 14 a — 7a — 3 a — 15 a + 12 a. 

32. 4 a*c - 10 a^c + 6 a*c - 9 a^c + a*c. 

33. 3a^y-4ta^y + 2x^y-'X^y + 5x^y. 
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Subtraction of Algebraic Numbers. 

78. In order to subtract one algebraic number from 
another, we begin at the place in the series which the 
minuend occupies, and count, in the direction opposite to 
that indicated by the sign of the subtrahend, as many units 
as there are in the absolute value of the subtrahend. 



-4 -3 -2 -1 +1 +2 +3 +4 

I I I I I I I I I 

Thus, the result of subtracting + 1 from + 3 is found 
by coimting from + 3 one unit in the negative direction ; 
that is, in the direction opposite to that indicated by the sign 
-h before 1, and is, therefore, -h 2. 

The result of subtracting — 1 from + 3 is found by 
counting from -|- 3 one unit in the positive direction^ and 
is, therefore, + 4. 

The result of subtracting + 1 from — 3 is found by 
coimting from — 3 one unit in the negative direction, and 
is, therefore, — 4. 

The result of subtracting — 1 from — 3 is found by 
counting from — 3 one unit in the positive direction, and 
is, therefore, — 2. 

If a and b represent any two numbers, we have 
•\-a-(^-b) = a-b. - a - (+ ft) = - a - 5. 

+ a - (- ft) = a + ft. - a - (- ft) = - a 4- ft. 

74. From these four cases we see that subtracting a posi- 
tive number is equivalent to adding an equal negative num- 
ber ; and that subtracting a negative number is equivalent 
to adding an equal positive number. Therefore, 

75. To Subtract One Algebraic Number from Another, 

Change the sign of the subtrahend, and add the result to 
the minuend. 
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Exercise 12. 
Perform mentally the indicated subtractions : 



1. 


2. 


3. 


4. 


5. 


6. 


11 


-11 


-11 


11 


3 


- 3 


J 


- 3 


3 


- 3 


11 


-11 


7. 


8. 


9. 


10. 


11. 


12. 


3 


3 


-3 


3 


-3 


3 


8 


-8 


-8 


-9 


-9 


9 


13. 


14. 


16. 


16. 


17. 


18. 


-8 


-7 


8 


7 


7 


6 


7 


8 


-7 


8 


-3 


-4 



Subtraction of Similar MonomialB. 

1. From 15 wV take - 7mV. 

15m2x2 - (- 7m2x2) = 16m^^ + 7m2x2 
= 22 m2x2. Hence, 

76. To Subtract a Monomial from a Similar Monomlali 

Change the sign of the coefficient of the subtrahend; then 
add the coefficients^ and annex the common letters to the result. 

Exercise 13. 
Perform mentally the indicated subtractions : 



1. 


2. 


3. 


4. 


5. 


16^ 


Zyz 


-lOab 


- 6a^ 


-7m« 


-11 ^^ 


-9yz 


- lab 


-lOa^ 


3m^ 


6. 


7. 


8. 


9. 


10. 


29 c 


-41c 


-29c 


Sabc 


— ac^ 


-41c 


29 c 


-41c 


— abc 


Sac^x 
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If a = 4, 5 = — 2, c = — 3, find the value of: 

11. a-h(-ft)-hc. 14. -(-a) + (-b)-(—c). 

12. -a-(-^) + c. 15. +(- a) -(-^) -(-«). 

13. a-b+(-c). 16. -(-a)-(-5) + (-c). 

Multiplication of Algebraic Numbers. 

77. Multiplication is generally defined in Arithmetic as 
the process of finding the result when one number (the 
multiplicand) is taken as many times as there are imits in 
another number (the multiplier). This definition fails 
when the multiplier is a fraction. In multiplying by a 
fraction, we divide the multiplicand into as many equal 
parts as there are imits in the denominator, and take as 
many of these parts as there are units in the numerator. 

If, for example, we multiply 6 by f , we divide 6 into 
three equal paHs and take two of these parts, obtaining 4 
for the product. The multiplier, f , is f of 1, and the prod- 
uct, 4, is f of 6 ; that is, the product is obtained from the 
multiplicand precisely as the multiplier is obtained from, 1. 

78. Multiplication may be defined, therefore. 

As the process of obtaining the product from the multipli- 
cand as the multiplier is obtained from unity. 

79. Every extension of the meaning of a term must 
be consistent with the sense previously attached to the 
term, and with the general laws of numbers. 

This extension of the meaning of multiplication is con- 
sistent with the sense attached to multiplication when the 
multiplier is a positive whole number. 

Thus, 5X7 = 35, 

the multiplier, 5, =1 + 1 + 1 + 1 + 1, 

and the product, 35, =7 + 7 + 7 + 7 + 7. 
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Law of Signs in Multiplication. 

By the definition of multiplication (§ 78), 

since +3 = -hl + l + l, 

3 X (+ 8) = + 8 -h 8 -h 8 = + 24, 
and 3 X (- 8) = - 8 + (- 8) + (- 8) = - 24. 

Again, since — 3 = — 1 — 1 — 1, 

(- 3) X 8 = - 8 - 8 - 8 = - 24, 
and (- 3) X (- 8) = - (- 8) - (- 8) - (- 8) 
= + 8 + 8 + 8 = + 24. 

The minus sign before the multiplier^ 3, signifies that the 
repetitions of the multiplicand are to be subtracted. 
If a and b stand for any two numbers, we have 
(+ a)X(+b) = + ab, 
(+ a) X (- ft) = — ab, 
(— a) X (+ ft) = — ab, 
(- a) X (- ft) = + ab. 
That is, if two numbers have like signs, the product has the 
plus sign ; if unlike signs, the product has the minus sign. 

80. The Law of Signs in Multiplication is, therefore. 
Like signs give +, and unlike signs give —, 

The Index Law in Multiplication. 

Since a^ = aa, and a^ = aaa, 

a^ X a^ = aa X aaa = a^ = a^'^^', 
a* X a = aaaa X a = a^ = a*"*" \ 

If then m and n are positive integers, 
a"^ X a"" = «"• + ". 

In like manner, a"* X a" X a^ = a"»+"+^. 

81. The Index Law in Multiplication is, therefore. 

The exponent of a letter in the product is equal to the sum 
of the exponents of the letter in the factors of the product. 
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Multiplication of Monomifids. 

1. Find the product of 6a^b^ and 7 ab^c\ 

Since the order of the factors is immaterial, (§ 42) 

6a26» X 7 db^ = 6 X 7 X a^ x a X b"^ x b"- X <^ 

2. Find the product of — 3 aft and 7 ab\ 

— Sabx7ai^ = —Sx7XaXaxbxlfi 
= -2la^. 

3. Find the product of a:** and a:', and of ic" and x". 

x« X x« = a;«+« = x2». Therefore, 

82. To Find the Product of Two Monomials, 

Find the product of the numerical coefficieiits ; and to 
this product annex the letters, giving to each letter an ex- 
ponent equal to the sum of its exponents in the factors. 

83. A product of three or more factors is called the con- 
tinued product of the factors. 

1. Find the continued product of(— a)x(— ft)X( — c). 

By the law of signs, § 80, we have 

(— a) X (— &) = db, 
and (db) x (— c) = ^ abc, 

2. Find the continued product of 

(-a) X (-ft) X (-c)X (-d). 

By the law of signs, (— a) X (— 6) = aft, 

(ab) X {—€) = — dbc, . 
(-- abc) X {—d)= dbcd. 

84. From Examples 1 and 2 (§ 83), we see that an odd 
number of negative factors gives a negative product ; and an 
even number of negative factors gives a positive product. 



? 






I .yy^-t^aj ^ i3<^^''^ er/ 



7 



POSITIVE ANt> NEGATIVE NUMBERS. 



Exercise 14. 

Note. The beginner should first write the sign of the product; 
then the product of the numerical coefficients after the sign; and, 
lastly, the letters in alphabetical order, giving to each letter the 
proper exponent. 




1 ^BMUiyi 
1. 


2. 


3. 


WTfTTT Tmnup 
4. 


5. 


-J 

6. 


3a 


-3a 


3a 


-3a 


9a2 


-9a2 


2a 


-2a 


-2a 


2a 


6a 


6a2 


7. 


8. 


9. 


10. 


11. 


12. 


5x^ 


-7 a* 


8a8 


-7m^ 


xY 


-a^^^V 


7x' 


— a 


-7a« 

15. 


8 m* - 


6xY 
17. 


a^^^c 


13. 


14. 


16. 


18. 


-Sa^x 


5ac« 


7ic^ 


-9^»2 


-a8^» 


9a« 


-Sax^ 


6a^e 


-3x' 


-6a^ 


^ - ab"^ 


6a» 


19. 


20. 


21. 


22. 


23. 


24. 


^m+l 


-cc» 


^«-H3 


a" 


2/- 


x« 


a^-' 


2x'»- 


^«-2 


a 


2^4-2 


x»-« 



25. — 2 a;2y, x^, and — 15 ahxy, 

26. - 8 a^ - 2^V - 3 a^», and a%\ 

27. , aft, — ac, — ftc, and — 3 ahc. 

28. — aji/;s;^, x^yz, — xy^z, and 3 xyz, 

29. 4 a», - 10 a% 25 aft2, and - ab\ 

30. ft2^ 6aft2, -\a% and -2aft2. 

31. a% a^-\ a^+\ a^-^% and a. 

32. 03*"+^, a?"* "2, aj"*, «"*+**, and a;"*~". 
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Division of Algebraic Nmnbers. 

86. Division is the operation of finding one of two 
factors, when their product and the other factor are given. 

86. With reference to this operation the product is called 
the dividend, the given factor the divisor, and the required 
factor the quotient. 

Law of Signs in Division. 

Since (+ a) X (-h ^) = -h al), .-. + a* -5- (+ a) = + b. 

Since (-h a) X (— Z>) = — ab, .'.-- db -r- (+ a) = — b. 

Since (— a) X (4- *) = — ab, .'. — ah,-^ (—«) = + 5. 

Since (— a) x (— ^) = + ab, .'. + ab -i- (— a) = — b. 

That is, if the dividend and divisor have like signs, the 
quotient has the phis sign ; and if they have unlike signs, 
the quotient has the minus sign. 

87. The Law of Signs in Division is, therefore. 
Like signs give +, and unlike signs give —. 

The Index Law in Division. 

The quotient contains the factors of the dividend that 
are not found in the divisor. 

1. Divide a^ by a\ 2. Divide a* by a, 

- a^ aaaaa , . ^ 

1, —„ = = aaa.= a* = a^~\ 

a^ aa 

^ a* aaaa , . , 

2. — = = aaa = a" = a*~\ 

a a 

If m and n are positive integers, and m is greater than «, 
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88. The Index Law in Division is, therefore, 

The exponent of a letter in the quotient is equal to the 

exponent of the letter in the dividend minus the exponent of 

the letter in the divisor. 

Division of Monomials. 

1. Divide 24 a^ by 8a«. 

We obtain the factor 3 of the quotient by dividing 24 by 8 ; and the 
factor a^ of the quotient, by writing a with an exponent equal to the 
exponent of a in the dividend minus the exponent of a in the divisor. 

2. Divide 20a*Z>« by -^ab\ 

— 7-rr = — 5aP-i6»-6 = — 6a*6. 
— 4ab^ 

3. Divide -SOa%^c^ hj -20abc\ 
-30a268c* , „ 



- 20 a6c« 

4. Divide -57a'-i by -19a*-». 

— 19 a*- 3 

5. Divide 77 a*"ftV by 11 a"»ft"c*. 

77 a2*"6»c* 



lla'nfe-c* 



= 7 a2n«— m 6»»— n gx— 3 = 7 a"»60c*— ^ 



Note. Since by division — = I; and by the index law — = 6^, it 

follows that W = 1. Hence, any letter which by the rule would appear 
in the quotient wUh zero for an exponent, may be omitted without affect- 
ing the quotient. 

89. To Find the Quotient of Two Monomials, therefore, 
Divide the numerical coefficient of the dividend by the 
num,erical coefficient of the divisor ; and to the result annex 
the letters^ giving to each letter an exponent equal to its 
exponent in the dividend minus its exponent in the divisor. 
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Exercise 15. 
Perform mentally the indicated divisions : 



1. 


2. 


3. 


4. 


5. 


12 ab^ 


16 «V 


20 V 


14a;y;^8 


54a*jcV 


6ab 


8ac 


5a:y 


Ixi/z^ 


6 a^x^c 


6. 


7. 


8. 


9. 


10. 


- 20 cY 


-27a*a:» 
-9a« 


- 56 aV 


-ly^ 


72 a; V* 


5€^y 


— 8a*-c 


12a;y;5 


11. 


12. 


13. 


14. 


15. 


-9a»AV 


-27a^V 


~3a:Vs;* 


-2c«y« 


-18ir« 


-aJl^c 


3a^a:2 


x^yhi^ 


-C^y3 


-4a;»-« 


16. 


17. 


18. 


19. 


20. 


ma^:x?y'' 


-3(^V 


-2a%V 


4a^y» 


6aV 


-ixy 


-a^V 


a*;s» 


-2xy 


-2ax' 


21. 


22. 


23. 


24. 


25. 


-aV 


-510^2^ 


28c»e^* 


16a^>V 


123^5^^* 


-aV 


llxy^ 


-l(?d^ 


-4a**aj 


-3a:3/»^^ 


26. 


27. 


28. 


29. 


30. 


7 a*^^c« 


3a«+i 12a;'»?/'» 54 


^„_2^„_l 


a^j^ 


7aftc»-i 


-a«-i 


6xV 


-9xy 


x^-y^ 


31. 


32. 


33. 


34. 


35. 


-6cy 


4a*ft* 


-3a*^p* 


2i/«» 


_2,V 


-2cy 


2a?b^ 


-3a*& 


2y«;^ 


-2^^^ 


36. 


37. 


38. 


39. 


40. 


-^<^f 


lOa^V 
5aV 


12a"^« 
6a«6« 


3a;V» 


- x^V* 


-4c«2^ 


- xV« 



CHAPTER IV. 
ADDITION AND SUBTRACTION. 



Integral Compound Expressions. 

90. If an algebraic expression contains no letter in the 
denominator of any of its terms, it is called an integral 
expression. Thus, x^ + 1 cx^ — c^ — 6 chc>, \ax — \ hey, are 
integral expressions. 

An integral expression may have for some values of the letters a 
fractional value, and a fractional expression an integral value. If, 
for instance, a stands for f and 6 for i, the integral expression 

5 Qi 

2 a — 5 6 stands for | ^ f = J ; and the fractional expression ^-r stands 

for "V^ -r } = 6. Integral and fractional expressions, therefore, are so 
named on account of the form of the expressions^ and with no refer- 
ence whatever to the numerical value of the expressions when definite 
numbers are put in place of the letters. 

Addition of Integral Compound Expressions. 

91. The addition of two compound algebraic expressions 
can be represented by connecting the second expression 
with the first by the sign +. If there are no like terms in 
the two expressions, the operation is algebraically complete 
when the two expressions are thus connected (§ 11, Note). 

If, for example, it is required to add m + n— p to 
a-^-h -\- c, the result will hQa-\-h-\-c-\-(m-\-n— p)\ or, 
removing the parenthesis (§ 39), a-\-b + c + m-{-n— p. 
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92. If, however, there are like terms in the expressions, 
every set of like terms can be replaced by a single term 
with a coefficient equal to the algebraic sum of the coeffi- 
cients of the like terms. 

1. Add 6a» + 4a + 3 to 2a«- 3a -4. 

2a«-3a-4 + (5a» + 4a + 3) 

= 2a2-3a-4 + 5a2 + 4a + 3 (§ 39) 

= 2a»-f5a2-3a + 4a-4 + 3 (§38) 

= 7 a' + a — 1. 

This process is more conveniently represented by arrang- 
ing the terms in columns, so that like terms shall stand in 
the same column, as follows : 

2 a» - 3 a - 4 

5 g^ + 4 fl + 3 
7 a^ + a-1 

The coefficient of a^ in the result will be 5 -h 2, or 7 ; the coeffi- 
cient of a will be — 3 -I- 4, or 1 ; the last term will be — 4 -f- 3, or — 1. 

2. Add2a«-3a'6-f-4a^2 + ^3; a!' '\- 4. a^b - 1 air" - 2 V" ) 
3 a' + a'6 - 3a62 - 4^>» ; and 2a» -f- 2a2^ -f- 6a^ - 36». 

2a^-3a^b + 4.ab^+ ^» 

a^ + 4:a%-7ab^-2b'' 

3a»-h a^b-Sah'-4.b^ 
2a«-h2a2&4-6a^»2_3j8 



Sa^ + 4:a^b -Sb* 



The coefficient of cfi in the result will be 2 + 1 -h 3 4- 2, or -f- 8 ; the 
coefficient of a'^h will be — 3-h4-hl+2, or -1-4; the coefficient of 
db^ will be 4 — 7 — 3 -h 6, or 0, and, therefore, the term ab^ will not 
appear in the result (§ 21) ; and the coefficient of 6* will be 1 — 2 — 4 
— 3, or — 8. 
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Exercise 16. 
Add: 

1. a + ft ; a — b, 

2. x^ — x; x^ — x^. 

3. 5x^ + 6x-2; 3x2-7ic + 2. 

4. 3x^-2xt/-\-f', x^-2xt/-{-Sf, 

5. ax^ + bx-4:', 3ax^-2bx + 4:', - 4: ax^ - 2 bx + 5. 

6. 5x-\-3y + z', 3x + 2y'\-3z', x — 3y — 6z, 

7. - 3ab -2aa^ -\-3a^x + x^', - ^ ab - 6 a^x -{- 5 ax^] 

x^ — ab + a^x — ax^ ; ax^ -i-Sab — 5 a^x. 

8. a^-2a^ + 3a^-a + 7'j 2a* - 3a' + 2a« - a +6; 

a*-2a8 + 2a2-5. 

9. 3a^ -ab + ac-3b^-{-4:bc-c^] - 4ic + 5c» -h 2a6; 

5a2-aZ>-ac + 5Z^c; - 4a« + 6^-566 + 2cl 

10. aj*-3a:« + 2aj2-4ic + 7; 3aj* + 2a;8 + a;* - 5a; - 6 

4a;* + 3x«-3aj24-9aj-2; 2a;* - a:' + x^- aj + 1 

11. 72^«-.3aJ2/2-4ajV + a^ - 5a;« - 11a;/ - 12a;;s2- 2/« 

x^j/ — xz^ — y^ — 5xi/^] —4:Xz^ + 2/^ — ^ + 6xy^ + 10x^ 

12. a* - 2 a» + 3 a* - 3 a - 2 ; a« + a^ + a - 3 a* + 3 

4a*4-5a«; 2a*+3a-2; -a2-2a-3. 

13. a;« + 2a;/ - a;^ - /; 2x« - 3a;V - 4a;/ - 7/; 

x3-8a;/-7/. 

14. c*- 3c'-h2c2- 4c + 7; 2c* + 3c« + 2c2 + 6c + 6 ; 

c^ — 4 c* — 4 c* — 6. 

15. 3x^ — xy -\- xz — 3]/^ — z^l — 5x^ — xy — xz -{- 5yz ', 

f + 3yz + 3z^] 6x^-6y-6z + 4.xz', 4yz-5xz. 

16. m^ — 3 m^n — 6 m^v?' ; m^w^ + mW — 5 m*7i — 3n^ \ 

2m^ + 4mV-3?/m*-7i^ - 2 mV - 3m7i* + n^ ; 
- m^ + 2 mn* + 2 71^ + 3 m*7i. 

17. 6/-l-2a;22/; 5 + 2a;/-4a;V; -a;V-5 + 6a;/; 

2H-a;/-/; a;^ - 2a;/ - 5 / + 1. 
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Subtraction of Compound Expressions. 

93. The subtraction of one expression from another, if 
none of the terms are alike, can be represented only by 
connecting the subtrahend with the minuend by means of 
the sign — . 

If, for example, it is required to subtract a -^ b -\- c from 
m -f 71 — jt>, the result will be represented by 

m-\-n— p — (a-\-b-\-c); 

or, removing the parenthesis (§ 40), 

rri'^'n— p — a — b — c. 

If, however, some of the terms in the two expressions 
are alike, we can replace like terms by a single term : 

1. Subtract a8- 2 a^-f- 2 « -1 from 3a«- 2a2_|- ^ _ 2; 
the result may be expressed as follows : 

3a^ - 2 a^ -\- a - 2 - (a^ - 2 a^ + 2a - 1) ; 
or, removing the parenthesis (§ 40), 

3a^-2a^-\-a-2-a^-^2a^-2a-^l 

= Sa^-a^-2a^-\-2a^-ha-2a-'2 + l (§38) 
= 2(1^ - a- 1. 

This process is more easily performed by writing the 
subtrahend below the minuend, mentally changing the sign 
of each term in the subtrahend, and adding the two expres- 
sions. Thus, the above example may be written 
3a^-2a^-\- a-2 
a^-2a^-\-2a-l 
2 a? - a - 1 

The coefficient of a* will be 3 — 1, or 2 ; the coefficient of a* will 
be — 2 -f 2, or 0, and therefore the term containing a^ will not appear 
in the result ; the coefficient of a will be 1 — 2, or — 1 ; the last term 
will be -2 + 1, or-l. 
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2. Subtract a^ + 4 a^x^ - 3 a^x^ - 4 aaj* 

from a^x^ + 2 a^aj' — 4 ax*. 
Here terms that are alike qan be written in columns : 
a^x^ -h 2 a V - 4 a:c* 
g^ 4- 4 a^x^ - 3 a V - 4 aa;* 
-a«-3aV4-5aV 

Tbere is no term a^ in the minuend, hence the coefficient of a^ in 
the result will be — 1, or — 1 ; the coefficient of a'sc^ will be 1 — 4, or 
— 3 ; the coefficient of a^x* will be 2 + 3, or + 5 ; the coefficient of 
ox* will be — 4 + 4, or 0, and ox* will not appear in the result. 

Exercise 17. 

1. From 8a — 45 — 2c take 2a — 36 — 3c. 

2. From 3a — 46 + 3c take 2a — Sb — C'-d. 

3. FromZa'- 9a; — 1 take 5a2-6aj — 3. 

4. From 2a:^ — 2ax + d^ take x^ — ax — aK 
6. From 4a — 36 — 3c take 2a — 36-h4c. 

6. From 5a;* + 7a; + 4 take 3a;2- 7a; H- 2. 

7. From 2ax + Sb]/-\-5 take Sax — 3 by — 5. 

8. From4a«-6a6 + 26«take3a2 + a6-h6l 

9. From 4 a% + 7a6« + 9 take 8 -3ab\ 

10. From 5 a^c + 6 a^^ - 8 a» take b^ + 6a%-5 a^c. 

11. From a* — 6* take b^, 13. From 6* take a^ - 6^ 

12. From a* — 6* take a*.- 14. From a* take a^ — b\ 
16. From a;* + 3 aa;^ - 2 6a;2 + 3 ca; — 4 (^ 

take 3a;* + aa;'-46a;2 + 6ca; + c^. 

UA = Sa^-2ab + 5b\ C = 7 a' - Sab + 5b^, 



\ 



B = 9a^-5ab + 3b', 2>i= 11 a«- 3a6 - 4 6«, 



x-^ 



find the expression for 

16. A-hC + B-I 

17. ^- C-^-hl 

18. C-A-B-hD^ 21, A^C-B + D. 



IQ. A-{-C + B-D. 19, A-hC-B-D. 

n. A- C-B-^-D, 20, A- C + B + D. 
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Insertion of Paxentheses. 

We have the following equivalent expressions : 
a-\-(b + c) = a-\-b -{- c, .'. a -{-b -{- c = a -\- (b + c)] 
a -\- (b — c) = a-\- b — Cy .'. a -^ b — c = a -{- (b — c)\ 
a — (b -\- c) = a — b — c, .'. a — b — c = a — (b -{- c)] 
a — (b — c) = a — b + Cy .\ a — b + c = a — (b — c). 

94. Hence, a parenthesis preceded by the sign -h may 
not only be removed without changing the sign of any term, 
but may also be inserted, enclosing any number of terms, 
without changing the sign of any temi. 

And a parenthesis preceded by the sign — may not only 
be removed, ^provided the sign of every term within the 
parenthesis is changed, namely, + to — and — to +> but 
may also be inserted, enclosing any number of terms, pro- 
vided the sign of every term enclosed is changed, 

95. Expressions may occur having parentheses within 
parentheses. In such cases signs of aggregation of dif- 
ferent shapes are used, and the beginner, when he meets 
with one* branch of a parenthesis (, or bracket [, or brace 
\ , must look carefully for the other branch, whatever may 
intervene; and all that is included between the two 
branches must be treated as the + or — sign before tlie 
sign of aggregation directs. It is best to remove each paren- 
thesis in succession, beginning with the innermost. Thus, 

1. a — [b — {c — d)-\-e'\ 
= a — [b — c-\-d-\-e'\ 
= a — b-hc — d— e, 

2. a-\b-lc-(d-e)+f^\ 
= a-\b-lc-d'\-e-{'f]\ 
= a—\b — c + d — e —f\ 

= a — b + C'-d + e+f 
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EXEBCISE 18. 

Simplify the following by removing the parentheses and 
combining like terms : 

1. a — ^ — [a — (J — c) — (?]. 

2. m — [?i — (2? — m)]. 

3. 2x-\y + l4z-(y + 2x);\l 

4. Sa-\2b-[5c-(3a + b)']\. 

5. a-\b + [c-(d-b) + a2-2b\. 

6. 3a;-[9-(2aj + 7) + 3x]. 

7. 2x-[y-(x-2y):\. 

8. a -[26 + (3c -26) + a]. 

9. {a — x + y) — {b — x — j/)-h(a'\-b — 2j/). 

10. 3a -[-46 + (4a -6) -(2a -66)]. 

11. 4c-[a-(26-3c) + c] + [a-(26-5c-a)]. 

12. aj + (2/ - ;^) - [(3a; - 2y) + ;^] + [« - (y - 2;??)]. 

13. a-[2a+(a-2a)+2a]-5a-|6a-[(a+2a)-a]|. 

14. 2a; - (32^ + «) - ^6 - (c - 6) + c - [a - (c - 6)]^. 

15. a — [6 + c - a — (a + 6) — c] + (2 a — 6 + c). 

Note. Remember that the sign — which is written in the last 
problem before the first t erm b under the vinculum is really the sign 
of the vinculum, — 6 + c meaning the same as — (6 + c). 



16. 10 — a; — ^— aj — [aj — (aj — 5 — a;)]^. 



17. 2x-\2x + (y-z)-3z-hl2x-(y-z-2y)-3z2-h4:yl 

18. a - |6 - [- c + a - (a - 6) - c]^ + [2a - (6 - a)]. 

19. a — |6 — [a — (c — 6) + c — a — (a — 6 — c) — a] + a^. 

20. 5a— {— 3a-[3a — (2a — a — 6)-a] + a^. 

21. 20-a-|7a-[8a-(9a-3-6a)]|. 

22. X- \5y - [x - (3y - 2 z) + z - (x - 2 y - z)^l. 
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Exercise 19. 

In each of the following expressions enclose the last three 
terms in a parenthesis preceded by the sign — , remembering 
that the sign of each term enclosed must be changed : 

1. 2a-b-{-Sc-d'h3e-5f. 

2. X — a — y — b — z — c, 

3. a-hb — c + Aa — b-i-l. 

4. ax -\- bi/ -\- cz + bx — CI/ + cz. 

6. 3a-h26-h2c-5cZ-3e-4/. 

6. X — y -{- z — 5xf/ — 4:xz -^ Si/z, 

Considering all the factors that precede x, y, and z, respectively, 
as the coefficients of these letters, we may collect in parentheses the 
coefficients of x, y, and z in the following expression : 

ax — by + ay — az^cz-\'bx = ax-hbz-\-ay — by — az^cz 

= (a + h)x + {a — b)y — {a -^ c) z. 

In like manner, collect the coefficients of x, y, and z in 
the following expressions : 

7. ax -\- by -\- cz -\- bx — cy -\' az. 

8. ax '\' 2 ay -{- Ai az — bx -\- S y — 3bz — 2 z, 

9. ax — 2 by — B cz — 4:bx -{- 3 oy — 1 az, 

10. ax -{-3 ay -\' 2 by — bz — 11 ex + 2 cy — cz. 

11. 4:by — 3 ax — Q cz -\- 2 bx — 1 ex — 6 cy — x — y — z. 

12. (S az — ^ by -\- S cz — 2 bz — 3 ay -{- z — X -\- y. 

13. z — by -\-3az — 3cy -{'2ax — 2 mx — 5bz. 

14. X + ay — az — acx + bcz — mny — y -- z, 

15. 2 ax — Q ay -{- 4:bz — 4:bx — 2 ex — 3 cy, 

16. ax — bx -\- 2 ay -\- 3 y ■\- ^ az — 3bz — 2 z, 

17. ax — 2 by -\- b cz — 4:bx — 3 ey -{- az — 2 ex — ay -\- Abz. 

18. 12 ax-hl2ay-^4:by — 12 bz — 15 ex -^6 cy-^- 3 cz. 
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Exercise 20. — Review. 

1. Add 4a;« - 5a«- 5aa;' + 6a*a;; 6 a* + 3 aj» -h 4 ax* ; 

Idaa^ — llx^'-Wa^x', lOa^+7 a^x+ Ba^-lSax". 

2. Add 3a5 + 3a + 6ft — 462; ab + 2a + Ab + db" ; 

7a6-4a — 86 + 13a2; 6a + 12ft-2a6— Hal 

Note. Similar compound expressions are added in precisely the 
same way as simple expressions, by finding the sum of their coeffi- 
cients. Thus, 3(x — y) + 5 (X — y) — 2 (X — y) = 6(x — y). 

3. Add4(5-aj); 6(5-x)', 3 (5 - a;) ; -12(5 -a;); 

2(5-aj); - 9 (5 - a:). 

4. Add (a + b) x^ + (b + c)t/^ + (a-\- c) ««; (6 + c) x^ + 

(a + c)2/2+(a + 6)«^ (a + c)a:2-h(a + ^>)2^-h(6 + cy. 

5. Add (a + 6) a: + (6 + c) y + (c + a) « ; (b + c)z + 

(c + a)x —(a + b)y', (a -\- c) y + (a + b) z — (b -{- c)x. 

6. From a^ — x^ take a* + 2 ax + a;l 

7. From Sa^ -{-2 a^ + x^ take a^ — ax — a^, 

8. From 8 aj* - 3 aaj + 6 take 5 a;^ + 2 aaj + 5. 

9. From a« + 3 i^c + ab^ - abc take ab^ - abc + b\ 

10. From (a + b)x + (a + c) y take (a — b)x — {a — c) y, 

11. Simplify 7 a - ^3 a - [4 a - (5 a - 2 a)] ^. 

12! Simplify 3a- |a + 6-[a + 6 + c-(a + 6 + c + (^)]|. 

Bracket the coefficients, and arrange according to the 
descending powers of x ; 

13. 7^ — ax — (?x^ — 5a; -h boi? — caj^ + a^x^ — af^ — ex, 

14. 2aaj-3&a:2_7^a.«__2^>aj + 2ca;2-h8aa;«-2caj-aa:2_^a.8 

If a = 1, 6 = 3, c = 5, and o? = 7, find the value of : 

15. a^ -(}?-'(?)- [6^ - (c^ - a^)] + [c2 - (6^ - a^]. 

16. a-2b-\Zc-d-\Za-(^b-c-'%d)'\-2b\, 
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17. From 2d + lla'\-10b — 5c take 2c + 5a — 3b', 

and show that the result is numerically correct when 

18. If a = 1, ft = — 3, c = — 5, d=0, find the value of 

If a = 3, i = 4, c = 9, and 2« = a + ^ + c, find the 
value of : 

19. s(s — a)(8 — h) (s — c). 

20. «' + («- ay + (s- by + (« - cy. 

21. «* — (« — a) (s — ^) — (« — ^) (« — c) — (s — c) (s — a), 

22. lix = a + 2b — Sc,j/ = b + 2c-Sa,z = c + 2a — Sbj 

show that X + y + « = 0. 

23. Ux = a-2b'\-Se,j/ = b — 2c'\-3a,z = c — 2a-\-Sb, 

show that x-hy + z = 2a'\-2b + 2c. 

24. What must be added to a^ + 5 y* + 3 5:* in order that 

the sum may be 2 y^ — «* ? 

25. What must be added to 5a^ — 7 a%-{-S ab^ in order 

that the sum may be a^ — 2 a^ — 2ab^-{-b^? 

liI!=5a^ + 3a'b-2b^,F=Sa^-7a^b-b^, 
G = 2a^b- aJ'-b^ H^ a% -2a? - 3&», 

find the simplest expression for : 

26. E+\F-G-H\. 30. E^-G-(F-H). 

27. E-\F^-G-H\. 31. F-H-{E'\-Gy 

28. E^-\F-G + H\. 32. H-E-(F-Gy 

29. E-\F-{G-H)\, 33. F-G-{E-H). 

34. From 2a;2 - 2^^ - «^ take Si/^ + 2a;2 - z^, and from 

the remainder take 3 ^ — 2 y^ — ^. 

35. Take the sum of a^c — 2 «• -f- 2 ac^ and a^ — ac* — a*c 

from a^ — 2 a^c + 3 ac^ 



CHAPTER V. 
MULTIPLICATION AND DIVISION. 



Multiplication of Compound Expressions. 

96. Degree of a Term. A term that has one letter is said 
to be of the first degree ; a term that is the product of two 
letters is said to be of the second degree ; and so on. 

97. Degree of a Compound Expression. The degree of a 
compound expression is the degree of that term of the 
expression which is of the highest degree. 

Thus, aH^ + &x + c is of the fourth degree, since dW is of the 
fourth degree. 

98. When all the terms of a compound expression are 
of the same degree, the expression is said to be homogeneous. 

Thus, a^ + 3 x2y -|- 3 xy2 + ys is a homogeneous expression, every 
term being of the third degree. 

99. Dominant Letter. If there is one letter in an expres- 
sion of more importance than the rest, it is called the 
dominant letter ; and the degree of the expression is called 
by the degree of the dominant letter. 

Thus, a^2 + 6x + c is of the second degree in x. 

100. Arrangement of a Compound Expression. A compound 
expression is said to be arranged according to the powers 
of some letter when the exponents of that letter descend or 
ascend, from left to right, in the order of magnitude. 

Thus, 3 a»8 — 4 6a;2 — 6 ox + 8 6 is arranged according to the de- 
scending powers of x ; and S b — 6 ax — ibx^ -h S ax^ is arranged 
according to the ascending powers of x. 
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Multiplication of Polynomials by Monomials. 

We have a(b + c) = ah + ac; (§ 41) 

and a(b — c) = ab ^ ac. Hence, 

101. To Multiply a Polynomial by a Monomial, 

Multiply each term of the polynomial by the monomialj 
and connect the partial products with their proper signs. 

Find the product of ab + ac — be and abc. 

ab + ac — be 
abc 



a%H H- a%G^ — ab^c^ 



Note. We multiply oft, the first tenn of the multiplicand, by a6c, 
and work to the right. 

Exercise 21. 
Multiply : 

1. 6a + 3fiby2a«. 7. a* + ft" - c* by a»ic«. 

2. aft-ftcby 5a'6c. 8. 5a*- 3ft» + 2c« by 4aftV, 

3. ab — a^ — be by abc. 9. al)c — 3 a^b(^ by — 2 ab*c. 

4. 6 a*ft — 7 a^^c by a^b^c. 10. a;y;s' + a^y^z by — a^y«. 

5. x-y-zhj-3xyz^. 11. 3aj-2y-4by 5a^. 

6. a;2+22^-«by -3aj2. 12. 3aj* -42/2 + 5;52 by 2«V- 

13. a'^o; — 5 aV + aaj* + 2 a;* by aoc^y. 

14. -9a« + 3a^^>2-4a2ft«-6«by-3aft*. 

15. 3x»-2ajV-7jr2^ + 2/*by "-5a;V 

16. - ^xf + 5x^y + Sx^ hy -Sx^y. 

17. - 3 + 2 aft + a^ft^ by - a\ 

18. ~«-2aj«2 + 5a.2y^by -3a^y«. 
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Multiplication of Polynomials by Polynomials. 

If we have m-hn+p to be multiplied by a -f- ft + c, we 
may substitute Jf for the multiplicand m + n+p. Then 

(a + ft + c) M= aM+ bM+ cM. (§ 41) 

If now we substitute for M its value m +n+p,we have 

aM-hbM+cM 

= a^m-hn +p) + ft (w + « -\-p) + c (m + w +p) 
= am -{- an -{- ap -{- bm + bn + bp -{- cm -{' en -^ cp, 

102. To Find the Product of Two Polynomials, therefore, 
Multiply every term of the multiplicand by each term of 
the multiplier, and add the partial products. 

In multiplying polynomials, it is a convenient arrange- 
ment to write the multiplier under the multiplicand, and 
place like terms of the partial products in columns. 

1. Multiply 5a -6ft by 3a -4ft. 
5a - 6ft 
3a - 4ft 
15 a^ - 18 oft 

-20aft4-24ft« 
15a2-38aft + 24ft2 

We multiply 6 a, the first term of the multiplicand, by 3 a, the first 
term of the multiplier, and obtain 15 a^ ; then we multiply — 6 6, the 
second term of the multiplicand, by 3 a, the first term of the multi- 
plier, and obtain — 18 ab. The first line of partial products is 15 a^ 
— 18 ab. In multiplying by — 4 6, we obtain for a second line of 
partial products — 20 a6 + 24 b^, and this is put one place to the right, 
so that the like terms — 18 oft and — 20 ab may stand in the same 
column. We then add the coefiBcients of the like terms, and obtain 
the complete product in its simplest form. 
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2. Multiply 4x + 3 + 5x2 -6a;8 by 4- 6a^-5aj. 

Arrange both multiplicand and multiplier according to 
the ascending powers of x, 

3+ 4aj+ 5a^- 6a;» 
4 — 5 a;— 6x^ 



12-|-16a; + 20a;2_24aj» 

- 15x - 20x2 _ 25a:» -h 30 a;* 

-18x«-24x^-30x* + 36x* 

12+ x-18x2-73x« +36ar^ 



3. Multiply l + 2x + x*- 3x2 by a:«- 2- 2x. 
Arrange according to the descending powers of x. 



X*- 


-3a^ + 2a; 
-2x -2 


+ 1 


x'- 


-2a^ 


+ 6a;» 



4x2-2x 
-2x* +6x2-4x-2 

5x^ +7x« + 2x2-6x-2 



4. Multiply a^ -\-b^ + c^ — ab — be — achy a + b -^ c. 

Arrange according to the descending powers of a, 

a^ — ab — ac + b^ — be -{- c' 

a -^ b + c 

a^ — a^b — a^c + ab^ — abc + ac^ 

-\-a^b -aP- abc +b^-Pc + bc^ 

-\-a^c - abe-ac' •\'bh-be^ + (^ 

a^ -3 abc +6^ +c^ 

Note. The student should observe that, with a view to bringing 
like terms of the partial products in columns, the terms of the multi- 
plicand and multiplier are arranged in the same order. 
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Exercise 22. 

Multiply : 

1. x-hlOhy x-i-6, 12. 2x-Shyx + S. 

2. a;- 2 by x~ 3. 13. aj - 7 by 2a; - 1. 

3. a; — 3 by x + 6. 14. m — « by 2 m + 1. 

4. aj -h 3 by a; — 3. 15. m — a by m + a. 

5. a; — 11 by a; -1. 16. 3aj + 7 by 2a; — 3. 

6. -a;4-2 by -a;-3. 17. 5x- 2yhj 5x + 2y. 

7. -a; -2 by a; -2. 18. 3a; - 41^ by 2a; + 3y. 

8. — a; + 4 by a; — 4. 19. a;^ + ^ by a;^ — y®. 

9. -a; + 7 by xH- 7. 20. 2x^ + 3f hj x^ -^ ^f. 

10. a; — 7 by a; 4- 7. ' 21. x + y + zhyx — y + z, 

11. a;-3by2a; + 3. 22. a;4-22^-;5; by a;-y + 2;2j. 

23. a;^ — a;y + y^ by x^ + xy + y^. 

24. m* — mn -{- n^ hy m + n. 

25. m^ + mn + n^ hy m — n. 

26. a* - 3 aft + 5^ by a^ - 3 aft - ftl 

27. a^- 7a -h 2 by a^- 2a 4- 3. 

28. 2a;*-3a;y + 4?/*by 3a;2 + 4a;y-52^. 

29. a;^ + a;y 4- y^ by ec^ — a;« — «^. 

30. x^ -{- y^ ■i' z^ — xy — xz — yz hy X + y + z, 

31. 4a2-10aft-h25a2ft2by 5ft + 2a. 

32. a;2 + 4 2^ by ?/2 + 4 a;. 

33. a;2 + 2a;y + 8by 2/^H-2a;y-8. 

34. a^ -f ft^ + 1 - aft - a - 6 by a + 1+ ft. 

35. 3x^-2 f-{-5z^\)ySx^-\-2y^-3z^ 

36. a^ + ft2 H- c^ - aft - ac - ftc by a + ft + c. 

37. a;^ — a;?/ + y^ + a; + y + 1 by a; + y — 1. 
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38 
39 




5a; + 4a^ + 0^ - 24 by a;= + 11 - 4aj. 

40. x^ + x^-4:X-ll + 2a:^hya^-2x + 3. 

41. -5x*-x^-x + x/' + lSa^hyx^-2-2x, 

42. Sx + a^-2x^-4:hj2x + 4:X!^ + 3a^ + l. 

44. 

45. 6a^6 + 3t,. __ . . ^^ ^^ 

46. x^ + f + 2xij-2x-2y-lhjx + y-l. 

47. a*" + 2 a"*-^ — 3 a"*-2 — 1 by a + 1. 

48. a» — 4 a»-i + 5 a"-^ ^ ^«-3 by a — 1. 

49. a*»+i - 4 a^" + 2 a^n-i - ^"-2 ^y 2 «» - a^ ^ a. 

50. aj» — y"+i by a;" + 7/'»+\ 

51. x2'» + 2x«2/» + 2/2«|3y a^- — 2ir»y +2^» 

52. a» - a«+i - a«+2 + 1 by a» + 1. 

53. a^** — a^" + a» — 1 by a» — 1. 

54. a" — a»-i + a"^ + a""^ by a^ — 1. 

Exercise 23. — Review. 

Simplify : 

1. (a;2-ic-19)(a;2 + 2x-3). 

2. (l-^2x + x^)(l-x^-^2x^-Sx). 

3. (2a;2 + 2 + 3x)(2a;-3x2 + 2ir^). 

4. (3 a;2 + 5 - 4 aj) (8 + 6 a;2 - 7 a^). 

5. (a;^ + aj - y) - (x^ - y^ + a^y) (a; — 1). 

6. (3 + 7a:2-5a^)(8x2-6aj-10a;8 + 4). 

7. (^>^ + 6 a&2 __ 4 ^2^) (2 ^25 - a52 - 8 a"). 

8. (^2 + aa; - Z>) - (a;2 + 5 aj - 4) (aj - 3). 

9. (x^ — ma;^ + ^wc + ^) (a?^ + caj + d)* 
10. |a;2 - (a + 6) a; + a*| (a? - c). 



MULTIPLICATION AND DIVISION. 65 

11. (a^ + x^y + xt/^-ht/)(x-y). 

12. (4:a^ + 9y^-6xi/)(4:x» + 9f+6xy). 

13. (x*-3x'-\-5)(a^ + 4:)(x-'2). 

14. (x*-x'j/' + y'){x* + xy + y*). 

15. (2a^-3a^ + 4.x^-5)(x^-S)(x-S). 

16. (««"• — a^y" + y*"*) (a™ 4- y"*) (a + y). 

17. (a«^ - a^^ + a* - 1) (a'' + 1) (a^ - 1). 

18. (a'-\-b^ + (^-\-2ab-ac-bc)(a + b-\- c). 

19. (a-2b)(b-2a)-(a-3b)(4.b-a) + 2ab. 

20. (a + ft + c) (a + ^» — c) — (2 ab — c*). 

21. (m + 7i) m — [(m — n)^ — n(n — m)'], 

22. [ac-(a- b) (b + c)] - ft [ft - (a - c)]. 

23. (x - 1) (x - 2) - 3 ic (x + 3) + 2 [(a; + 2) (aj + 1) - 3]. 

24. 4 (a - 3ft) (a + 3ft) - 2 (a - 6ft)* - 2 (a* + 6ft^. 

25. (a; + y4-«)*— a;(y4-» — aj) — y(a;+« — y) — ;2j(cc + y — «). 

26. 5 ^ (a — ft) X — cy ^ — 2 ^ a (a; — y) — ftaj ^ — (3 aaj — 5 cy). 

27. (a-ft)a;-(ft-c)a- ^(ft - x) (ft- c)- (ft- c)(ft + c) j. 

28. (a + ft) (ft + c) — (c + c?) (a + c^) - (a + c) (ft — c?). 

29. a2(^ _ c) _ 52(a - c) + c2(a - ft)-(a - b)(a - c)(ft - c). 

30. (2a-by-^2b(a + b)-Sa'-(a-by + {a + b)(a-b). 
If a = 0, ft = 1, c = — 1, find the value of : 

31. (ft - cy + (c- ay + (a- by. 

32. (b + cy-(c-ay-{a-b). 

33. (a — ft) (a — c) + c (3 a - ft — c) + 2 ac — (a — c) + 2 ft. 

34. (ft - cy +(a- by + (c - a)3 - 3 (ft - c) (a - ft) (c - a). 

35. If a = 12, and ft = 5, find the values of 
/^2+ VP; and Va^ + ft^. 
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Division of Compound Expressions. 
Diyision of a Polynomial by a Monomial. 

By the distributive law, (§ 43), 

9 a^b^'x - 12 a%2^ - 3 a^a; _ 9 a^b^R 12 a^boi? 3 a^x 
3a^x 3a^x 3a^x Sahi 

=^3a%^-'4.ahx-l. 
6x^^i-4a^ _ 6a;^+^ 4a^ 2»+2 _ o „+i 

Note. Herewehave4n + 1 — (2n — l) = 4n+l— 2n+l = 2n + 2, 
and 3n— (2n — l) = 3n — 2n + l = n + l, as indices of x in the first 
and last terms of the quotient respectively. 

103. To Divide a Polynomial by a Monomial, therefore, 
Divide each term of the dividend by the divisor, and con- 
nect the partial quotients with their proper signs. 

Exercise 24. 
Divide : 

1. ;x? + 2xyhYX, 3. 4 aJ« - 8 «» by 2 ic*. 

2. a»-2a^bya. 4. - 6a^ - 2a; by — 2a;. 

5. -8a«-16a^oby-8a«. 

6. 27a'-36a2by 9al 

7. - 30 a^ 4- 20 a^ by - 10 a\ 

8. -12a;y-4a;yby-4a;«3/«. 

9. - 3a;V - Ba;^^ by - 3a;V. 

10. 3 a%h' - 9 a%V by 3 a^^V. 

11. x^ — xy — xz by — x, 

12. 3 a^ - 6 ^25 - 9 ab^ by - 3 a. 

13. 7^y^-a?f-x^y^hj7?f. 

14. a^bh — a^bh — a%(? by abc. 

15. 8 a« - 4 a% - 6 a^^ by - 2 a. 

16. 5 m^n — 10 m^^ — 15 mn^ by 5 mn. 
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Division of One Polynomial by Another. 

If the divisor (one factor) = a-{-h + c, 

and the quotient (other factor) = n-\-p + q, 

( -{- an -\- hn + en 
then the dividend (product) = < -{- ap + hp + cp 

\. + aq+hq + cq. 

The first term of the dividend is an ; that is, the product 
of a, the first term of the divisor, by n, the first term of the 
quotient. The first term n of the quotient is therefore 
found by dividing an, the first term of the dividend, by a, 
the first term of the divisor. 

If the partial product formed by multiplying the entire 
divisor by n is subtracted from the dividend, the first term 
of the remainder ap is the product of a, the first term of the 
divisor, by p, the second term of the quotient ; that is, the 
second term of the quotient is obtained by dividing the 
first term of the remainder by the first term of the divisor. 
In like manner, the third term of the quotient is obtained 
by dividing the first term of the new remainder by the 
first term of the divisor ; and so on. Therefore, 

104. We have the following rule for division : 

Arrange both the dividend and divisor in ascending or 
descending powers of some common letter. 

Divide the first term of the dividend by the first term of 
the divisor. 

Write the result as the first term of the quotient. 

Multiply all the terms of the divisor by the first term of 
the quotient. 

Subtract the product from the dividend. 

If there is a remainder, consider it as a new dividend and 
proceed as before. 
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105. It is of fundamental importance to arrange the divi- 
dend and divisor in the same order with respect to a com- 
mon letter, and to keep this order throughout the operation. 

The beginner should study carefully the processes in the 
following examples : 

1. Divide a^ -flS a: + 77 by x -h 7. 



x' + lSx + TT 



x + 7 



aj-fll 



11 X + 77 
11 X + 77 



Note. The student will notice that by this process we have in 

effect separated the dividend into two parts, x^ + 7x and llx + 77, 

and divided each part by x + 7, and that the complete quotient is the 

sum of the partial quotients x and 11. Thus, 

x2 + 18x + 77 = x2 + 7x + llx + 77 = (x2 + 7x) + (llx + 77) ; 

x2 + 18x-|-77 x2 + 7x.llx + 77 . ,, 

— -I rir- = x 4- 11. 



x-l-7 



x-l-7 



x-l-7 



2. Divide a^- 2ab + b^hj a-b. 



a*-2ab + l>' 


a — b 


a'— ab 


a — b 


- ab + S" 

- ab + l>' 





3. Divide 4 a^x^ - 4 a^x'' + x^ - a^ by x^ - a\ 
Arrange according to descending powers of x. 



x^ - 4 a^x* -f 4 a*aj2 - a« 

x^ — a V 



a*-3aV-fa* 



- 3 a V + 4 a V - a« 
-3aV + 3aV 

a V - a^ 
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4. Divide 22 a%^ + 15 ft* + 3 a* - 10 a»ft - 22 aV 

by a2 + 3ft»-2aft. 
Arrange according to descending powers of a. 



3 a* - 10 a% + 22 a^^ _ 22 aft« + 15 ft* 
3a*- 6a«ft+ 9a%' 



a»-2aft + 3ft« 



3a*-4aft-f5ft« 



- 4a»ft + 13a^ft2-22aft« + 15ft* 

- 4a«ft+ 8a^ft^-12aft« 

5aV-10aft« + 15ft* 
5a%«-i0aft« + 15ft* 



5. Divide 5a;«-aj + l -3ir* by l+3aj» -2a;. 
Arrange according to ascending powers of x. 



1- a; + 5x»-3cc* 
l-2a;-h3aj» 



l-2cc + 3cc« 



1 + cc - cc^ 



a;-2a;» + 3«» 


-3x« 


- a!» + 2a!»-3a^ 

- a;» + 2a;»-3x« 



6. Divide a' + y* + «* — 3 xy^ by x + y + «. 
Arrange according to descending powers of x. 



7^-^xyz + ^ + ;f 


« + y + « 


a? + 7?y + xh 


a^ — xy — xz + y^ — yz + s^ 


— T^y — x^z — 3x 

— a^y — xy'— x 


yz + i^ + 7? 
yz 


— x^z-\- xi/ —2 xyz ■\-j/^ + ^ 

— Qi?z — xyz — xz^ 


xy^ — xyz + xz^ + y^ + s^ 
xf + 2/^ + 2^« 




— xyz 4- xz^ — 'i^z-^r ^ 

- xyz - fz - yz^ 


x^ + yz^ + ^ 
x^ + yz^^9? 
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7. Divide 4 a^+» - 30 a^ + 19 a^^ + 5 a^-^ + 9 a^* 

by a^ - 7 a*-^ + 2 a^^ — 3 a*"*. 



4a^+i-30a*+19a^i+ 5a'-2+9a^-* 
4a'+i-28a'+ 8a'-^-12a^2 



fl^x-3_7^x_4^2a^«-3a^ 



4a*-2a3-3a2 



- 2a^+lla*-^+17a^2_p9a^* 

- 3a^»+21a^2_5^a.-3_^9^x-4 

- 3a^^+21a^-^-6a^^+9<^^ 

Note. We find the index of a in the first term of the quotient by 
subtracting the index of a in the first term of the divisor from the 
index of a in the first term of the dividend. Now, (» + 1) — (x — 3) 
= 2 + 1— x + 3 = 4. Hence, 4 is the index of a in the first term of 
the quotient. In the same way the other indices are found. 

Exercise 25. 
Divide : 

1. a^'\-7a + 12hj a + 4:. 6. 4x=4- 12 a; + 9 by 2 x +3. 

2. a^-5a + 6hy a-3. 7. 6«2 _ ^^ ^^ + 4 by 3a; - 4. 

3. x^ + 2xy-{-fhjx-hy. 8. S a^-lO ax-3 a^ hy A x+a. 

4. x^ — 2xy -{-y^hj X — y. 9. 3 a* — 4 a — 4 by 2 — a. 

5. a^-y^hjx-y. 10. a« - 8 a - 3 by 3 — a. 

11. a* + 11 a2 _ 12 a - 5 a« 4- 6 by 3 + a^ _ 3 ^^ 

12. 2/*-9y^ + 2/«-162/-4by2^ + 4 + 42^. 

13. 36 + m* - 13 m^ by 6 + m2 + 5 m. 

14. l-s-3s^-s^hyl-{-2s + ^. 

15. b^-2b^ + lhyb^-2b + l. 

16. x^ + 2xy -^97/ hy a^-2xy + 3 f. 

17. a* + b'^ by a* - a^^ + a^^ - ab^ + b\ 

18. l + 5x3-6ic*by l-ic + 3a;2. 
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19. 8a;y + 9y* + 16x*by 4a;2 + 3t/2-4a;y. 

20. x^ + i/^ + z^ + 3x^i/ + 3xy^hyx-^y + z, 

21. a^-^-b^ + c^-Sabchy a + b + c, 

22. x^ + Sj/^-tf^-Qxyz by x^ + 4:f -{- z^ -xz- 2x^-2 yz. 

23. 2x^-Sy^'\-xy-xz-4:yz-^hy2x + 3y + z. 

24. a^ — 2/2 — 2 2/;?; — 2j2 by a; + 2^ + «. 
26. a^ + xy 4-2/*by a^ + a;2/ + 2/*. 

26. x*-9a2 + 12x-4by5c* + 3a-2. 

27. 3^- 22/* -62^ + 42/^ + 132/ + 6 by 2/^ + 32/2 + 32^ + 1. 

28. y*-5y^z^ + 4LZ*hj f-yz-2z\ 

29. «2_42^_9^2^122/;2Jby a; + 22/-3«.' 

30. aj*-41ir-120 by a^ + 4x + 5. 

31. x^-S + Sx + a^-Ax^hy 3-2x-a^. 

32. 6-2a;* + 10x3-llx2 + xby 4x-3-2x2. 

33. l-6x^-{-5x^hy l-2x-^x\ 

34. a:* + 81 + 9a;2by 3a;-ic2-9. 

35. «• — y^ by a;2 4- 3-2/ + y^, 

36. a:® + y® by ^2 -|_ ^, 

37. x^ + a^x^-{-a*hy x^-ax + a^. 

38. a2-2ft2 + a&-3c2 + 7^>c + 2acby 3c + a-5. 

39. ab + 2a^-3b^-4:bc-ac-c^hy c-\-2a-\-3b. 

40. 15 a* + 10 a^x -{- 4: a^x^ -{- 6 ax^ - 3 x^ by 3 a^ -\- 2 ax - x\ 

41. a«-8^>«-l-6a^^by a-2&-l. 

42. a** — 3 x2"y« + 3 a;"2/^ — 2/^» by a;" — 2/". 

by a"* + 3 a"^i^>» — 6 a'^^^. 



72 MULTIPLICATION AND DIVISION. 

106. Integral expressions may hsive fractional coefficients, 
since an algebraic expression is integral if it has no letter 
in the denominator. The processes with fractional coeffi- 
cients are precisely the same as with integral coefficients, 
as will be seen by the following examples worked out : 

1. Addia*-iaA+ J^and^a2 + |a5-|ft«. 

2. From Ja'-Jaft -fji* take Ja«- Jo* + #^. 

^a^-\ab-\- jh^ 
ia' + ia^-^^b^ 

3. Multiply i a^ - J a* + i ^ by i a - § A. 

4. Divide ^ b^ -\- ij^ bcP - ^b^d - T^je^^ by Jft - |(^. 






i^-l^ 



|62_3ft,^+J^ 



- ^jibH + ^bdP-^dJ' 
^jsbH-\- bd^ 

ibd^-^d^ 
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Exercise 26. 

1. AddJa^ft + ^^V + tV and - ^jf a^ - ^^ b^c* - f. 

2. ¥Tom^x^-^Sax-iaHsike2a^-^ax-ia^, ' 

3. From ^y — ^a — ^x + ^b take i ?/ + V^ a — f x. 

4. Multiplyic2-Jc-iby Jc2-ic + i. 

5. Multiply Ja;-ia;2 + Jaj» by ice + icc2 + Ja;» 

6. Multiply 0.5 m* - 0.4 m«/i + 1.2 wV + 0.8 m»« - 1.4 w* 

by 0.4 m^ - 0.6 mw - 0.8 ?il 

7. Divide ^^ a* - f a^* + Jf a^^^ + i a*^ by f a + J 6. 

8. DiYide-id^ + cP-i^d^ + id^hy -'i<P + 2d. 

Exercise 27. — Review. 

1. Find the value of x^ -{- 1/^ + s^ — 3 xyz, if a; = 1, y = 2, 

and z= —3. 

2. Find the value of ^2 be — a, and of V2 6c — a, if 

6 = 8, c = 9, and a = 23. 

3. Add a^^ - a*2 _|_ ^s ^n^i ^s _ ^^2^ _p ^^^ _ | ^8 

4. Multiply a^ — a'^b^ + ^ by a"* + 6"*. 

5. Multiply 4 a2»'+4 4. g ^m^z 4. 9 ^2 13^ 2 «"»+* - 3 a\ 

6. Divide a;^ + 8 2^ - 125 «» + 30 iry« by « + 2 y - 5 ;?;. 

7. Simplify (a; - af - {x - bf - (a - b) (a + b - Sx). 

8. Find the coefficient of x in the expression 

. x + a-2[2a-b(c- x)y 

9. Multiply 4 a;"»+2n-l _ 7 a.2m-an+2 4. 5 ^2«+8m-2 by 5 a;2-m-2». 

10. Divide c^e^*-^^^ - c*d^^ - c^+'^d^'' by (^'"^d?-^. 

11. Divide m*y" — m^+*y^+» + m^^y^-^ by m^^^y"-^. 
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12. Divide a^+«>' — a' + a^+^i' by «*"*+*>'. 

13. Divide a; - x'''-^+* + a^"* by a;*-^*'. 

14. Divide j/p — y*"^" + j/*^-^^ by y^f^-*"+^ 

15. Divide 2a;»" — 6x^1/^ + 6a;V*— 2y** by aj" — y^. 

16. Divide a* — 2 aa^ + a^aj — ahx — l^x + a^h + aJt^ 

by a^ — aa; + Aa; — a6. 

17. Divide a;*« + «*» + 1 by x*" — aj« + 1. 

18. Divide 3 a;'"+^ - 4 a:"'^^ - 12 x^^* - 9 x'»+* 

by x"»+* - 3 x"»+3. 

19. Divide 6 x*«+« - 13 a^+« + 13 x2»»+« - 13 a^+« - 5 ar^ 

by 2 ar*"* ~ 3 x"» - 1. 

20. Divide 12 a*»-» - a^-^ - 20 a*-^ + 19a^ - 10 a"+i 

by 4 a2» - 3 a"+i + 2 a^ 

21. Arrange according to descending powers of x the . 

following expression, and enclose the coefficient of 
each power in a parenthesis with a minus sign 
before each parenthesis except the first : 
a? — 2hx — aV — ax — ox* — ex — a^x* — hex, 

22. Divide 1.2 a*x - 5.494 aV + 4.8 aW + 0.9 ax* - x* 

by 0.6 ax -2x1 

23. Multiply \a^- \ah + \h^hj ^a + ^h, 

24. Multiply fa^ 4.^^^!^ by ^^_ J j^ 

25. Divide ia» + 7V«^' + TV^*by ia + i^. 

26. Subtract J x2 + i xy + J 2^2 fjQnji ix'-^xy + iy*. 

27. Subtract x'^ + ^xy-\f from 2 x^ - :J xy + 2/*. 

28. If a = 8, ft = 6, c = — 4, find the value of 

Va2 + 2 ftc + Vft2 + ac + Vc* -f aft. 



CHAPTER VI. 
SPECIAL RULES. 



Multiplication. 

107. Square of the Sum of Two Numbers. 

(a + by =(a + b)(a + b) 

= a(a-{-b) + b(a + b) 

= a^ + ab + ab-{-b^ 

= a^ + 2ab + b\ Hence, 

Rule 1. The square of the sum of two numbers is the 
sum of their squares pltis twice their product, 

108. Square of the Difference of Two Numbers. 

(a - by =(a-b)(a- b) 

= a(a — b) — b (a — b) 

= a^ — ab — ab + b^ 

= a^-2ab-{- b\ Hence, 

Rule 2. The square of the difference of two numbers ic 
the sum of their squares minus twice their product. 

109. Product of the Sum and Difference of Two Numbers. 

(a + b)(a-b) = a(a-b)-^b(a-b) 
= a^ — ab -{- ab — b^ 
= a^- b\ Hence, 

Rule 3. The product of the sum and difference of two 
numbers is the difference of their squares. 
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110. The following rule for raising a monomial to any 
required power will be useful in solving examples in multi- 
plication : 

Raise the numerical coefficient to the required power, 
and multiply the exponent of each letter hy the exponent of 
the required power. 

Thuathe square otlaVfi is 49(i*6i«. 

EXEBCISE 28. 

Write the product of : 

1. (x + yy. 7. (x + y)(x-y). 

2. (x-ay. 8. (4«-3)(4« + 3). 

3. {x + 2hy. 9. (3a2 + 4&2) (3a2_452). 

4. (3aj-2c)2. 10. (3a-c)(3a-c). 

5. (4y-5)2. 11. {x + lh'){x + lh'^. 

6. (3a2 + 42j2)2. 12. {ax + 2hy){ax-2hy). 

111. If we are required to multiply a + h+chj a-^-h—c, 
we may abridge the ordinary process as follows : 

{a + h + c){a + h-'c) = \{a + h) + c\\{a-{-h)-c\ 
By Eule 3, = (a + hy - c^ 

By Rule 1, =a^ + 2ab + h^- c\ 

If we are required to multiply a4-^ — cby a — ft + c, we 
may put the expressions in the following forms, and per- 
form the operation : 

{a ^h - c) {a -h -^ c) = \a -^ (b - c)\\a - (}> - c)\ 
By Rule 3, ^ a^ - (h - cy 

By Rule 2, = a^ - (b^ - 2hc + c") 

By § 40, =a^-h^^2hc- c\ 
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Exercise 29. 
Find the product of : 

1. X + y + z and x — y — z. 

2. X — y + z and x — y — z. 

3. ax + hy -{-1 and ax-\-hy — 1. 

4. 1 4- a; — 2^ and 1 — a; + 1^. 

5. a + 26- 3c and a- 2ft + 3c. 

6. a2_a^4.^2aj^(i^2^^j_|.^2 

7. w^ + mn + n^ and m^ — mn + w^. 

8. 2 + a: + aj2and2-cc-x2. 

9. a^ 4. a + 1 aii(i ^2 __ ^ _|. ;^ 

10. 3ic + 22^ — ;sj and 3cc — 2y + «. 

11. 1 -\- X + y and 1 + a; — y. 

12. a^ - 2 ax + 4:X^ d^nd a^ + 2 ax + 4:X^ 

13. a;2-2a;y + y2an^j 3.2 4.20:^4. 2/2 

14. X — y + 13 z^ and a; — y — 13 «*. 

15. x^-By^-Tz^andx^-by^ + Tz^ 

112. Square of any Pol3rnomial. If we put x for a, and 

y + « for b, in the identity 

(a-\'by = a^ + 2ab + b^ 

we have 

^a; + (2/ + ^)^2 = x^ + 2x(y + z) + (y + z)\ 
or (a; + y + ^)2 = a;^ + 2ajy + 2x« + y^ + 2y^ + «2 

= a;2 4- 2/2 + «^ + 20^2/ + 2aj« + 22/«. 

The complete product consists of the sum of the squares 
of the terms of the given expression and twice the product 
of each term into all the terms that follow it. 
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Again^ if we put a —b for a, and c — d for b, in the same 
identity, we have 

= (a-by-h2(a-b)(C''d) + (c-d)^ 
= (a^-2ab'\-b^ + 2a(c-d)-2b(c-d) + (c^-2cd + d^ 
= a^-2ab + b^-{-2ac-2ad-2bc-{-2bd + c^- 2cd+cP 
= a^ + b^ + c^ + d:^-2ab + 2^c-2ad-2bc + 2bd-2cd. 

Here the same law holds as before, the sign of each 
double product being + or — , according as the factors com- 
posing it have like or unlike signs. The same is true for 
any polynomial. Hence we have the following rule : 

Rule 4. The square of a polynomial is the sum of the 
squares of the several terms and twice the product obtained 
by multiplying each term into all the terms that follow it 

Exercise 30. 
Write the square of : 

1. 2cc-3y. 12. a -2ft -3c. 

2. a + ft + c. 13. 3a — 5 + 2c. 
Z. x-{-y — z. lA, x + 2y — 3z. 

4. X — y -{- z. 15. x^ — y^ -{- z^. 

5. a; + 2/ + 5. 16. cc — 2y — 3«. 

6. x-^2y-^S. 17. 2z-y + x, 

7. a — b -^ c. IS. x-{-y -\- z + 1. 
S. Sx-2y-\-4:. 19. x — y + z — l. 
9. 2x-Sy-\-4:Z. 20. 4x + y + ^-2. 

10. x^ + y^ + z\ 21. 2x-y-z-S. 

11. 2x — y-z. 22. x — 2y-Sz + 4k. 
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113. Product of Two Binomials. The product of two bino- 
mials which have the form x + a, x + b, should be carefully 
noticed and remembered. 

1. (x + 5)(x + 3) = x(x+3) + 5(x + 3) 

= x^ + 3x + 5x + 15 
= x^ + Sx + 15. 

2. (x-S)(x-3) = x(x-3)-5(x-3) 

= x^-3x-5x + 15 

3. (x + S) (x - 3) = x(x - 3) + 5(x - 3) 

= x^-3x + 5x-15 
= x^ + 2x-15. 

4. (x-'S)(x + 3) = x(x + 3)-5(x + 3) 

= a;2 + 3a;-5a;-15 
= x^-2x-15. 

Each of these results has three terms. 

The first term of each result is the product of the first 
terms of the binomials. 

The last term of each result is the product of the second 
terms of the binomials. 

The middle term of each result has for the coefficient of x 
the algebraic sum of the second terms of the binomials. 

The intermediate step given above may be omitted, and 
the products written at once by inspection. Thus, 

1. Multiply a; + 8 by a; + 7. 

8 + 7 = 15; 8 X 7 = 56. 
.-. {x + %){x + l) = x^ + 15x + m. 
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2. Multiply x-Shjx-7, 

(^8) + (-7) = -15; (-8)(-7) = + 56. 
/. (x-S)(x-7) = x^- 15x + 56, 

3. Multiply x — 7i/hjx + 6i/, 

-7y + 6y=-y) (- 7 y) (6y) = - ^2y\ 
,', (x-7y)(x + 6y) = x^ - xy - ^2y\ 

4. Multiply a:^ + 6 (a + ft) by a:^ - 5 (a + ft). 

- 5 (a + ft) + 6 (a + ft) = (a + ft) ; 

- 5 (a + ft) X 6 (a + ft) = - 30 (a + ft)2. 
.•.^a;^+6(a + ft)|^aj2-5(a + ft)|=^*+(a-hft)aj2-30(a+ft)2. 

Exercise 31. 
Find by inspection the product of : 

1. (x 4- 8) (a; -h 3). 15. (x -^ 6y) (x - hy). 

2. (a; + 8) (a; - 3). 16. (aj^ - 9) (aj^ + 8). 

3. (a; - 7) (x -h 10). 17. (x" ^-^y"^ (^^ -?»y% 

4. {x - 9) (a: - 5). 18. (aj^ + 8^^) (a;2 _ 4/). 

5. (aj - 10) (a; -h 9). 19. (aft - 8) (aft + 5). 

6. (a - 10) (a - 5). 20. (aft - 7 xy) (ah + 3 a;y). 

7. (x-3a)(aj + 2a). 21. (a; - 3y) (a; - 3y). 

8. (a + 2ft) (a -4ft). 22. (x ^- 6) {x -V 6). 

9. (a -12) (a -3). 23. (a - 3ft) (a - 3ft). 

10. (a + 2ft) (a + 4ft). 24. (x - c) (x - d). 

11. (a - 3 ft) (a + 7 ft). 25. (ar + a) (aj - ft). 

12. (a 4- 2ft) (a -9ft). 26. (a: - a) (aj + ft). 

13. (aj-3a) (a;-4a). 27. |(a + ft)4-2| ^(a+ft)-4|. 

14. (x^^z)(x-2z), 28. K^ + 2/)-2n(^+y)+^l- 
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114. In like manner the product of any two binomials 
may be written. 

1. Multiply 2a-bhy 3a + 4:b, 

(2a-b)(Sa + 4:b) = ea^-\-Sah-Sab-4.b^ 
= 6a^ + 5ab-4b^ 

2. Multiply 2aj + 32/ by 3a;- 2y. 

The middle term is 

2x X (—2y)+Si/X3x = 5xi/. 
.\(2x + 3y)(3x'-2y) = dx^ -{- 5xy - 6^^. 

Exercise 32. 
Find the product of : 

1. 3x — y3Jid2x-^-y. 6. lOx — 3^/ and 10a; — 7y. 

2. 4a; -32/ and 3a; -2y. 7. 3a^ -2b^ sjid 2a^ + 3b\ 

3. 5 a; — 4 2/ and 3 a; — 4 y. 8. a^ •^- b^ and a — b. 

4. a;- 72/ and 2a; -52/. 9. 3a^- 2b^ and 2 a -j- 3b, 

5. llx — 2y and 7 x + y, 10. a^ — P and a -h b, 

11. 4a; 4- 1 and 3a; — 2. 

12. 3 a; — 5 and a; + 1. 

13. 3a^ + x^ and 4 a^ _ a;2 

14. 2 a; 4- 2/ and x-^ 2y. 

15. 35 + a; and 2 5 — 3a;. 

16. 2 a + 55 and 4 a — 35. 

17. 4a; + 32/ and 2x — 7y, 

18. 2 2/ + 3 « and 3y — z. 

19. 2 a; + 7 2/ and 3x — y, 

20. 3a — 2c and 2 a — 5 c. 
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Division. 

116. The following rule for finding any required root of 
a monomial will be found useful in solving examples in 
division : 

Find the required root of the numerical coefficient, and 
divide the exponent of each letter by the index of the re- 
quired root. 

Thus, the square root of 25 x^y* is 6 zy^. 

116. Difference of Two Squares. 

^2 _ ^2 ^2 _ J2 

— -—r = a — b: r- = a + b. Hence, 

a-^b a — b 

KuLE 1. The difference of the squares of two numbers is 
divisible by the sum of the numbers, and the quotient is the 
difference of the numbers. 

The difference of the squares of two numbers is divisible 
by the difference of the numbers, and the quotient is the 
sum of the numbers. 

Exercise 33. 
Write by inspection the quotient of : 



a^- 


4 


a — 


2 


9- 


x"" 


3 + 


X 


16- 


■a^ 


4 + 


a 


«"- 


25 


X — 


5 


36- 


-»" 


6 + 


X 


9 a" 


-b' 



3a-b 



9. 
10. 
11. 
12. 



9a*- 


-26y*. 


3a« 
4 a!" 


-9y« 


2x* 
4a;«» 


-3y 

-a» 


2x' 


-a* 


aJb*c 
x^a? 


» + «• 


a;V 
a»- 


-6» 

(6 + c)» 


a — 


(6 + c) 
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117. Sum and Difference of Two Cubes. By performing 
the division, we find that 

-^r = a^ — ab -\- b^: — = a^ -f a^ -f b^. Hence, 

a-{- b ' a — b 

E.ULE 2. The sum of the cubes of two numbers is divisible 
by the sum of the numbers, and the quotient is the sum of 
the squares of the numbers minus their product, 

Rule 3. The difference of the cubes of two numbers is 
divisible by the difference of the numbers, and the quotient 
is the sum of the squares of the numbers plus their product. 



Exercise 34. 
Write by inspection the quotient of : 



1. 



3. 



4. 



6. 



8. 



l-2aj 

l + 8a;V 
l + 2a; ' 
27a«-^« 

3a — b 
27 a^-j-b^ 

Sa-^-b 
64a;» + 27yV 

4:X + Sy 
64a;«-27y« 

4a; — Sy 
1-27 z'' 

1-Sz ' 
l + 27z\ 

l + 3« ' ^"' 2x-4:y' 



9. 


aW - e" 


ah — c 


1 n 


a'b» + c* 




ab + c 


11. 


64 + 2/« 

i + y 


12. 


343- 8 a» 


7-2a 


13. 


8a» + 6» 


2a + b^ 


14. 


a;» + 729y« 


a;» + 9y 


15. 


a«-27J« 


a^^3b 


^a 


8a;«-64y» 



p2 
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118. Sum and Difference of any Two Like Powers. By 

performing the division, we find that 



a — b 



= «« -h a% + a^« 4- ^» ; 
-a^-j-ab^-b^: 



a^-b 

^^~f = a* 4- a% + a*6* + aft» + b^i 
a — b ' 

a^ 4- Zp* 
a + ft 

We find by trial that 

a^ 4- b^y a* + b\ a' + ft®, and so on 
are not divisible by a + ft or by a — ft. Hence, 

When n is a positive integer, it is proved in chap, vii, 

1. a** + ft" ts divisible bya + bifnis odd^ and by neither 
a + ft nor a — b if n is even, 

2. a** — ft" is divisible by a — b if n is odd, and by both 
a -\- b and a — b if n is even. 

Note. It is important to notice in the above examples that the 
terms of the quotient are all positive when the divisor is a — 6, and 
alternately positive and negative when the divisor is a + 6 ; also, that 
the quotient is homogeneous, the exponent of a decreasing and of b 
increasing by 1 for each successive term. 

Exercise 35. 
Find the quotient of : 

x'-y\ ^ x^-1 ^ ir'^ + 32 

x-y 

/y.6 ^,6 

2. 
' X — 1 ' X — 2 1 + m 



X 


-y 


«« 


-/ 


X 


+ y 


X* 


-1 



X 


+ 1 


X* 


-16 


X 


-2 


a;" 


-32 



X 


+ 2 


1 


-m* 


1 


— m 


l + m" 



CHAPTER VIL 
FACTORS. 

119. Rational Expressions. An expression is rational 
if none of its terms contain square or other roots. 

120. Factors of Rational and Integral Expressions. By fac- 
tors of a given integral number in Arithmetic we mean 
integral numbers that will exactly divide the given number. 

Likewise, by factors of a rational and integral expression 
in Algebra we mean rational and integral expressions that 
will exactly divide the given expression. 

121. Factors of Monomials. The factors of a monomial 
may be found by inspection. Thus, the factors of 14 a% 
are Z, 2, a, a, and h. 

122. Factors of Polynomials. The form of a polynomial 
that can be resolved into factors often suggests the process 
of finding the factors. 

123. When the terms have a common monomial factor. 

Resolve into factors 2 aj^ -f- 6 xy. 

Since 2 and x are factors of each term, we have 

^ X ^ X ^x 

.:2x^ + Qxy = 2x(x-\-^y). 

Hence, the required factors are 2 x and ic- -f- 3 y. 
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Exercise 36. 
Resolve into factors : 

1. 3x^-6x\ 13. 8aV-4a2J + 12ay. 

2. 2a«-4a. 14. 8 a»6 V - 4 a% V + 2 a^j V. 

3. 5ab-5a%\ 16. 15 a^x - 10 a^y + 5 a^z, 

4. 3a^b-4:ab\ 16. a'c/ + 2 a*c V - a%*. 
6. SxY + 'ixY. 17. 3^»V + 2^>V-65c». 

6. 3a«-a2 + a. 18. Qa% - 3ah - 12ah\ 

7. aj' + xV-a-y^. 19. 5aV + 3a*c + 4aV. 

8. a* - a»ft + a^^^s. 20. 6 xy + 3 a: V - 15 a;y». 

9. 3x*-9a:2-6a:». 21. 7 a«6 V - 14 aic + 7 ai V. 

10. ah^-hc^ + bx. 22. 8a;y + IGay^ - 24scV«^ 

11. %a% — Qa* + 4:ab, 23. a J V - 2 a^^c + 3 a»6 V. 

12. 4 x^y — 8 ary* — 4 xy. 24. a;y«^ — a5y«' + a;y«. 

124. When the terms can be grouped 80 as to show a common 
compound factor. 

1. Resolve into factors ac + at^ + ftc + ftt^. 

ac + ad + 6c + M = (oc + (Kf) + (6c + M) (1) 

= a (c + d) + 6 (c + d) (2) 

= (a + 6) (c + d). (3) 

Since one factor is seen in (2) to be c + d, dividing by c + d we 
obtain the other factor, a + b. 

2. Resolve into factors 3 x^ + 6 ax + 5aj + 2 aft. 

3x2 + 6ax + 6x + 2a6 = (3a;2 + 6ax) + (6x + 2ah) 
= 3x(x + 2a) + 6(x + 2a) 
= (3x + 6)(x + 2a). 
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3. Find the factors of ac + ad — be — hd, 

ac + ad — he — hd -= (ac -\- od) — (&c + M) 

= (a-6)(c + d). 

Note. Here the last two terms, —hc — hd^ being put within a 
parenthesis preceded by the sign — , have their signs changed to +. 

4. Eesolve into factors 3 a;* — 5 aj^ — 6 x + 10. 

3x8 ^ 5a;2 - 6a; + 10 = (3x8 - 6x2) _ (Oj. - 10) 
= x2 (3a; -6) -2(3x^5) 
= (x2-2)(3x-6). 

6. Eesolve into factors 5 «• — 15 aa^ — a; + 3 a. 

6x8 — 160x2 — X + 3a = (5358 _ I6ax2) — (x — 3a) 
= 6x2(x-3a)-l(x-3a) 
= (6x2-l)(x-3a). 

6. Eesolve into factors 6 3/ — 27 aj^y — 10 a: + 45 x\ 

6y — 27x2y — lOx + 46x8 = Qy— iQx — 27x2y + 46x8 

= (6y - lOx) - (27 x2y - 46x8) 
= 2 (3y — 6x) — 9x2 (Sy — 6x) 
= (2-9x2)(3y-6x). 



Exercise 37. 
Eesolve into factors : 

1. ax — bx + ay — by. 7. 2 ab — Sac — 2 by + 3 cy, 

2. ax — bx — ay -j- by, 8. 2 x^ — 3 xy -\- 4:ax — 6 ay, 

3. ax — cy — ay '\- ex, 9. ab — 3be — 2ae -\- 6 e\ 

4. a;^ + aa; — ^a; — a^. 10. a;8 -f- aj — a;^« — z, 

5. aj2 -h ajy - aaj - ay. 11. aj« -|- 4 a:^ + 3 a; + 12. 

6. x^ — xy — 6x + 6y, 12. Sac — 3ax— e +x. 
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13. a^b — abx — ac -j- ex, 23. a%x -f b^ex — a\y — b(^, 

14. 2x»~3x2-4a; + 6. 24. 3 «« - 5 y^ - 6 x» -h 10 a?y*. 
16. ax'^ -\- bx^ — ax — b. 26. 8aa; — lO^^a: — 12 a + 156. 

16. aa:2 4- a^x -I- a 4- X. 26. 6a;* + 8x» - 9^^ - 12a;. 

17. (a;-y)«+2y(a;-y). 27. 3cx*- 2c?a;«- 9ca;2 + 6rfx. 

18. l + 15a;*-5a;-3a;». 28. (a + ft)(c + e£) - 3c(a + i). 

19. a;2 - a;» + 1 - a;. 29. 6»a; + bc^ - b^cy - c^y, 

20. x^-bx^'\-2x- 10. 30. 2ac - be + 4:a^ — 2 ah 

21. a;« + 7a;2-|-3a; + 21. 31. ahi '\- ac^ — amn — chri, 

22. «* — «* — « + 1. 32. 1 + c — c^a;^^ — c^xy'. 

125. When a trinomial is a perfect square. A trinomial is 
a perfect square if its first and last terms are perfect 
squares and positive, and its middle term is twice the 
'product of the square roots of the first and last terms. 

Thus, 16 a* — 24 a& + 9 62 is a perfect square. 

The rule for extracting the square root of a perfect 
trinomial square is as follows : 

Extract the square roots of the first and la^t terms, and 
connect these square roots by the sign of the middle term. 

Thus, if we wish to find the square root of 

16a2 — 24a6 + 9&2, 

we take the square roots of 16 a^ and 962, which are 4 a and 36, 
respectively, and connect these square roots by the sign of the middle 
term. The square root is therefore 

4a-36. 

In like manner, the square root of 

16a2-f 24a6 + 962is 
4a + 36. 
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1. Kesolve into factors x^ -{- 2xi/ + y^. 

The factors ofx^-{-2xy + y^ are 

(X + y) (x + y). 

2. Kesolve into factors a* — 2 x^j/ + y^. 

The factors of x* — 2 x^y + y^ are 

(x2 -y) (x2 - y). 

Exercise 38. 
Resolve into factors : 

1. a^-6ab + 9b\ 18. 121 a^ + 19S ay -^ SI y^ 

2. 4:a^ + 4:ab + b\ 19. a^^ V - 2 a^ Vaj« + iri«. 

3. a''-4:ab + 4:b\ 20. 49 - 140 A;^ + 100 A;*. 

4. x^+exy-j-dy^ 21. 49 a^ + 42 ac^ + 9 c*. 

5. 4:x^-12ax-^9a^ 22. 81 c^- 90c + 25. 

6. a2-10a^» + 25^2 23. 121 + 110 a; + 25 a;^. 

7. 4a2-4a + l. 24. 144 + 168^ + 49^2. 

8. 49y^-14:yz + z^ 25. 36 a;^ - 60 a;?/ + 25 y^. 

9. aj2-.16a; + 64. 26. y^ --- 50 yz + 625 z\ 

10. 9x^'^24:xy + 16y\ 27. aj« - 34 a;« + 289. 

11. 16 a^ + 8 aa; + aj2. 28. ^9 x^ - 112 xy-^ 64: y^ 

12. 25 + 80aj + 64a;2. 29. 49 a^^^ _ 28 a^^c + 4 c^. 

13. 49aj2-28a;y + 42/2. 30. 121 a;^ - 286 xy + 169 2/^. 

14. 1-20 ^ + 100^2. 31. 4a* + 20aV + 25aj*. 

15. 81a2 + 126aJ + 49J2. 32. (x+yy-4.z(x + y) + 4:z\ 

16. mV - 16mna^ + 64a*. 33. (a - by- 6 (a - b) -i- 9. 

17. 4:a^ -20 ax -\- 25 x^ 34. (a + c)2 + 10(a + c) + 25. 
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126. When a binomial ia the dijfferenoe of two squares. 

The difference of two squares is the product of two 
factors, which may be found as follows : 

Take the square root of the first term and the square root 
of the second term. 

The sum of these roots will form the first factor. 

The difference of these roots will form the second factor, 

Resolve into two factors 16 a5^ — 9 y\ 

The square root of 16 x^ is 4 x. 
The square root of 9 y® is 3 y®. 
The sum of these roots is 4 a; + 3 y*. 
The difference of these roots is 4 x ~ 3 y*. 
Theref or/B, 16 x2 — 9 y* = (4 x + 3 yS) (4x — 3 2^). 

Exercise 39. 

Resolve into factors : 



1. 


^2-4. 


13. 


25-16a2. 


25. 


Slx^ -4:y\ 


2. 


l-x\ 


14. 


16-25^2 


26. 


64:a^-b\ 


3. 


x'-^yK 


15. 


a%^ - 1. 


27. 


mV - 36. 


4. 


4a2-4952. 


16. 


aj2 - 100. 


28. 


X* - 144. 


6. 


x^-4.y\ 


17. 


121^2 -36 ^2 


29. 


x^-25. 


6. 


49-100 2/2. 


18. 


49 a^*- 2/^2^ 


30. 


25-64y2. 


7. 


l-49x«. 


19. 


64^2- 956, 


31. 


16x^'-9xy\ 


8. 


4-12l2/«. 


20. 


81a*^*-c*. 


32. 


25x^'-16a'x\ 


9. 


l-169a^ 


21. 


^a%-^c\ 


33. 


36aV-49a* 


10. 


a%^-4.c\ 


22. 


20 a^^- Bab, 


34. 


x'-16y\ 


11. 


9aj«-a«. 


23. 


3a5-12aV. 


35. 


l-400aj*. 


12. 


4aji«-y2o. 


24. 


9a^-Slb\ 


36. 


4:a^c-9c\ 
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127. If the squares are compound expressions, the same 
method may be employed. 

1. Eesolve into factors (x -\- 3 yy — 16 a*. 

The square root of the first term is x + 3 y. 

The square root of the second term is 4 a. 

The sum of these roots isx + 3y-f4a. 

The difference of these roots isx + 3y — 4a. 

Therefore, (x + Sy)^ — 16a2 = (x + 3y + 4a) (x + 3y — 4a). 

2. Resolve into factors a^- (Sb-5 cy. 

The square roots of the terms are a and (3 6 — 5c). 
The sum of these roots is a + (3 6 — 6 c), or a + 3 6 — 6 c. 
The difference of these roots is a — (3 6 — 5 c), or a — 3 6 + 5 c. 
Therefore, a2 - (36 - 5c)2 = (a + 36 - 6c) (a - 36 + 5c). 

If the factors have like terms, these terms should be 
collected so as to give the results in the simplest form. 

3. Resolve into factors (Sa-j- 5by - (2a- 3 by. 

The square roots of the terms are 3 a + 5 6 and 2 a — 3 6. 
The sum of these roots is (3 a + 5 6) + (2 a — 3 6), 

or3a + 66 + 2a — 36 = 6a + 2 6. 
The difference of these roots is (3 a + 6 6) — (2 a — 3 6), 

or3a + 56 — 2a+36 = a + 86. 
Therefore, (3a + 56)2 - (2a - 36)2 = (5a + 26) (a + 86). 



Exercise 40. 
Resolve into factors : 

1. (x+yy-z\ 5. (a-by-(c-d)\ 

2. (x-yy-z^ 6. (2a-\-by-25c\ 

3. (x-2yy-'4:z\ 7. (x -\- 2yy - (2x - ijy 

4. (a-^ 3by-16c^. 8. (a: + 3)2 -(3a; -4)2. 
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9. x^-Q/-zy, 16. (a-\-b-cy-(a-b — cy. 

10. a^-(3b-2cy, 16. (a-3x)2-(3a-2a;)2. 

11. b^-(2a-{-3cy. 17. (2a-l)«-(3a-|-l)l 

12. l-(x-h5by, 18. (x-5)2-(a;-f y-5)2. 

13. 9a2_(a;-3c)2. 19. (2a + b-'cy-(a-2b + cy 
14.' 16 a^ - (2 y - 3 zy. 20. (a + 2^> - 3c)2- (a + 5cy 

128. By properly grouping the terms, compound expres- 
sions may often be written as the difference of two squares, 
and the factors readily found. 

1. Eesolve into factors a^ — 2ab + b^ — 9 c^. 

a2 - 2 a6 + 6- - 9c2 = (a2 - 2 05 + 6^) - 9c2 
= (a-6)2-9c2 
= (a -6 + 3c) (a -6- 3c). 

2. Eesolve into factors 12 ab + 9x^ - Aa^ - 9 b^ 

Here 12 ab shows that it is the middle term of the expression which 
has in its first and last terms a^ and &2, and the minus sign before 4 a^ 
and 9 b^ shows that these terms must be put in a parenthesis with the 
minus sign before it, in order that they may be made positive. 

Therefore, the arrangement will be 

9x2 _ (4a2 - I2ah + 9b^) = 9x2 - (2a - 36)2 

= (3x + 2a-36)(3x-2a + 36). 

3. Eesolve into factors - a^ -{- b^ - c^ + d^ -^ 2ac + 2bd. 

Here 2 hd must be gi-ouped with 62 and d^, and 2 ac with — a^ and 
— c2 ; and this last group put in a parenthesis preceded by — . 

- a2 + 62 _ c2 + d2 -I- 2ac + 26d 

= (62 4- 26d + d2) - (a2 - 2ac + c2) 

= (6 + d)2 - (a - c)2 

= (b + d-\-a-c)(b + d-a + c). 
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Exercise 41. 
Resolve into factors : 

1. a^ + 2ab-\'b^-4:c\ 5. a" - x" - y^ -2xij, 

2. x^-^xij-^-y^-^a}. 6. \-a'-2ah-h\ 

3. h^-x^-\-^ax-^a^. 7. a^ -^ ly^ ^- 2 ah - 1^ ii^hK 

4. A:a^-^A:ah-Vh^-x\ 8. 40-2 - 9^^ _|_ g^ _ 1 

9. a^-^h^- 0^-3:^-2 ah -2 ccl 

10. aj2 + y2_2a:y-2a&-a2-^>2. 

11. ^x^-Qx^-l-a^-4:ah-4:h\ 

12. a2 4-2a^»-a;2-6a;y-97/2-|-^,2. 

13. ic2-2ic + l-«»^ + 2^»?/-y2. 

14. 9-6aj + x2-a2-8a^-16^»2. 

15. 4-4a; + a:2- 4a^-^2-4a2. 

16. a^-a^-'^-^-h^ + Q>a-2a%\ 

17. 4a2 + 9c2- 12ac + 12^»cZ-9^»2_4^2^ 

18. 4:X^—4:i/ — 4:X-^-l — z^-{-4:yz, 

19. 4a;?/ — ic2+ 1 — 4y2. 

20. c2-2ac-l4-2Z> + a2_^2 

21. Aac-l-ex-dx^-ha^-h^c^ 

22. 4 - 9^2 -4/4- 12 ic?/. 

23. 4cc*-12ic2-9;5;2 + 12 2/^55 -42/' + 9. 

24. a^-h^-4.x^-6a^c-h4:hx^-^9c^ 

25. 25a2_l_106?Z>- 9^2x2 -1-^,2^5^^ 

26. 16 aj* + 30ic« 4- 8 c'^a _ 25a;« - 9 + c*. 

27. 4 a* + 9 «»« - 12 a'^^s _ j^i ^j V^«. 
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129. A trinomial in the form a* + a^6^ + 6* can be 

written as the difference of two squares. 

Since a trinomial is a perfect square when the middle 
term is twice the product of the square roots of the first 
and last terms, it is obvious that we must add a^b^ to the 
middle term of a* -f d^b^ -f ft* to make it a perfect square. 
We must also subtract a%^ to keep the value of the 
expression unchanged. 

1. Eesolve into factors a* + a^^ + b\ 

a* + a262 + 64 = a* + 2 a262 + &* - a^h^ 

= (a2 + 62)2 _ ^262 

= (a2 + 62 + a6) (a2 + 62 - ab) 
= (a2 + a6 + 62) (a2 - 06 + 62). 

2. Kesolve into factors 4 x* - 37 xY + 9 y*. 

Twice the product of the square roots of 4 x* and 9 y* is 12 a;2y2. 
We may separate the term — 37 x2y2 into two terms, — 12 x2y2 and 
— 25 x2y2^ and write the expression 

(4x* - 12x2y2 + 9y*) - 25x2y2 

= (2x2-3y2)2-26x2y2 

= (2x2 - 3y2 + 5xy) (2x2 - 3 y2 - 5xy) 

= (2x2 + 5xy — 3y2) (2x2 _ ^xy - 3y2). 

Exercise 42. 
Eesolve into factors : 

1. x*-\-xY-^y^' 6. 9 a* + 26^2^2 + 25 5*. 

2. x*-\-x^-\-l. 7. 4a;*-21a;y + 9/. 

3. 9a*-15a2 + l. 8. A a^ - 29 a^c^ + 25 c\ 

4. 16a^-17a2 + l. 9. 4a* + 16aV + 25c*. 

5. 4a* -13^2 + 1. 10. 25x^ + SlxY-\-16y\ 
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130. When a trinomial has the fonn x^ + ax+ b. 

Where a is the algebraic sum of two niunbers, and is 
either positive or negative ; and b is the product of these 
two numbers, and is either positive or negative. 

Since (a + 5) (a + 3) = aj^ + 8x + 15, 

the factors of x^ + 8 aj + 15 are a -f 5 and x -f 3. 

Since (x -\- 5) (x - 3) = x^ -\- 2x - 15, 

the factors of x^ + 2 a; — 15 are x -\- 5 and x — 3. 

Hence, if a trinomial of the form x^ -\- ax -\- b is such an 
expression that it can be resolved into two binomial factors, 
the first term of each factor will be x-, and the second 
terms of the factors will be two numbers whose product is by 
the last term of the trinomial, and whose algebraic sum is a, 
the coefficient of x in the middle term of the trinomial. 

1. Eesolve into factors a^ -f 11 a; + 30. 

We are required to find two numbers whose product is 30 and 
whose sum is 11. 

Two numbers whose product is 30 are 1 and 30, 2 and 16, 3 and 10, 
5 and 6 ; and the sum of the last two numbers is 11. Hence, 

a:^ + 11 aj -f 30 = (aj + 5) (a; + 6). 

2. Resolve into factors x^ — 7 a; + 12. 

We are required to find two numbers whose product is 12 and 
whose algebraic sum is — 7. 

Since the product is + 12, the two numbers are both positive or both 
negative ; and since their sum is — 7, they must both be negative. 

Two negative numbers whose product is 12 are — 12 and — 1,-6 
and — - 2, — 4 and — 3 ; and the sum of the last two numbers is — 7. 
Hence, 

a;2 - 7x + 12 = (aj - 4) (aj - 3). 
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3. Resolve into factors x* + 2 a; — 24. 

We are required to find two numbers whose product is — 24 and 
whose algebraic sum is 2. 

Since the product is — 24, one of the numbers is positive and the 
other negative ; and since their sum is + 2, the larger number is 
positive. 

Two numbers whose product is — 24, and the larger number posi- 
tive, are 24 and — 1, 12 and — 2, 8 and — 3, 6 and -- 4 ; and the sum 
of the last two numbers is + 2. Hence, 

x^ -\- 2x - 24: = (x + 6) (x - 4). 

4. Eesolve into factors x^ — Sx — 18: 

Since the product is — 18, one of the numbers is positive and the 
other negative ; and since their sum is — 3, the larger number is 
negative. 

Two numbers whose product is — 18, and the larger number negar 
tive, are — 18 and 1,-9 and 2,-6 and 3 ; and the sum of the last 
two numbers is — 3. Hence, 

a;2 _ 3x - 18 = (x - 6) (x + 3). 

5. Eesolve into factors x^ — lOxy + 9yl 

We are required to find two numbers whose product is 9^2 and 
whose algebraic sum is — 10 y. 

Since the product is -\-9y^y and the sum — 10 y, the last two terms 
must both be negative. 

Two negative numbers whose product is 9y^ are — 9y and — y, 
— 3y and — 3y ; and the sum of the first two numbers is — lOy. 
Hence, 

x^ - lOxy + 9i/ = (x - 9i/) (x - y). 

131. From these examples it will be seen that the 
following statements are true : 

1. If the third term of a given trinomial is negativey the 
second terms of its binomial factors have unlike signs. 

2. If the third term of a given trinomial is positive, the 
second terms of its binomial factors have the same sign, and 
this sign is the sign of the middle term. 
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Exercise 43. 
Resolve into factors : 

1. a;2 + 8x + 15. 24. x^-f 7a;-f 10. 

2. x^-Sx + 15, 25. x2-7a; + 10. 

3. a;2 4.2a;-15. 26. a;2 + 3a;-10. 

4. aj2-3a;-10. 27. x^ + ax-6a\ 

5. a;2 + 6aaj + 6a2. 28. a;2-aa;-6a^. 

6. aj2-5ax + 6a2. 29. x^ + 5 xij + 4t if, 

7. ic2-2a;-15. 30. x^ - 3 xi/ - 4t i/. 

8. a;2 + 5x + 6. 31. a^ - 5 xy + 4 y^. 

9. x^-5x + 6, 32. a;2 + 3a-y-4y2. 

10. x^ + x-6, 33. ^2 + 32.^ + 22^2 

11. a;2_a._6. 34. a^-7ab + 10b\ 

12. aj2 4.6a. + 5. 35. a^x^ - Sax - 54:, 

13. a;2-6a; + 5. 36. x^ - 7 x - U, 

14. a;2 4.4a._5. 37. ^2 + 3. _ ^1^32. 

15. x^ — 4:X-5. 38. ^2- 15x4- 50. 

16. a;2 + 9a; + 18. 39. a^- 23 a + 120'. 

17. a:2-9a + 18. 40. a2 + i7^_39o. 

18. aj2 + 3aj-18. 41. c^ -\- 25 c - 150. 

19. a;2_3a;_18. 42. c^- 58c + 57. 

20. x^ + 9x + 8. 43. a^ - 11 aW + 30 b\ 

21. ic2 - 9a + 8. 44. s^^-\-9zj/-h20 y\ 

22. a:2 + 7a;-8. 45. xhf -\r 19 xyz + 4% z\ 

23. ic2_7a.-.8. 46. a2^2_i3^^^ + 22c2. 
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132. When a trinomial has the form ax>+2ix + c. 

1. Find the factors ofSx^-22x- 21. 

Multiply by 8, the coefficient of x^, and write the result in the 
following form : 

(8x)2-22 X8X-168. 
Put z for 8 X, and we have 

z« — 22 2-168. 
Resolve this expression into two binomial factors (§ 130) 
(z - 28) {z + 6). 

Since we have multiplied by 8, and put z for 8x, we must reverse 
this process. Hence, put 8x for « and divide by 8, and we have 
(8x-28)(8x + 6) . 
8 

As 4 is a factor of (8x — 28), and 2 is a factor of (8x + 6), we 
divide by 8 by dividing the first factor by 4 and the second factor by 
2, thus 

(8x-28)(8x + 6) 

4X2 
= (2x — 7)(4x + 3). 

2. Find the factors of 24 x^ -70xy- 75 y\ 

Multiply by 24, (24 x)2 - 70 y X 24 x - 1800 y^. 

Put z for 24 X, z^ — 70 yz — 1800 y^. 

Resolve into factors, (z — 90 y){z + 20 y). (§ 130) 

Put 24 X for z, (24 X — 90 y) (24 x + 20 y). 

Divide by 6 X 4, (4 x — 15 y) (6 x + 5 y). 

3. Find the factors of 12 x^ -2Sxy-\- 10 y\ 

Multiply by 12, (12 x)2 - 23y X 12x + 120 y^. 

Put z for 12 X, z^ — 2Zyz+ 120 j^. 

Resolve into factors, {z — 16 y) (« — 8 y). (§ 130) 

Put 12xfor2, (12x— 16y)(12x — 8y). 

Divide by 3 X 4, (4x - 6y) (3x - 2y). 
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Exercise 44. 
Resolve into factors : 

1. 2x^'\-5x + 3. 25. 2x'' + 5xy-\-2if. 

2. 3x^-x-2, 26. 6x^-7bx-Sb^ 

3. 5x^-Sx + S. 27. 8a2 + 14a5-loft2. 

4. 6a;2^-7aJ + 2. 28. Ga^ _ I9ac + lOc^. 

5. 6a;2-ic-2. 29. 8 x^ + 34 a;^ + 21 y^. 

6. 15a;2 + 14x-8. 30. Sx^ - 22xi/ - 21y\ 

7. 8x2-10a; + 3. 31. 6 x"" -\- 19 xi/ - 7 y\ 

8. 18aj2 + 9aj_2. 32. 11 a^ _ 23 aZ» + 2 ft^. 

9. 12a:2_5x-2. 33. 2 c^ - 13 cd -\- 6 (P. 

10. 12x^-7x + l, 34. 6y2 + 7y«-3«2. 

11. 12x2- x-1. 35. 16x^-26xi/ + Sy^ 

12. 3a;2-2x-5. 36. 9x^ -\- 6xi/ - Sy\ 

13. 3aj2 + 4x-4. 37. 6 x^ _ icy - 35 y^. 

14. 6a;2 + 5a;-4. 38. 10 x^ _ 21 ccy - 10 y2 

15. 4a;2+13a; + 3. 39. U x^ - 5o xij + 21 y^. 

16. 4a;2^-lla;-3. 40. 6x^ - 23xy + 20 y\ 

17. 4aj2-4x-3. 41. 6x^-\-35xy-62f. 

18. 4aj2 + 8x + 3. 42. 24aj2-14a;y-52/2. 

19. 6a^x^ + ax-l, 43. 24 x^ _ 38 a^^^ + 15 y^. 

20. 6x^-{-17x-\-12, 44. 24aj2-2ajy- 15?/'. 

21. 12a;2- 13X-14. 45, 36x^ - 19xy - 6y\ 

22. 10a2-23a-5. 46. 15 x^ + 19 xy -\- 6 y^ 

23. 8c2 + 53c-21. 47. 12x^ + 31xy-15y\ 

24. 8«2-37«-15. 48. 52/2 + 132/ -6. 
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133. When a binomial is the sum or difference of two cubes. 

Since ^—^ = a^ - ab -\- b^ ; (§ 117) 

and '!^^ = a^ + ab + b^', (§117) 

.-. a» + ft« = (a + b) (a^ - ab + b"^ (1) 

and a« - ft» = (a - b) (a^ + ab + 6^. (2) 

Therefore, the sum of two perfect cubes is divisible by 
the sum of their cube roots, and the difference of two per- 
fect cubes is divisible by the difference of their cube roots. 

1. Eesolve into factors 8 a* -f 27 b\ 

The cube root of Sa* is 2a, and of 27 6» is 362. 
By putting 2 a for a and 3 62 for 6 in (1), we have 
(2a)8 + (362)8 = (2a + 362) (4a2 - 6a62 + 96*). 

2. Eesolve into factors 125 x' — 1. 

The cube root of 125x8 is 6 X, and of 1 is 1. 
By putting 5 x for a and 1 for 6 in (2), we have 
125x« - 1 = (5x - 1) (25x2 + 5x + 1). 

3. Eesolve into factors x^ + y^. 

The cube root of x^ is x^, and of y^ is y*. 
By putting x2 for a and y^ for 6 in (1), we have 
x6 + yo = (x2 + yS) (x* - z^ + y6). 

4. Eesolve into factors (x — yY + z^. 

The cube root of (x — yY is x — y, and of z^ is z. 

By putting x — y for a and z for 6 in (1), we have 

(X - y)8 + 28 = [(X - y) + 2] [(X - y)2 - (X - y) 2 + 22] 

= (X - y + 2) (x2 - 2xy + y2 _ X2 + y2 + z\ 
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Exercise 45. 
Resolve into factors : 

1. a^-{-Sb\ 5. 27xY-l. .9. 216 «•-«»». 

2. a^ — 21 a\ 6. a^ + 21 h\ 10. 64 a^ - 27 6*. 

3. a8 + 64. 7. a;y-64. 11. 343 - ic^ 

4. 125a« + l. 8. 64a«-f 125^». 12. a»6» + 343. 

13. 8 a» - &«. 33. 8 a?8 - (a; - ?/)». 

14. 216m« + 7j«. 34. 8(ic + y)' + s'. 

15. icy - 512 &\ 35. (a + hf - (a - h)\ 

16. 729a«-h216c«. 36. (x'^ - ^y - z\ 

17. 729 / - 64 z^. 37. &» + (a - c)«. 

18. 512^8-1. 38. (x - 1)8 - (s: - 1)». 

19. (a + ^»)*-l. 39. (a-3^»)«-c8. 

20. (a-hy + l, "40. (2-3a)8 + *^ 

21. 1 - (a - h)\ 41. (;5J + 5)» - a\ 

22. 27a;« + 125y« 42. Q/ - zy + {y-^- zy, 

23. 216 + 343 2/^ 43. (2 a; + y)' " (« - 2/)'- 

24. x^^-12^x\ 44. l-(7a-5Z»)«. 

25. Sx^^-\-21y^\ 45. (3ic + y)^ - 8;5;». 

26. ai5-216«»^ 46. {2a-hy-c}. 

27. c«(;»-343^«. 47. x^'-iiiz-zy. 

28. a;y^« + 8. 48. 125 - (aj - 2//)8. 

29. 8ajy««-l. 49. (2a3 + ?/)8-27«^ 

30. 27a;y^« + l. 50. {a - ^y - z\ 

31. 64^8-125/. 51. {lo,-hy + c\ 

32. 125a;« + 27y". 52. {^c-2ijy-^z\ 
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Theory of Divisors. 

134. Theorem. The expression x — y is an exact divisor 
of x** — y^ when n is any positive integer. 

Since — x»-i |/ + x»- 1 y = 0, (§ 34) 

x» ~ y» = x» — x"-! y + x»-i y—y^. 

Taking out x**- ^ from the first two terms of the right side, and y from 
the last two terms, we have 

Xn — yn = X"-! (X — y) + ^ (X" "^ — y»-l). 

Now X — y is an exact divisor of the right side, if it is an exact divisor 
Qf x»» - 1 — yn - 1 ; and if X — y is an exact divisor of the right side, it 
is an exact divisor of the left side ; that is, x — y is an exact divisor 
of x'* — y» ^ it is an exact divisor of x« - ^ — y»» - 1. 

But X — y w an exact divisor of x* — y^ (§ 117)^ therefore it is an 
exact divisor of x* — y* ; and since it is an exact divisor of x* — y*, it 
is an exact divisor of x^ — y^ ; and so on, indefinitely. 

The method employed in proving this Theorem is called 
Proof by Mathematical Induction. 

135. The Factor Theorem. If a rational and integral 
expression in x vanishes, that is, becomes equal to 0, when r 
is put for X, then x — r is an exact divisor of the expression. 

Given ax'» + &x»-i + -\-hx-\-k (1) 

By supposition, ar» + 6r« - 1 + + ^r + Aj = 0. (2) 

By subtracting (2) from (1), the given expression assumes the form 

a (x» — r») + 6 (x**-! — r«-i) + + ^ (x — r). 

But X — r is an exact divisor of x*» — r*», x»-i — r» - 1, and so on. 
Therefore, x — r is an exact divisor of the given expression. 

Note. If x — r is an exact divisor of the given expression, r is an 
exact divisor of k ; for k^ the last term of the dividend, is equal to r, 
the last term of the divisor, multiplied by the last term of the quotient. 
Therefore, in searching for numerical values of x that will make the 
given expression vanish, only exact divisors of the last term of the 
expression need be tried. 
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1. Resolve into factors a' + 3 a;* — 13 cc — 15. 

The exact divisors of 15 are 1, — 1, 3, — 3, 5, — 6, 15, — 16. 
If we put 1 for X in x8 -f 3 x2 — 13 X — 15, the expression does not 
vanish. K we put — 1 for x, the expression vanishes. 
Therefore, x — (— 1), that is, x + 1, is a factor. 
Divide the expression by x + 1, and we have 

x8 + 3x2 - 13x - 15 = (X + 1) (x2 + 2x - 15) 
= (X + 1) (X - 3) (X + 5). 

Note. An expression can sometimes be resolved into three or 
more factors. 

2. Resolve into factors a* — 26 a — 5. 

By trial we find that the only exact divisor of — 5 that makes the 
expression vanish is — 5. 

Therefore, divide by x + 5, and we have 

x8 - 26x - 5 = (X + 6) (x2 - 6x - 1). 

As neither + 1 nor -- 1, the exact divisors of — 1, will make 
x2 — 6 X — 1 vanish, this expression cannot be resolved into factors. 

Exercise 46. 
Resolve into factors : 

1. a;»-10aj-3. 10. x^-Sx^ + ^x-2. 

2. x»-26x-h5. 11. x^ + 9x^ + 16x + 4:. 

3. aj»-15a;-4. 12. x^ -{- 2x^ - S4:X - 5, 

4. x^-Sx-hS, 13. 4:X^-12x^ + 9x-l. 

5. aj»-f2a;2 + 9. 14. x^ - 2x^ - 2Sx + 60. 

6. iB»-3ir + 2. 15. 6x^-2Sx^-\-16x-3, 

7. x^-12x + 16. 16. ic«- 10x2 + 33^-36. 

8. aj« + 4x^-5. 17. x^ + 7x^ + 12x-\-4., 

9. 4:X^-7x + S. 18. x^-\-5x^ + 7x + 2. 
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136. A compound expression involving x and y is divis- 
ible by x — y if the expression vanishes when + y is put 
for X ; and is divisible by x + y if the expression van- 
ishes when — y is put for x. 

If n is a positive integer, prove by the Factor Theorem : 

1. jc" -h y" is never divisible by x — y. 

Put y f or z in z» + y" ; then x»-fy" = y" + y»=2 2^. 
As 2 y" Lb not zero, a?« + y" is not divisible by z — y. 

2. x" — y* is divisible by a; -f y, if n is even. 

Put — y for z in 2?^— y*, then x" — y" = (— y)*» — y». 
If n is even, (— y)» = y», and (— y)" — y» = y* — y*. 
As y» — y» = 0, z* — y" is divisible by z + y, if /i is even. 

3. X" + y" is divisible by « + y, if ii is odd. 

Put — y f or z in z* + y", then x* + y^ = {— y)« + y*». 
If n is odd, (■— y)* = — y», and (— y)» -^ y"^ = — j^ -\- y^. 
As— y»-fy» = 0, z» + y»is divisible by z -f y, if /» is odd. 

From § 134 and these three cases, we have 

1. For all positive integral values of n, 

Xn-yn=(x- y) (X»-1 + iC"-2y + X^'h/ + + y""^- 

2. For all positive even integral values of n, 

a;« — y« = (a; + y) (x"~^ — x*-^y + aj»-y — — ^"0- 

3. For all positive odd integral values of w, 

ic« + y" = (x + y) (x'*-^ — x"-2y + a**- V — + 2/""0- 

4. x" -h y** is never divisible by aj — y ; and is not divisible 
hy x -\- yy if n is even. 

Note. In applying the preceding rules for resolving an expression 
into factors, if the terms have a common monomial factor^ this factor 
should be removed first. 

When an expression can be expressed as the difference of two per- 
fect squares^ the method of § 126 should be employed in preference to 
any other. 
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Exercise 47. — Keview. 
Resolve into factors : 

1. a«-9a. 23. ^y - 4 a:y* - 3 xy . 

2. 4.x^-x\ 24. x^ + x^-^-x + l. 

3. a;i2 + yi2 25. 3x2-|-aj-2. 

4. aj* - y\ 26. x^ _ 24 a; + 95. 

5. x^-\-i/. 27. 9a2 + l2a + 4. 

6. a;«-y«. 28. a^ _ j2 _ ^2 _^ 2ic. 

7. 36a;2-49y2. 29. x^ - 2ij -{- 2x - xy, 

8. aj«-f/. 30. 3a;» + 2x2 — 9x-6. 

9. x^'-Ux + Ad. 31. (x-yy-b^ 

10. a;2 - (a - ft)^. 32. 771^-2 wm + n^ - 1. 

11. a2-(m + ri)^ 33. a;^ + 2 aa: -f 3 Z>x + 6 aft. 

12. a;2_iia.4.i8^ 34 ^j^ + m^ - n^ _ 2 ywa-. 

13. a;2 + 4a;-45. 35. 9 a;* -h 21 ay + 25 /. 

14. aj2 + 13a; + 36. 36. x^ - 4t -\- y^ + 2 xy. 

15. a;2-13aj-48. 37. 6x^-x-7T. 

16. a;2 + 9x-36. .38. x^-Sxy-65y\ 

17. x^ + x- 110. 39. x^- 7x^+1, 

18. 2x2 + 3a:y-2y2. 40. I_a2_^2_2aft. 

19. z^-6z-^0, 41. 3a;*- 6x8 + 9a;2. 

20. a;* + xy + 2/*. 42. a;^ - 5a;2 - 2a; + 10. 

21. x^ — Tx — 60. 43. x^ + ax — bx — ab. 

22. 2a2 — 7a + 6. 44. 2x^ — ^xy + ^ax — ^ay. 
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45. x^ -f y*. 63. ax* + hx^ — ax — b, 

46. ^2x^-c\ 64. (x-yy-2y(x — y). 

47. a»-f64/. 65. 1 - 10 ay -f 25 x y. 

48. 729 -a;«. 66. a^ - h^ '\- 2hc - c\ 

49. x^^-y^\ 67. a;2 + 42^2_^2_4^2/. 

50. (« + «•)*-!. 68. a2-462_9c2 + 126^. 

51. 16ic*-81. 69. 4:X^-\-^y^-z^-12xy. 

52. x* + a;2 + l. 70. {a + by - (c - d)\ 

53. 27a;»-64a». 71. a^ + a + 36-96l 

54. ic« + y*. 72. 5c*-16c«-90cl 

55. x^ — y^, 73. a^a; — c^x + aV ~ ^V 

56. a«-256. 74. re* + 16 aV + 256 a*. 

57. l-(x-yy. 75. (a; + y)« + (2ic - y)». 

58. x«-216. 76. a^ + i2_^2 + 2a^. 

59. a2-4a-77. 77. y^ - a^ - c^ - 2ac, 

60. a«4-5» + a + 6. 78. (a; + 5 a)^ - 25 a^. 

61. a^-h^ + a-h. 79. 2icy - a;^ _ ^2 + ^2 

62. a^-h^ + a-h, 80. 4 a* - 9a2 + 6a - 1. 

81. a2-2a& + &2 + 12ajy-4x2-9y2. 

82. 2ic2-4a;y4-22^2 4.2aa;-2ay. 

83. (a + &)2 - 1 - aft (a + & 4- 1). 

84. x^-x^-\-^x + b, 

85. a;2_y2_^2_2y2j-|-a;+y + «. 

86. x^-\-y'^ + z^—2xy'-2xz + 2yz. 

87. 4 a2ft2 _ (a2 + ft2 _ ^2)2^ 



FACTORti. 107 

88. aj2-h2a?-3. 97. a;^ + 7 iry -f 12 y^. 

89. x^ + 3x-^0. 98. x^-hxy-2y\ 

90. a;2__9a,_io. 99. aj2+3xy-4y2. 

91. x^-\-Sx^-9, 100. a;*-(y4-«)*. 

92. a* — 2x» — 24aj2. 101. x^ — y^ — Sxy (x — y). 

93. «* — 14a;^- 61. 102. x^-2x^ + 2-x, 

94. a;2 - 10 aa + 16 a^ 103. x"- 8 - 6ar + Sa-^. 

95. x^-15xY-^^y^' 104. 3xy + 9a-/-12/. 

96. 1 - 9 a; - 10 x\ 105. a^ - a^b + ai' - ft*. 

106. a^-4.c^ + a-2c, 

107. 4a2 + 9ft2-c2 + 12aft. 

108. 15x^ — 5ax-{-Sbx — ah. 

109. 3a* + 15a«ft-24a2^,2, 

110. 6a»-30a2^,-|-36a62. 

111. 25a2-4a;2 4-4a;- 10a. 

112. a;*y — x^ — x^ + xy^, 

113. 9a3-4ft2 + 3a4-2ft. 

114. aj« - y» - {x^ — y^-{x — yy. 
• 115. (x-yy-l-2(x-y-l). 

116. a^-2a^c-{-a^-4:a + Sc-^. 

117. a^ _ ^,2 _ ^2 _,_ 2 ^,c + a + ft - c. 

118. X8^2 _ 8 ^8^2 _ 4 ^8^2 _|_ 32 ijSj^2 

119. 5ac + 3ftc + c + 5aft + 3ft2 + ft. 

120. 2 aft - 2 ftc - «ar + ccc + 2 ft2 _ fta;. 

121. aj*-2aftx2-a*-aV-ft4. 



CHAPTER Vni. 
COICMOK FACTORS Aim MULTIPLES. 



Highest Common Factor. 

137. Common Factors. A common factor of two or more 
integral numbers in Arithmetic is an integral number that 
divides each of them without a remainder. 

188. A common factor of two or more integral and rational 
expressions in Algebra is an integral and rational expression 
that divides each of them without a remainder. 

Thus, 6 a is a common factor of 20 a and 26 a. 

139. Two numbers in Arithmetic are said to be prime to 
each other when they have no common factor except 1. 

140. Two expressions in Algebra are said to be prime to 
each other when they have no common factor except 1. 

141. The greatest common factor of two or more integral 
numbers in Arithmetic is the greatest number that will 
divide each of them without a remainder. 

142. The highest common factor of two or more integral 

and rational expressions in Algebra is an integral and 

rational expression of highest degree that will divide each 

of them without a remainder. 

Thus, 3 a2 is the highest common factor of 3 a^, 6 a^, and 12 a* ; 
5x^2/2 is the highest common factor of \(^x^^ and ISx^yS. 
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For brevity, we use H. C. F. for highest common factor. 

1. Find the H. C. F. of 42 a^b^ and 30 a^b\ 

42a«^»2 =2X3X7 XaaaXbb; 

SOa^'b^ =2x3x5XaaX bbbb. 

.-. the H.C.F. = 2x3XaaXbb = ^a%\ 

2. Find the H. C. F. of x^ - 9 y^ snd x^ -\- 6 xij -\- 9y^. 

x^-9y^ ==(x-\-3y)(x-3ij)', 

x^ -h 6xy -\- 9y^ = (x -\- 3y) (x -h 3y). 
,',tlieK,C.¥. = x-\-3y. 

3. Find the H.C.F. of 

4a;2-4x-80; 2 a;^ -18 a; + 40; 2 oj^ - 24 aj + 70. 
4a;2 - 4« - 80 = 4 (a;2 - a; - 20) 

= 4(a;-5)(aj-f 4); 

2a;2 - 18a; -h 40 = 2 (x^ -dx-\- 20) 

= 2 (a; - 6) (« - 4) ; 

2a;2 - 24a; 4- 70 = 2 (x^ - 12x -\- 35) 

= 2(x-5)(x- 7). 

.-. the H.C.F. = 2(x- 6). Therefore, 

143. To Find the H. C.F. of Two or More Expressions, 

Resolve each expression into its prime factors. 
The product of all the common factors, each factor being 
taken the least number of times it occurs in any of the given 
expressions, is the highest common factor required. 

Note. The highest common factor in Algebra corresponds to the 
greatest common measure, or greatest common divisor, in Arithmetic. 
We cannot apply the terms greatest and least to algebraic expres- 
sions in which particular values have not been given to the letters 
contained in the expressions. Thus a is greater than a^, if a stands 
for ^ ; but a is of lower degree than a^. 
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Exercise 48. 
Find the H.C.r. of: 

1. 120 a^ and 168 a*. 4. 36 a?a;2 and 28 a; V 

2. 36x8 and 27 a;^ 5^ 48 a^^^s^ and 60 a V. 

3. 42 aV and 60 a^x\ 6. 8 (a -h by and 6 (a + by. 

7. 12 a (x -h yy and 4:b(x-hyy. 

8. (x - ly (x -\- 2y and (x - 3) (x -\- 2)». 
a 24 a%^ (a -\- b) and 42 a^b (a + by. 

10. x^(x-3yandx^-3x. 12. a;2-4ajandic2-6a; + 8. 

11. x2-16anda;2-|-4ic. 13. a;^- 7a; +12 and x^- 16. 

14. 9^2 -4y2 and 27 a;«-82/^ 

15. a;2 - 7a; - 8 and x2 + 5a; -h 4. 

16. x^-\-3xy-10y^dJidx^-2xy-3by\ 

17. x^-2x^- 2Ax^ and 6a;^ - 6a;* - 180a;». 

18. x^-3x^yRjidx^-27y^ 

19. 1 + 64x8 and l-4x-hl6a;2. 

20. a;* -81 and a;* +8x2 -9. 

21. x2 + 2x-3andx2 + 7x + 12. 

22. x2-6x + 5andx2 + 3x-40. 

23. 3 a* + 15 a^b - 72 a^'b^ and 6 «» - 30 a% + 36 ab^. 

24. 6xV - 12xy/2 + 6^8 and 3xy + 9x/ - 12/. 
26. l-16c*andl + c2-12c*. 

26. dax^-ax; 9x2-6x + l; 27x8-1. 

27. x2-3x-54; x2-x-42; x2-2x-48. 

28. 8x8 + 27 2/8; Ax^ + 12xy -\- 9y^', 4:X^-9f. 

29. x8 — x^y — xy^ + 2/* ; x^ — y^; x^ -{- 2xy -\- y^. 
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Lowest Coraraon Multiple. 

144. Common Multiples. A common multiple of two or 

more integral numbers in Arithmetic is a number that is 
exactly divisible by each of the numbers. 

A common multiple of two or more integral and rational 
expressions in Algebra is an integral and rational expression 
that is exactly divisible by each of the expressions. 

145. The least common multiple of two or more integral 
numbers in Arithmetic is the least integral number that is 
exactly divisible by each of the given numbers. 

The lowest common multiple of two or more integral and 
rational expressions in Algebra is an integral and rational 
expression of lowest degree that is exactly divisible by each 
of the given expressions. 

We use L. C. M. for lowest common multiple. 

1. Find the L. C. M. of 42 a^b^ ; 30 a^^,* ; 66 ab\ 

4.2a%^ = 2 X3X7 Xa^Xb^', 
30a%^ = 2 X3X 5Xa^Xb^', 
66ab^ =2x3xllXaXb\ 

The L. C. M. must evidently contain each factor the greatest num- 
ber of times that it occurs in any expression. 

.-.the L.C.M. = 2x3x7x5xllXa«x6* 

= 2310 aV. 

2. Find the L.C.M. of 

4^2 - 4aj - 80 and 2x^ - 18a; -h 40. 
4a;2 - 4a; - 80 = 4 (aj2 - a; - 20) = 4 (aj - 5) (a; -h 4) ; 
2x^-lSx-\-^0 = 2(x^-9x-\- 20) = 2 (x - 5) (x - 4). 
.-.the L. C. M. = 4 (a; - 5) (x + 4) (a; - 4). Hence, 
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146. To Find the L. C. M. of Two or More Expressions, 

Resolve each expression into its prime factors. 
The product of all the different factors, each factor being 
taken the greatest number of times it occurs in any of the 
given expressions, is the lowest coinmon multiple required. 

Exercise 49. 
Find the L. CM. of: 

1. x^y^ and x^g^. 7. ab*, a%^G^, and abc^. 

2. 5 abc^ and a%%^. 8. x^y, xy^z% and x^y^z. 

3. 4 x^y and 12 xi/. 9. x^ and x^ + x. 

4. 5 a%^ and 10 a%\ 10. a;^ - 1 and cc^ + x. 

5. 21 xy^ and 28 x^y\ 11. a^ _^ a«» and ab -\- b\ 

6. 10 x'^z^ and 15 ic^;^^ i2. a^ + 2 a and (a -f 2)\ 

13. ic2 + 4a; + 4andx2 + 5ir + 6. 

14. ic2 + a;-20anda;2-ic-30. 

15. y^-\-y-i2 and y^ _ n y + 30. 

16. ;s;2 _ 10^ 4- 24 and z^ ^- z - 20. 

17. (a -{-by-, (a -by-, a^ - b\ 

18. (a-h2c)2; (a-2c)2; a2-4c2. 

19. 4xy(a; + y)2; 2x^(x^-y^', x^(x-\-y). 

20. a;2 + 7x + 12; 3:24.53; + 8; a^-hSaj + C. 

21. 1-2^2; l-y»; 1 + y. 

22. x^-\-2xy-\-y^', x^-y^-, x^-2xy-\-7/. 

23. x^-27', x^-\-5x', x^-\-2x-15. 

24. y2_i. yB^^2_^y^i. y8_2/'4.2,_l. 

25. (« + y)2 — «2 ; (jr + ?/ + ^)^ 5 x -\- y — z. 

26. a;^ — (a + 5) cc + aft ; a;^ — (a + c) cc + ac. 

27. x^-\-Sxy-[-2y^', x^ -\- 5 xy -\- A y^ ; x^-6xy-7f. 

28. x^-7xy-\-12y^] x^ - dxy -\- Sy^', x^-5xy + ef. 
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147. The chief difficulty in finding the H.C.F. and the 
L.C.M. of two or more algebraic expressions consists in 
resolving the expressions into factors. 

When two numbers in Arithmetic cannot readily be re- 
solved into their prime factors, we divide the greater num- 
ber by the smaller; then the divisor by the remainder; 
and so on imtil there is no remainder. The last divisor is 
the greatest common factor. 

Likewise in Algebra when two given expressions cannot 
readily be resolved into their factors, we arrange the two 
given expressions in descending powers of a common 
letter, and divide the expression which is of higher degree 
in the common letter by the other expression. . After the 
first division, we take the remainder for a new divisor and 
the divisor for a new dividend, and so proceed imtil there 
is no remainder. The last divisor is the highest common 
factor. 

Note. If the two expressions axe of the same degree in the com- 
mon letter, either expression may be taken for the divisor. 

Pind the H.C.F. of 2a;2 + aj - 3 and 4a;* -h Sa;^ - a - 6. 
2x2 + x-3)4ic8-h8aj2- {c-6(2{c + 3 



6x2 + 6x— 6 
6ic2 + 3aj-9 



2x + 3)2x2+ x-3(x-l 
2x2 + 3x 



-2X--3 
— 2x — 3 

.-. the H.C.P. = 2a; -1-3. 

Note. Each division is continued until the first term of the re- 
mainder is of lower de^ee than the first term of the divisor, 
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148. This method is of use only to obtain the compound 
factor of the H. C. F. Monomial factors of the given expres- 
sions must first be separated from them, and the H. C. F. of 
these monomial factors must be reserved to be multiplied 
into the compound factor obtained. Also, at any stage of 
the operation a monomial factor of either expression may 
be removed without affecting the compound factor sought. 

1. FindtheH.C.F. of 

12 aj* -h 30 x» - 72x2 and 32 aj* -\-S4:X^- 176aj. 

12aj4 + 30x8 - 72x2 = q^^ (2x2 + 5x - 12). 
32x8 + 84x2 - 176x = 4x (8x2 + 21 x - 44). 
6 x2 and 4x have 2 x common. 
2x2 + 6 X - 12) 8x2 + 21x - 44 (4 
8x2+20x-48 

x+ 4)2x2+5x-12(2x — 3 
2x2 + 8x 

-3x- 12 
-3x- 12 



.•.theH.C.F. = 2a;(x-h4). 

2. Find the H.C.Y. of Ax^-Sx- 5 and 12aj2 - 4aj -65. 

4x2 -8x- 5) 12x2- 4x-66(3 
12x2-24x-15 
20X-60 

The first division ends here, for 20 x is of lower degree than 4 x2. 

We take out the simple factor 10 from 20 x — 60, for 10 is not a 
factor of the given expressions, and its rejection can in no way affect 
the compound factor sougfd, and proceed with 2 x — 6 for a divisor. 

2x-5)4x2- 8x-5(2x+ 1 
4x2— lOx 

2x-6 
2x-6 

.-.theH.C.F. = 2aj- 6. 
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3. Find the H.C.F. of 

21aj» - 4a;2 -i5x-2 and 21x^ - S2x^ - 54 aj - 7. 

21 x8 - 4x2 - 15x -- 2)21x8- 32x2 -.54x- 7(1 
21x3— 4x2-16x-2 



-28x2-39x-5 



The difficulty here cannot be obviated by removing a simple factor 
from the remainder, for — 28x2 — 39x — 6 has no simple factor. In 
this case, to avoid the inconvenience of fractions we multiply the 
expression 21x« — 4x2 — 16x — 2 by the simple factor 4 to make ite 
first term exactly divisible by — 28 x2. 

The introduction of such a factor can in no way affect the H.C.F. 
sought, for 4 is not a factor of either of the given expressions ; and if 
we multiply only one of the expressions by 4 we do not introduce a 
common factor. 

The signs of all the terms of the remainder may be changed ; for 
if an expression A is divisible by — F, it is divisible by + F. 

The process then is continued by changing the signs of all the terms 
of the remainder and multiplying the divisor by 4. 

28x2 + 39X + 5)84x8- 16x2- 60x- 8(3x 
84x8 + 117x2+ 15x 











-133x2- 75x 


- 8 


Multiply by 


-4, 






-4 






532x-^ + 300x 


+ 32(19 










632x2 + 741 X 


+ 95 


Divide by — 


63, 






-63)-441x 

7x 


-63 
+ 1 




7x 


+ 1) 


i28 


x2 + 39x+6(4x + 5 








28 


x2+ 4x 








36X + 6 












35X + 5 





.-.theH.C.F. = 7aj + l. 
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4. Find the H.C.F. of 

Sx^-{-2x-3 and 6aj« + 5x^ - 2. 



Multiply by 4, 


6x8+ 63-2 - 2 
4 


8x2 + 2x-S 


)24x3 + 20x2- 8 (3x + 7 
24x3 4- 6x2- 9x 


Multiply by 4, 




14x2+ 9x- 8 
4 


Divide by 11, 


56x2 + 36x-32 
66x2 + 14x-21 

ll)22x-ll 

2x- l)8x2 + 2x-3 
8x2-4x 




6x-3 
6x-3 



.-.theH.C.F. = 2a;-l. 

The following arrangement of the work will be found 
most convenient : 



8x2 + 2x — 3 

8x2 — 4x 

6x-3 
6x-3 



6x8+ 6aj2- 2 
4 




24x8 + 20x2- 8 
24x8+ 6x2- 9x 




14x2+ 9x- 
4 


- 8 


66x2 + 36x- 
56x2 + 14x- 


-32 
-21 


ll)22x- 


-11 



3x 



+ 7 



4x + J 



Note. From the nature of division, the successive remainders are 
expressions of lower and lower degree. Hence, unless at some step 
the division leaves no remainder, we shall at last have a remainder 
that does not contain the common letter. In this case the given 
expressions have no H.C.F. that contains the common letter. 
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149. In the examples worked out we have assumed that 
the divisor which is contained in the corresponding divi- 
dend without a remainder is the H. C. F. required. 

The proof may be given as follows : 

Let A and B stand for two expressions which have no 
monomial factors, and which are arranged according to the 
descending powers of a common letter, the degree of B 
being not higher than that of A in the common letter. 

Let A be divided by B, and let Q stand for the quotient, 
and B for the remainder. Then, since the dividend is 
equal to the product of the divisor and quotient plus the 
remainder, we have 

A = BQ-\-E. (1) 

Since the remainder is equal to the dividend minus the 
product of the divisor and quotient, we have 

R = A-BQ. (2) 

Now, a factor of each of the terms of an expression is a 
factor of the expression. Hence, any common factor of J5 
and ^ is a factor of BQ -\- B, and by (1) a factor of A. 
That is, a common factor of B and B is also a common 
factor of A and B. 

Also, any common factor of A and ^ is a factor of A — BQ, 
and by (2) a factor of R, That is, a common factor of A 
and B is also a common factor of B and E. 

Therefore, the common factors of A and B are the same 
as the common factors of B and E ; and consequently the 
H.C.r. of A and B is the same as the H.C.F. of B and E. 

The proof for each succeeding step in the process is 
precisely the same ; so that the H. C. F. of a7iy divisor and 
the corresponding dividend is the H. C. F. required. 

If at any step there is no remainder, the divisor is a fac- 
tor of the corresponding dividend, and is therefore the 
H.C.F. of itself and the corresponding dividend. Hence, 
this divisor is the H. C. F. required. 
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150. The methods of resolving expressions into factors, 
given in the last chapter, often enable us to shorten the 
work of finding the H. C. F. required. 

1. Find the H.C.F. of 

x^-\-3x^-\-12x-16', a;«-13aj-|-12. 

Both of these expressions vanish when 1 is put for x. Therefore, 
both are divisible by a; — 1, § 136. 

The first quotient is x^ + 4 aj2 + 4 jc + 16 = (x2 -f 4) (x + 4). 
The second quotient is x^ + x — 12 = (x — 3) (x + 4). 

Therefore, the H.C.F. is (x - 1) (x -\- 4). 

2. Find the H.C.F. of 

2x* + 9a;«-|-14x-h3: 3 x* -h 14 x^ + 9 a; -h 2. 



2x* + 9x8 + 14x + 3 



3x* + 14x8 + 

2 



9x + 2 



6x* + 28x=»4- 18X + 4 
6x4 + 27x3 + 42x4-9 



x8 — 24x — 5 
The remainder, x^ — 24 x — 5, vanishes when 5 is put for x. 
The quotient of x^ — 24 x — 6 divided by x — 6 is x^ + 5 x + 1. 
Since 6 is not an exact divisor of 3, x — 6 is not a factor of 2 ac* 

+ 9x'^ + 14 X + 3 ; but x^ + 6x + 1 is found by trial to be a factor, 

and is, therefore, the H. C. F. required. 

3. Find the H.C.F. of 

2Sx^-\-39x-h5', 84aj»-16a;«-60a;-8. 

By § 132, the factors of 28x2 + 39x + 6 are 7 x + 1 and 4x + 5. 
Tlie factor 7 x + I is the H. C. F. required. 



4. Find the H.C.F. of 
2x^-6x^-x^-\-15x-10', 4a;* + 6a;8- 



^x^-15x-15. 



2x* — 6x3 — x2 + I6x — 10 



4x*+ 6x8-4x2-16x-15 
4x4- 12x8 -2x2 + 30x -20 



18x8-2x2 — 46x + 
The remainder = 2 x2 (9 x — 1) — 6 (9 x — 1) 

= (2x2-5)(9x-l). 
The factor 2 x2 — 6 is the H. C. F. required. 
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5. Find the H. C. F. and the L. C. M. of : 

ex^- llx^y + 21/8 and 9 «« - 22 xy^ -Sy^ 

6x8 — 11x22/ +22 

6x8— Sx^y — ixy'2 



3x22/4-4x2/2 + 2 2/8 
— 3x22/ + 4x2/2 + 22/8 



9x3-22x2/2- 82/8 
2 




18x3-44x2/2-16 2/8 
18x8-33x22/+ 62/8 




11 2/)33x22/- 44x2/2- 


22 2/8 


3x2 — 4x2/ — 


22/2 



2x-y 
.-. the H. C,Y.^3x^-4xy -2 if. 

To find the L. C. M., divide each of the expressions by the 
H.C.F. 

(ex'' -Uxhj ^2y'') ^ (3x^ - Axy - 2y') = 2x - y. 
(9x^-22xy^-Sy^-^(Sx^-4txy-2y') = 3x-\-4:y. 
.-. the L.C.M. = (2x-2/) (3a; +41/) (3x2 - 4x3/ - 21/2). 

Exercise 50. 
Fmd the H. C. F. and the L. C. M. of : 

1. 4x2 + 3a; -10; 4x8 -h Zx^ - 3x - 15. 

2. 2x^-6x^-\-5x-2', 8x8-23x2-hl7x-6. 

3. 6x8-7ax2-20a2a;; 3 x^ -\- ax - 4: a\ 

4. 3x8-13x2-|-23x-21; Gx^ + x^ - 44x + 21. 
6. c*-2c8 + c; 2c*-2c8-2c-2. 

6. a8-6a2a; + 12ax2-8x8; 2 a^- 8 ax + 8x2. 

7. 7x8-2x2-5; 7x8 + 12x2 + lOx + 5. 

8. X*- 13x2 + 36; x*-x8-7x2 + x + 6. 

9. 2x8-h3x2-7x-10; 4x8 - 4x2 - 9x + 5. 

10. 12x8-x2-30x-16; 6x8 - 2x2 - 13x - 6. 

11. 6x8-|-x2-5x-2; 6x8 + 5x2 - 3x - 2. 

12. x8-9x2-h26x-24; x8 - 12x2 + 47x - 60. 
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13. 4x»-2aj2-16aj-91; 12 x» - 28 x^ _ 37 ^ - 42. 

14. aj*-4«» + 10ar2-12aj + 9; x^-h2x^-\-9. 

15. 2a;»-3a;2-16x + 24; 4x5-|-2ic*-28a;8-16a;2-32a. 

16. 12x* + 4:X^ + 17x-3', 24«8-62a:« + 14x-l. 

17. 2a;» + 7aa2-|-4a*a;-3a»; 4 «» + 9 aa;^ _ 2 a^aj - a*. 

18. 2x^-9ax^-\-9ah:-7a*', 4:X^ -20ax^ + 20a^x-16a\ 

19. 2a;*-|-9a;» + 14a; + 3; 3 a* 4- 14 a:» -f 9 aj -f 2. 

20. 20aj» + 2a2-18a; + 48; 20a;* - ITa;^ + 48x - 3. 

21. 2a;» + a;2-12ajH-9; 2aj» - Ta;^ + 12a; - 9. 

22. a;»-8a; + 3; «« - 3 x^ -h 21 a; - 8. 

23. 3a;»-3a;V + a^2^^-y'; 4 a;« - a;^^ - 3 a;^^^ 

24. 8x*-6a;«-a;2-hl5a;-25; 4a;» + Ta;^ - 3x - 15. 

25. 4a;»-4a;2-5a; + 3; 10 a;^ - 19 a; + 6. 

26. 6a;*-13a;» + 3a;^-h2a;; Ox* - 10a;» + 4a;2- 6a; + 4. 

27. 2x^-Sx*-{-2x^-2x-S', 4a;* + 3a;« 4- 4x - 3. 

28. 3a;*-a;«-2a;2 + 2a;-8; 6 a;^ + 13 a;^ -f 3 a; + 20. 

29. 3a;« + 2a;* + a;2; 3a;* + 2a;» - 3a;2 -f 2a; - 1. 

30. 3-2a; + 5x2 + 2a;«; 12 - 17a; + 2a;« + 3a;». 

31. 10a;-6a;2-lla;* -fOx*- 6a;^ 

60a; + 4a;2 + lOaj^ + 10 a;* + 4a;«. 

32. a;*-a;*-14a;2 + a; + l; x^- 4:X^-x^-2x^ + Sx-\-2. 

33. 2a*-2a«^-3a2-2a; Sa^ - a^ - 2a^ - 16a, 

34. 6a;» -14ax2 + 6 a2a;-4a«; a;*- aa;«-aV-a«a;-2a*. 

35. 4t-2x-^x^-\-7x^-9x^', 2-\- 5x- 10x^-7 x"^ -\-6x\ 

36. 2 a* + 3a8a; - 9 a V ; 6 a*a; - 3 aa;* - 17 a^a;^ + 14 a^«. 

37. 2a5- 4^*4-8 a' - 12a2+ 6a; 

:^ 3a«-3a^-6a* + 9a»-3a«. 



COMMON FACTORS AND MULTIPLES, 121 

161. The product of the If, C. F, and the L. C. M, of two 
expressions is equal to the product of the given expressions. 

Let A and B stand for any two expressions ; and let F 
stand for their H. C. F. and M for their L. C. M. 

Let a and h be the quotients when A and B respectively 
are divided by F, Then 

A = aF 
and B = bF. 

Therefore, AB = F X abF. (1) 

Since F stands for the H. C. F. of A and B, F contains 
all the common factors of A and J5. Therefore, a and h 
have no common factor, and ohF is the L. C. M. of A and B, 

Put M for its equal, ahF, in equation (1), and we have 

AB = FM, 

162. Since FM=AB, (§151) 

AH A R 

M=^ = -XB = fxA. Thatis, 

The lowest common multiple of two expressions may he 
found by dividing their product by their highest common 
factor y or by dividing either of them by their highest com- 
man factor and multiplying the quotient by the other. 

163. The H. C. F. of three or more expressions is obtained 
by finding the H. C. F. of two of them ; then the H. C. F. of 
this result and of the third expression ; and so on. 

For, if A, B, and C stand for three expressions, 
and D for the highest common factor of A and B, 
and F for the highest common factor of D and C, 
then D contains every factor common to A and J5, 
and F contains every factor common to D and C ; 
that is, every factor common to ^, B, and C, 
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164. The L. C. M. of three or more expressions is obtained 
by finding the L. C. M. of two of them ; then the L. C. M. of 
this result and of the third expression ; and so on. 

For, if A, B, and C stand for three expressions, 

and L for the lowest common multiple of A and By 
and M for the lowest common multiple of L and C, 
then L is the expression of lowest degree that is 
exactly divisible by A and B, 

and M is the expression of lowest degree that is 
exactly divisible by L and C, That is, M is the expression 
of lowest degree that is exactly divisible by A, B, and <7. 

Exercise 51. 
Find the H. C. F. and the L. C. M. of : 

1. 6x^ + x-2', 2x^ + 7x-4:', 2x^-7x-\-3. 

2. a^ + 2ab + b^', a^-b^', a* -\- 2 a^b + 2 ab^ + b''. 

3. x^-5ax + 4:a^', x^-Sax + 2a^', 3x^-10ax + 7a\ 

4. x^ + x-6; x^-2x^-x + 2', «» + Saj^- 6ar - 8. 

5. aj»-6aj2 + lla;-6; «» - 8a;* + 19 a; - 12; 

a;*-9a;2 + 26a;-24. 

6. 6x^ + 7xy - St/^i 3a;* + lla;y-4y^ 

2x^ + llxy + 12y\ 

7. 8-14a-|-6a2; 4a + 4a*-3a«; 4a2 + 2a»-6a*. 

8. 6a;«-|-7a;2-3a;; 3a;2 -|-14a; - 5; 6 a;* -h 39 a; + 45. 

9. 27a;8-a8; ^x^-\-ax-a^) Ibx^ - bax + 3bx - ab. 

10. a;8-l; 2a;2-a;-l; 3a;2-a;-2. 

11. 6a;2-a;-2; 21 a;* - 17 a; -h 2 ; 14a;2 + 5a;-l. 

12. 12a;2-|-2a;-4; 12x2 - 42a; - 24; 12 a;« - 28 a; - 24. 

13. 2a;2-h3a;-5; 3a;2-a;-2; 2a;2 + a;-3. 

14. a;«-|-7a;2 + 5a; -1; a;^ + 3a; - 3a;» - 1 ; 

3a;»-|-5a;2-|-a;-l. 



CHAPTER IX. 
FRACTIONS. 



Definitions. 

155. An algebraic fraction is the indicated quotient of 
two expressions written in the form -• 

156. The dividend a is called the numerator; the divisor 
h is called the denominator ; the numerator and denominator 
are called the terms of the fraction. 

Fundamental Principle of Fractions. 

Let \ = x. (1) 

Multiply by h^ 
Multiply by c, 

Divide by hc^ JT "^ ^' ^^ 

From equations (1) and (2), j =-r' 

Now T- is obtained by multiplying both terms of - by c ; 
be ^ o 

and - is obtained by dividing both terms of -r- by c. Hence, 

157. If the numerator and denominator of a fraction are 
both multiplied by the same number, or both divided by the 
jsame number, the value of the fraction is not altered. 



b 


= X. 


a 


= bx. 


ac 


= bcx. 


ac 
b^ 


= X. 
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Beduotion of Fractions to their Lowest Terms. 

168. A fraction is in its lowest terms when the numera- 
tor and denominator have no common factor. Hence, 
To Reduce a Fraction to Lowest Terms, 

Resolve the numerator and denominator into their prime 
factors, and cancel all the common factors ; or, divide the 
numerator and denominator by their highest common factor. 

Keduce the following fractions to their lowest terms : 
38 a%''c^ 2 X 19 a%h'' 2 ^V 
67a»^c2 ~ 3 X l^a^'bc' " 3a ' 
a^ — x^ _ (a — x) (a^ -^ ax -\- x^ _ a^ -\' ax -\- x^ 
a^ — x^ {a — x) {a -\' X) a -\' x 

g^ 4- 7 g + 10 {a -\- ^ {a -\- 2) a + 5 
' a^ + ba^-Q ~ {a^3){a^-2)'~ a^3 

X^ — 4:X^-\'4:X — 1 

x^-2x^-{-4:X-3' 

We find by the Eactor Theorem the H.C.F. of the 
numerator and denominator to be a; — 1. 

The numerator divided by x — 1 = x^ — 3 a; -f- 1. 



2. 



The denominator divided by x — 1 = x^ - 


- X + 3. 


^, „ x^-4.x^-h4x-l x^- 

Theref ore, —z ^ » . , = — r- 

' x^ — 2x^-\-4:X -3 x^ 


-3a; + l 
- x + 3 


Exercise 52. 




Reduce to lowest terms : 





6ab^ ^2m^b 3A.axh/ 

^a% 49 mn^' Bla^xif' 

3ab^c ^ 30a;7/V ^ 35a«^V 



15a2^V • ISxYz^ Ba^b'^c 

26xY 21^V 58 ab^c^ 

39 xy^' • 28 m^' ^' 87a*/^«c*' 



FRACTIONS. 125 

10. :""„ "" ■ 19. 






13. TZ 7-;^ z' 22. 



14. 



15. 



^xy-\2y^ 


12x^-16xy 


4tt2_9c2 


4:a^-h6aG 


3 a^ + 6 a 


a"-^ + 4 a -h 4 


^2-5^ 


b''-4Lb-5 


20 (a» - c8) 


4 {a' -\-ac-{-c') 


x^ + ./ 


iC-^ + 2a:y + 2^a 


ic8-27 


a;2 + 2a;-15 


x2-8a? + 15 


2x^-13x^21 


x^-x-'20 



4:X^-\'12(ix-\-^a^ 
8x«-f27a» 

a-^ - y^ -2yz-z^ 

2 g^ + 17 q + 21 
3a2 + 2Gtt + 35" 



23. i^±il!z:A\ 

(a + ft + cy 

(x-q)^-ft^ 



17. -:-L^+.^i - 



(x + a)^-ft^ 
(x-hft)2-a^' 

{a '+ ft)^ - fc + eQ^ 
(a + 0'-(ft + rf)2" 
^ ^ ^v, (a + r)'^-ft2 

2x2-7x-15 4aV-(a-^ + c2-ft'^)2 

Keduce by the Factor Theorem ; or by finding the H.C.F. 
of the numerator and denominator : 

x«-6x-4 

29. -:-^-/v 

3.^»-x^-x-l 
^^- 3x«-4x2-x + 2" 

x^- 13x^4- 36 
x*-x»-7x2-hx + 6" • x*-x» + 8x-8 



3; 


^8 + 17 


x2 + 22x + 8 


6; 


^8 + 25 


x^ + 23 X H- 6 


x« 


-3x2 


-15X + 25 


X 


^ + 7x-^ 


^'hx-2h 


2: 


«8 + X^ ■ 


-8x + 3 


3: 


r^ + Sx 


2 + X-2 


x8 


+ 4x2- 


-8x + 24 



126 FRACTIONS. 

169. There are three signs to consider in a fraction, the 
sign before the fraction, the sign of the numerator, and the 
sign of the denominator. 

any two of the three signs may be changed without chang- 
ing the value of the fraction. 

The sign of a compound expression is changed by chang- 
ing the sign of every term of the expression. Hence, 

1. We may change the sign of every term of the numera- 
tor and denominator of a fraction without changing the 
value of the fraction. 

2. We may change the sign before a fraction and the sign 
of every term of either the numerator or denominator with- 
out changing the value of the fraction, 

160. From the Law of Signs, therefore, 

1. We may change the signs of an even number of factors 
of the numerator, or of the denominator, or of both, without 
changing the sign of the fraction. 

2. We may change the signs of an odd number of factors 
of the numerator, or of the denominator, or of both, if we 
change the sign before the fraction. 

-r. . . 1 . (a-b)(c-d) 

Keduce to its lowest terms ^, ^^ — ; — :p-' 

(b — a) (c -\'d) 

Change the sign of the factor (b — a) of the denominator and the 

sign before the fraction, and we have 

(a — h)(c-d) _ (g — b){c-d) _ c-d 

(b-a)(c + d) {a-b)(c + d) c + d' 

In the last fraction change the sign of the numerator, the sign of the 

fraction, and the order of the terms of the denominator, and we have 

c — d _ d — c 

c + d d+ c 

Note. Factors and terms must not be confounded. 
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Exercise 53. 
Reduce to lowest terms : 



xy — Sy^ 
27^-^' 



6. 



^ abx — bx^ 

2. 7. 



3. 



ex* — acx 

4 a^ — 6ab 
96^ -4a^' 



4a;(aj-l) 

^ x^-f 5a;-14 

6. : s 10. 



3ab(b'- 


-a^_ 


4 (o'ft - o6«) 


a* + ab 
ac — bc- 


- ax-{-bx 




{a -.by 

(x-ay 


-6" 



— /il* — : 



(a-b) 



161. Mixed Expressions. A mixed expression is an inte- 
gral expression and a fraction. 

Thus, X + - and x + y t"^ are mixed expressions. 

X X I y 



Reduction of Fractions to Integral or Mixed 
Expressions. 

By the distributive law of division, § 43, 

a^-f-c a^ . c . c 

= h- = aH 

a a a a 

Therefore, a fraction whose numerator is of a degree equal 
to, or higher than, the degree of the denominator is reduced 
to an integral or mixed expression by division. Hence, 

162. To Reduce a Fraction to an Integral or Mixed Expression, 
Divide the numerator by the denominator. 

-. 10xg + 16x-7 10x2, 15x 7 ^, , „ 7 

Thus, = -T — + T ^- = 2x + 3 — — • 

' 6x 6x 6x 6x ox 
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a» -h 4 a^ - 5 



Reduce — ^ . ■ tt- to an integral or mixed expres- 

a^ + a — 2 ^ 



a8 + 4a2 —5 


a2 + a - 2 


as+ a^-2a 


a + 3 



sion. 



3a2 + 2a-5 

3a2 + 3a — 6 

- a + 1 

The remainder — a + 1 is the numerator of a fraction, and the 
divisor a^ + a — 2 is its denominator, to be added to the integral 
quotient a + 3. Thus,the complete expression required is 



a + 3 + 



a2 + a - 2 ' 



By changing the sign of each term of the numerator and the sign 
before the fraction, 

a + 3 + -7-n T = a + 3— - 



a2 + a-2 ^ ' ^ a2 + a-2 
The last form of the expression is the form usually written. 



Exercise 54. 
Reduce an integral or a mixed expression : 



1. 



2. 



3. 



4. 



5. 



4.x^-^12x-3 



4:X 




3x^-6x- 


-2 


3x 




cc« + .y« 




x — y 




:«•-/. 




x + y 




a» + 2x» 





6. 



7. 



a + 2x 



10. 



4x2-3aj-54 



x-4. 




^x'^-x^-l^x- 


-2 


x^-\-x-3 




a;»4-4ic2_7 





x'^ + x-2 

4a;" + 6aa;-27a'- 
2x-3a 

5a;»-h9a;^-h5 
5 aj2 + 4 a: — 1 
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Reduction of Mixed Expressions to Fractions. 

183. The value of a number is unaltered if it is both 
multiplied and divided by the same number. Hence, 
To Reduce a Mixed Expression to a Fraction, 

Multiply the integral expression by the denominator^ to 
the product add the numerator, and under the result vrrite 
the denominator, 

%^-ah- V 



Reduce to a fraction a — h 



a^-b 



a^ - ab - b^ ^ (a - b) (a -^b) - (a^ -ab-h^ 
a + b a-\- b 

a^ — b^-a^-hab-^- b^ 



a^b 
ah 



a + b 



Note. The dividing line between the terms of a fraction has the 
force of a vinculum affecting the^ numerator. If, therefore, a minus 
sign precedes the dividing line, as in the preceding example, and this 
line is removed, the numerator of the given fraction must be enclosed 
in a parenthesis preceded by the minus sign, or the sign of every term 
of the numerator must be changed. 

Exercise 55, 
Reduce to. a fraction : 



2ab 



a* 



8 



1. a + b — • 5. a^ + ax+x^ 

a -\-b a — X 

. a^-ha;^ ^a — 3a; ,_ 

2. a-\'X ; 6. a-{-2x, 

a-\-x 4 

3. x + 4: —' 7. Sa — 2b — r 

x — 3 a-f- ft 

. a . Q ^'^ o o rr 21 -13a; 

4. a^-ax + x^ ; — 8. 2aj-7 — 

a+x x—3 
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Reduotion of Fractions to Equivalent Fractions 
Having the Lowest Common Denominator. 

1. Reduce - — - : -^ : -r—z to equivalent fractions having 

the lowest common denominator. 

The L. C. M. of the denominators is 12 a». (§ 162) 

Divide the L. C. M. by the denominators 4 a^ ; 3a; 6 a'. 
The respective quotients are 3a; 4 a* ; and 2. 
Multiply both terms of the given fractions taken in order by the 
respective quotients, 3a; 4 a^ ; and 2. 
We have for the required fractions 

9aa Sggy 10 

12a«^ 12a»' 12a»' 

2 3 

2. Reduce ^ , ^ — r-^; » . . --;r to equivalent frac- 

a:*-h oa; + 6 «*-}- 4a; -h3 ^ 

tions having the lowest common denominator. 

Express the denominators in their prime factors. 

2 3 2 3 



a;2 + 5x + 6 ' x2 + 4x + 3 (x + 3) (x + 2) ' (x + 3) (x + 1) 
The lowest common denominator (L. C. D.) is 

(X + 3) (X + 2) (X + 1). 
The respective quotients are x + 1 ; x + 2. 
The respective products are 2 (x + 1) ; 3 (x + 2). 
The required fractions are 

2 (X + 1) 3 (X + 2) 

(X + 3) (X + 2) (X + 1) ' (X + 3) (X + 2) (X +. 1)* 

184. Therefore, we have the following rule : 

Find the lowest common multiple of the denominators of 
the given fractions for the common denominator. Divide 
this common denominator by each of the given denominators ; 
and multiply the given numerators each by the correspond- 
ing quotient for the required numerators. 

Note. Every fraction should be in its lowest terms before the 
common denominator is found. 
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Exercise 56. 

Express with lowest common denominator : 

Sx-7 4:X-9 4 g^ + c^ 2a+c 

^* 6 ' 18 ' ^^' 4a^-c^' 2a -c 

^ a-2x 3x^-2a x^ -^ xf 1 

3a ' 9aa; 25a;2-42/'' 5cc + 22^ 

2a;-4y 3a;-8y a; + 2 a; - 2 

^' 5a;2 ' ' 10a; ' "^^" a; -2' x-^2 

4:a — 5c 3a — 2c 4:X^ xy 

^' 5ac ' 12a2c "^^- 3 (a -H Z>) ^ (j(a''-b^)' 

5 6 8a; + 2 2aj-l 3a; + 2 

6. 3 -; :; —^- 15. 



1-x' 1-x^ ' x-2' 3a;-6' 5x-10 

12 a — bin c — bn 

^' ^T2' ^Ts' ^^- 4a: ' ' ~3^* 



7. ; -^ :.• 17. 

a? — a x^ — a^ 



1 1 



(a-^»)(^>-c)' (a-^»)(a-c) 



11 a; a;^ a;^ 

8. . ■ ^ ; 3 7-^- 18. 



1+2 a' 1-4 a2 " ' a;-l' a^ + l'a^-^-l 

9 4 — a; a b c 

19. 



16-a;2' 4+a; ' a - b' a -\- b' a' - b^ 

1 X x^ 



a^ a 
10. — ,: 20. 



27-tt»' 3-a a; + l' (x-{-iy' (x-\-iy 

111 



21. 
22. 
23. 



(x — y) (a; — «) ' (x — y) {x — c)' (x — c) (x — z) 

1 1 1 

aj2-5a; + 6' a:*^-4x + 3' x^'-3x-{-2' 

1 1 1 

a? — 2a' a;^ — 5ax + 6a^' aj — 3a 
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Addition and Subtraction of Fractions. 

1. Find the algebraic sum of - H 



a b c ^ a + b-c (% ^^S) 



XXX X 

2. Find the algebraic sum of 

3a — 4:b 2a — b-^c a — 4:C 
4 3 "^■"12 

The L. C. D. = 12. 

The multipliers, that is, the quotients obtained by dividing 12 by 
4, 3, and 12, are 3, 4, and 1, respectively. 
Hence, the sum of the fractions is 



9 


a- 126 
12 


_?A 


-46 + 4C 
12 


+ ^ 


-4c 
12 






9a- 


126- 


-8a + 46 


-4c + a'- 


-4c 








12 










2a- 


86- 


8c a — 


46- 


-4c 





12 6 

The preceding work may be arranged as follows : 

The L. C. D. = 12. 

The multipliers are 3, 4, and 1, respectively. 

3 (3 a — 4 6) = 9 a — 12 6 = 1st numerator. 

— 4(2a — 6 + c)=— 8a+ 46 — 4c = 2d numerator. 

1 (a — 4 c) = _a — 4c = 3d numerator. 

2a— 86 — 8c 

or 2 (a — 4 6 — 4 c) = the sum of the numerators. 

j^^ X. 2(a — 46 — 4c) a — 46 — 4c 

.*. sum of fractions = — ^ ^r = • 

12 o 

165. To Add Fractions, therefore^ 

deduce the fractions, if they have different denominators, 
to equivalent fractions having the lowest common denomina- 
tor ; and write the algebraic sum, of the numerators of these 
fractions over the common denominator. 

Note. The resulting fraction should be expressed in its lowest 
terms. 
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Exercise 57. 

Find the algebraic sum of ; 

x — 1 X — S x — 7x — 2 
' 2 ~ 5 ~ 10 "^ 6 * 

2x-l xjj-7 X--4 x-3 



7x-5 _ 3a;-t-2 x+_l _ 5 a:- 10 

8 3 "^ 4 12 * 

2a;H-3 x-2 5a; + 4 2.X-4 

9 6 12 3 ' 

2a; + 3 a; + 3 1 8a; + 5 a; - 3 
2 a!; 4x 8x^ a; 

a; 2a; — 11 a; + 3a; — 7 a; — 1 
2 3 4 "^ 6 12 ' 

4a^ <^ + ^ 4 ^^ g^^ + aZ>^ - 4 a* 
'^' b^ ah ^ a^^ a'b^ 

5a;-ll a;-l lla;-l 12a;-5 
®' 4 10 "^ 12 3 ' 

x + 1 3a;-4 1 6a; + 7 

^- 2 ^ 5 "^4 8 ' 

2x-^ 8a;-4 56a;-48 
bx 15 X 45 a; 

lla;.yH-2 5y^-3 6a;^-5 
x^y^ xy^ x^y 

a — h i ^-^g c — a ay^ + hc^ + c^^ 
cab abc 

13 _i_ + J: 1 2x-z y-&z _ 

2x^1/ 6 if z 2xz^^ 4a;V ^ ix^'yz 



134 FRACTIONS. 

186. When the denominators are polynomials arranged 
in the same order, we first express the denominators in 
their prime factors. 

Find the algebraic sum of : 

a -\- b a — b A^ab 
a — b a -\- b a^ — b^ 

a'^'-b^ = {a + b){a-b). 
The L.C.D. is (a -b){a + b). 

The multipliers are a + 6, a — 6, and 1, respectively, 
(a + b)(a + b)= a^ + 2 ab + b'^ = 1st numerator. 

— (a — 6) (a — 6) = — a2 + 2 a6 — 62 = 2d numerator. 

— 1 (4 a6) = — 4 a6 = -Sd numerator. 

= sum of numerators. 

.•• sum of fractions = 0. 

Exercise 58. 
Find the algebraic sum of : 

' a; -h 6 x — 5 

1 + X 1 — X 



1 2 



1 + x 1-x^ 
X -\' y x"^ — y^ 
x — y {x-yY 



10. 



11. — 



5. i-^/-(^-y)'. 12. 

x-\'y (x-hyy 
2a^+2ab^2a^-2ab 



1 (a-3cy 



14. 



1-f 


X 

-hx^ 1 


1-x 


1-hx 


-x + x' 


x-\-y 


x-y 


Axy 


x-y 


x^-y 


x'-y^ 


X 


1 ^ 


2x- 


a — X 


1 


' «« + «» 


1 

X X 


ir^^ 


1 

+ 2 


6-2 


a 2 


1 


9-a 


' 3 + 


% 3-a 


b 


a6 


aft* 


a-hb 


(a+J)* 


(a+6)» 


x-hy 


2x 


x^ix-ti) 



a-Sc a^-27c^ ' y x-{-y y{x^-y^ 

Hint. Reduce the last fraction to lowest terms. 
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1 X 



15. 
16. 
17. 
18. 
19. 
20. 
21. 
22 

ic« + 7aj-hl0 x-2 
Hint. Reduce the first fraction to lowest terms. 

x^ — bax + ^a^ x — 7 a 

23. • 

x^ — S ax -{- 15 a^ x — 5a 

1.1 2 

24. jr-h 



a; 


-f 2y 


' x-2y 


a;*- 4y* 




y 


1 
-1 


y y + 1 


1 






X 


1 / 

a;*- a; 


-i 




X 


-1 






— a 


4a 


6a» 




X 


(*-«)* 


(x-ay 






1 


1 *" 


x + 


• a 


X 


-2a 


' aj'-Sa* 


x'-\-2ax + ia* 


x' 


'-2a; 
a;» + 


+ 3 , X 


-2 


1 




1 +x«- 


X+1 X 


+ 1 




1 , 


x-1 


. a;» + a; 


-3 


X 


-3 ' 


x« + 3a; + 9 ' x»- 


27 


X' 


' + 8x 


+ 16 «- 


-1 





2 ic«-3a; + 2 a;2-4a;-h3 

Hint. Express the denominators of the last two fractions in 
prime factors. 



25. -5 = r-T77 + 



a2-7a-|-12 a^-Aa-^S a^-5a-{-4: 

26 ^ 4 

10a3 + a-3 2a2-|-7a-4 

3 1 
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167. When the denominators are polynomials not ar- 
ranged in the same order, we first write the fractions, by 
§ 159, so that the denominators shall be arranged in the 
same order. 

1. Find the sum of t + z 1—^- 

X 2x — 1, 1 — 4a;^ 

Change the signs before the terms of the denominator of the third 
fraction and the sign before the fraction. We now have 
2 3 2x-3 

X 2x — 1 4x2 — l' 
Proceeding as in § 166, we find for the required sum 

-2 ^ 2 

x(2x- l)(2x + l) x(l-2x)(l+2x)' 
if we change the sign of 2 and the signs of (2 x — 1), § 160. 

2. Find the sum of 
1 + ^, }, . 4- ' 



a(a — b)(a — c) b (b — a) (b — c) c(c — a) (c — b) 

Change the sign of the factor (6 — a) in the denominator of the 
second fraction, and change the sign before the fraction, § 160. 

Change the signs of the two factors (c — a) and (c — b) in the 
denominator of the third fraction, § 160. We now have 

I I + I 

a(a — h)(a — c) b{a — h)(b — c) c(a — c)(b — c) 
The L.C.D. = abc (a — b){a — c) (b — c). 

bc(b — c) = 62c — 5c2 = 1st numerator. 

— ac(a — c) = — a2c + ac^ = 2d numerator. 

abja — b) = a^b — ab^ = 3d numerator. 

a^b — cfic — ab^ + ac^ + b^c — bc^ = sum of numerators. 
= a2(6 - c) - a (62 _ c2) + 6c(6 - c). 
Divide by the common factor (6 — c), and we have 
a2 — a6 — ac + 6c ; 
and this is equal to (a — 6) (a — c). 

.-. (a — 6) (a — c) (6 — c) = sum of numerators. 

.-. sum of fractions = (a - 6) (a - c) (6 - c) ^ X . 

abc (a — 6) (a — c) (6 — c) aJbc 
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Exercise 59. 
Find the algebraic sum of : 



1. 



x^-1 x-^-l 1- X 



a , 3 a , 2 ax 

2. H ; -h 



a — X a -\' X x^ — a^ 

2 15 



•2a-3 3-f2a'9-4a'» 

a — h 2 a a^ -\' a^b 
b '^ a-b^b^- a'b' 

^ 3 . 5 2a;-7 

5. -- " 



« l-2a: 4x^-1 

6. ^ I 1 I 1 

(a; -h a)2 (a — xy x^ — a^ 

1 a; — y gy — 2a;^ 

' x—y x^-^xy-hy^ y^ — x^ 

1 .+ ^ A . + 



• (a;-2)(x-3) (x - 1) (3 - x) (x - 1) (x - 2) 

be , ac , ab 

(c — a) (a — b) (a — b) (b — c) (b — c) (c — a) 

b + c a + c . a + b 



11. 



(a — b) (a — c) (b — c) (b — a) (c — a) (c — b) 

3 4 6 

{a — b) (b — c) (b — a) (c — a) (a — c) (c — b) 

12. ^ + I J-. 

x(x -ij)(x- z) y{y - x) (y - z) xyz 

a^ — be b^ -\' ac c^ -\- ab 

• (a -b)(a-c)^ (b- a) {b ^ 6)^ (c - a) (c ^ b)' 
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Miiltiplioation of Fractions. 

Cb C 

Find the product of t X -• 

Let fx5 = ^- (1) 

Multiply each of these equals hj b X d. 

Since the order of the factors is immaterial, (§ 42) 

(|x*j X (^Xdj=bXdXx. 
Or, aXc = bXdXx. 

Divide hy b X d, | — J = x, (2) 

From (1) and (2), r X :^ = 1 T 

^ ^ ^ ^' b d bXd 

-r-i . €b c e a X c e a X c X e 

Likewise, 7 X - X - = ; ; X - = ; ;.; 

' b d f bXd f bXd X/' 

and so on for any number of fractions. Hence, 

168. To Find the Product of Two or More Fractions, 

Find the jproduct of the numerators for the required 
numerator, and of the denominators for the required de- 
nominator. 

In applying the rule, reduce every mixed expression to a fraction, 
and every integral expression to a fraction with 1 for the denominator. 

Cancel every factor common to a numerator and a denominator, as 
the cancelling of a common factor h^ore the multiplication is equiva- 
lent to cancelling it after the multiplication. 

1. Find the product of ^--^ X -r— r X 5- 



3cd^ 5ab Sa^c^d^ 

2a^b 6cH bab^c _ 2 X 6 X ba^f/^c^d _ l^ 
3cd2 dab 8a2c2d2 3 X 6 X Sa^b(fid^ 2(P* 
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2. Find the product of 

x^ — y^ xy — 2 y^ x^ — xy 

x^ — Sxy + 2y^ x^ + xy (x — yY 

Express the numerators and denominators in prime factors. 
(X — y) (g + y) ^ y{x-2y) ^ x(x-y) - V . 
(x — y)(x — 2y) x(x-{-y) (x — y)(x — y) x — y 

The common factors cancelled are (x — y), (x + y), (x — 2 y), x, 
and (x — y). 



Exercise 60. 
Find the product of : 

x^-{-y^ x-{-y 

x^-y^ Sx^ + Sy^' 

12. X — ^^ -• 

a(a-hb) b^ 

a^ — 4:X^ ax -\- 4:X^ 
a^ + 4 ax a^ — 2ax 

(x — yY x^-hxy 

, ^^ _„ ^^ ir* 4- a' x-{-3a 

x^ — 9a^ X -{- a 

„ ^ ^ -- ,, a«-^»8 a^-ab + b^ 

7. o . . X — --• 16. „ . ,, X 



12 a:^ 


14a;y 
9a;V 


3 a«& V 


20toV 


4a7»» 


^^ 21 a V 


6a«6V 


^ 3a«c« 


Twasy 


9toV 


^ 4a;V. 
16 mn 


SxY ' 


16 a*6' 


^4a»J 


21 a;y 


12 «» 


36y*«, 
35 «» 


a^ + 2/* 


4a; 

>< — ;~" 


3a!* -a; 2a 


a' 


''2«»-4x 


3x» 


3a;-6. 



11. 



^8 + ^8 ^ _ ^ 



17. -^ — i = X 



x^-4.x-6 x^+2x-3 



9 ^^ x ^"^-^ 18 (i Ax( ""y \ 



19. 



20. 
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\ ^ + y J \ ^^ + y^ J x^-xy-^f 

Sa^b c\l 4:ab bed — C(P 

a^ _^ aft - ac (a + cy - b^ ab - b^ - be 

(a + ft)^ - c^ c^ - (g - ft)^ c-g-ft 
a^-(b-ey^e^-(a-hby^ac-a^ + ab' 



26 
27, 
28 



(a; - ay - ¥ x^ - (b - ay ax -{- a^ - ab 
*' (x - by -a^^ x^-ia-by^ bx-ab + l^' 



a^-2ab + b^-e^ a + b-c 
a^ + 2ab-hb''-e^^ a-b + c' 

x^-h(x + ly x^ + x 2x-{-l 

x(x + l) ^ (x + iy-x^^ x 

2 ax^ + 2 a^x 7? — a? x-\- a 

^^' (x - ay (x 4- a)' ^ 2 (x* + a^ ^ ax 

_ a^-b^-e^-2be /, 2c \ 

a^ — ab — ae \ a + b -f- cj 

a" + a%^ + ft' g + ft g'-ft' 
a«-ft« ^a« + ft»^ a 

a;«+7xy + 12y' a;2^^y,2y' 
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Division of Fractions. 

169. Reciprocals. If the product of two numbers is equal 
to 1, each of the numbers is called the reciprocal of the other. 

rr.-i . ^ ^ a . b „ a b ah ^ 

The reciprocal of -r is - ; for - X - = -r = i. 
ha h a ah 

The reciprocal of a fraction, therefore, is the fraction 

inverted. 

a c 
Find the quotient of 7 -^ -• 
b a 

Let ^.^ = .. (1) 

SiMje the dividend is the product of the divisor and 
quotient, 

a c 

6 = 5^*- 

Multiply each of these equals by -• 

mi a d c d .^. 

Then -x-==-X-Xx = x. (2) 

b c d c - ^ ^ 

From (1) and (2), 7 ^ 3 = 7 X -• Therefore, 
^ ^ ^ ^ b d h c 

170. To Divide by a Fraction, 

Multiply the dividend by the reciprocal of the divisor. 

Find the result of - X -= -, ; ^rz — 

X x' — Ax — 5 x^ — 2b 

x^x2 — 4x — 5' x'-* — 25 ~x x-^ — 4x — 6 x24-2x — 3 

^1 (x-l)(x + l) (x-6)(x4-5) ^ x + 5 . 
X (x-5)(x + l) (x + 3)(x-l) x(x + 3) 
The common factors cancelled are (x — 1), (x + 1), (x — 6). 
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Exercise 61. 
Find the quotient of : 

^' If ' 2Sxy' ^' 2ab^ 5ac ' 2a''' 

Sa^y'zy ^ 18 a; V x* - a^ . x-a 

^' 4 a^hh^ ' 9 a'^b^c ' 

5aW ^20m^nV 
^* 3mV* ' 21aZ»c* 
^6aW ^^aW 
21mV2^* * Tm^xy' 

2a^ ac aft 

"^"^36^^57* ^^' x2 4-4a; " x' - 16 

a^-4:a + S ^ g^ -10a + 21 a^-7a 
a*-5a + 4 * a^ - 9 a + 20 ^ a^ - 5a 

b^-7b + 6 . y- 146 + 48 . ^>^4-6^ 
Z»2 + 36-4 * 6* + 106 + 24 ' b'^-Sb^' 



x»-4a» ■ 


a; + 2a 


a;y + 3a;y 


. xy + 3 


4c»-l 


■ 2c-l 


9«»-4j/' 


. 3x-2y 


4 -a;' 


■ 2 + a; 


x»-4 


«» + 2a! ♦ 



11. 

12. 



x^ — 3xt/ + 2y^ ' xy — 2y^ (^ — yY 
(a -by 2ab-2b^ a^ + ab 



15. 



16. 



17. 



(a-hby-c^ , c' - (6^ + by 
a^-ip-cy'^ (^-(a-by 

(x - ay -P ^ x^-(a- by 
(x-by-a^ ' x'-ib-ay 

{a + by-{c + dy , {a-cy-(d-by 
(a + cy-{b + d)^ ' (a-by-{d-cy 

x^—2xy-\-'iy — z^ . a? — y + g 



18. "'^if ^ ij ^ 

x^ + 2xy + y^ — ^ ' x+y — z 
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Complex Fractions. 

171. A complex fraction is a fraction that has one or 
more fractions in either or both of its terms. 

Sx 

Simplify the complex fraction 4 ^ __ i ' 

~~4 

Sx „ . 4g — 1 - ^ 4 12a; „ 

. = Sx- : — = 3x X z 7 = z 7 * Hence, 

• 1 4» — 1 ' 



4» — 1 4 4x 



172. To Simplify a Complex Fraction, 
Divide the numerator by the denominator, 

173. The shortest way to simplify a complex fraction is 
to multiply both terms of the fraction by the L. C. D. of the 
fractions contained in the nimierator and denominator, 
§157. 



1. Simplify . 

a — X a -{- X 

The L. CM. of a — x and a + x is (a — x) (a + x). 
Multiply both terms by (a — x) (a + x), and we have 
g (o + x) — g (g — x) _ g^ + gx — g^ + gx _ 2gx _ 

X (g + x) + X (g — x) "" gx + x2 + gx — x2 "" 2 gx ~ ' , 



2. Simplify 



1 + 



14- 



1-x 

Multiply both terms of the last complex fraction by 1 — x. We 

1 —X 

have » and this put in place of the last complex fraction changes 

2-x ^ 

the given fraction to the form 



1+.' 



2-x 

2 X 

Multiply both terms of this fraction by 2 — x. We have q_^ • 
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Exercise 62. 

Simplify : 

^ . y 2m + n 

m m 
1. 



2. 


x + ^ 
z 




z-y- 

X 


3. 







m -h" 



m -\- n 
1 



1 
c 



c 



8. 


m-\- n 


1 *" 


9. 


x^-y^ 


x^ — xy-\- y^ 




x — y 

1 a 


10 


a-rh a^-h^ 




a b 



ab-hb^ a^-hab 
X — 1 ^ ab ac be 



X -{-1 ab 

5. — i:^. 12. l-L_i. 

1 1^ -+-+- 

X -\- y b c a 
mn 



m — n 
6. 13. 

mn 
tn — 



14. 



1 


1 1 


ab 


ac be 


«»- 


-(b-cY 


a 

1 


a;"-! 




r+ 1 



15. 3 16 
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14-^ x — y + 



S — a ^ x + y 



17. ^-^ 



, 1 y {xyz 4- X + «) 

x + — 3 



g-l h-1 c-1 

' ic + ac + a^ -'- I -^ _i_ -^ 

- r T "• 
a c 

(x — y x^ — y'N fx-\-y , x* + y^\ 
\a; + y x^-hy^/ \x-y x^ — fj 



21. ^ ^+Yi+^i±£!^i^^Y 

1 L_\ 2bc J 



a b + c 



l + a;4- 



1-x-hx^ 



23. 



X* — y^ —. z^ — 2yz 

x^ — y^ — z^ -{- 2yz 

x — y — z 
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Exercise 63. — Review. 

When a = 2, i = — 2, and c = 4 ; find the value of : 



1. Va» + 6« 4- c» - (a - 6 - cy. 
^2 -I- y ^ c8 4- 2 a6 

3. (b - 5) (b - 4) - 3(b - 2) (h - 1) + S(b + 1) (6 + 2). 

4. Reduce to lowest terms ^^, + 13^. ^ 17^ + g ' 

Simplify : 

1 ic-4 , aj-3 

o» 7 j^T";^ ?rr ^ "7 Tn ^ t" 



(aj-3)(a;-2) (x - 1) (x - 3) (x - 1) (x - 2) 

a a 2a^ 4:a^ 

• TT ' — < , 79 + 



a- 6 a + 6 a* 4- 6^ a* + ** 



Hint. Add the first two fractions ; then their sum and the third 
fraction and this result to the fourth fraction. 



4- 



2 a2 + 2 a^^l a«-l 
X + ; 



x^-2x-{-l ^ ( x^-1 x + 2 \ 
{x-'2y ' \x^-4:^ x-^lj 

a^-V ab-2b^ (c^-hy 

a^-3ab'\-2b^ a" + ab ' a(a-b) 

^^ {a + by - (^ a%h^ . yc' 

' a^ + a6 — ac a^ + a6 -f ac * oic 

^2 a;^ + 7a;y-f lOy^ x + 1 ^ 1 

a:2 4-6a^y + 5 2^ x^ + 4.x '\- 4r ' x + 2 
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{x-y)(x-z) {y-z){y-x) (z - x) (z - y) 

14. (^L^A.lll^\^(^JL^^lll±\, 
\l + x^ X ) \l-\-x X ) 

16. ^{ ^ \ ^ \ ^ 

c\x — c x + 2cj x^ -h ex — 2c^ 

ic2_^_2 3-2 + ^ _ 2 a;*-4* 



20. 



a;2 + ay + y^ a;« + y« ' (a; 4- y)^ 



2a — 6 — c . 2h — c — a , 2c — a — b 
21. j 1 • 

(a — b) (a — c) (b — c) (b — a) (c — a) (c — b) 





a b 

• 


1 1 
a» b^ 


• 1 1 

a b 



22. ^ + 1 (x + 2)(x-hl) ^^ 

x + 2~' {x-{-l)(x + 2) 
24 (l 1-x l-h2x^ \fx + l\ 

x(x — y) x^ -h 2 xy -\- 4: y^ a' + y' 

2.2.2 J + c — a c + a — ft a + ^ — c 

26. - + 7H 7 -7 

a 6 c oc ac ao 



CHAPTER X. 
FRACTIONAL EQUATIONS. 



Beduotion of Equations Containing Fractions. 

1. Solve|-^^ = x-9. 

Multiply by 33, the L. C. M. of the denominators. 
Then, 11 x - 3x + 3 = 33x — 297, 

llx - 3x - 33x = - 297 - 3, 
-26x = -300. 
.-. X = 12. 

Note. Since. the minus sign precedes the second fraction, in 
removing the denominator the sign of every term of the numerator 
is changed. 

2. Solve^^-^^ ^^-1 ^ 



2x-l 2a; + l ^x^-1 

The L. C. D. = (2x + 1) (2x - 1). 
Multiply by the L. C. D., and we have, 

4x2 + 4x4-l-(4x2-4x + l) = 8. 

.•.4x2 + 4x + l-4x2 + 4x-l = 8. 

Reducing, x = 1. 

174. To Clear an Equation of Fractions, therefore, 
Multiply each term by the L. C, M, of the denominators. 

If a fraction is preceded by a minus sign, the sign of 
every term of the numerator must he changed when the 
denominator is removed. 



Solve 
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05 — 4 X — 5 X — 7 X — S 
x—5 x—6 x—S x—9 



Note. The solution of this and similar problems will be much 
easier by combining the fractions on the left side and the fractions 
on the right side than by the rule. 

(X - 4) (a - 6) - (X - 5)« _ (X - 7) (X - 9) - (g - 8)^ 
(x-6)(x-6) (x-8)(x-9) 

By simplifying the numerators, we have 
-1 -1 



(X - 6) (X - 6) (X - 8) (X - 9) 
Since the numerators are equal, the denominators are equal. 

Hence, (x — 5) (x — 6) = (x — 8) (x — 9). 

Solving, we have x = 7. 

Exercise 64. 
Solve : 

Sx-1 2a;4-l 4x-5 , 
'• -4 3 5- = ^- 

2. 2-I^:=i=:3.-^^^. 



5a;4-l 19^ + 7 3a;-l 7a;-l 
3 "*" 9 2 "■ 6 ' 

^ , , X Sx-2 llaj + 2 2--7X 
^7 2 14 3 

9a; + 5 8a; - 7 ^ 36a; + 15 41 
14 "^ 14 "■ 56 "^56* 

7a;-4 3a;-l 5 (a; - 1) _^ 3 (3a; - 1) a; 
9 5 6 20 "^7* 
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4 6 4 3 

10» + 11 12a! -13 ._ 7-6x 
*• 6 3 *~ 4 ■ 

,0.-1, + ,,^^^+ « 1 



11. 



12. 



y-4 2(y-4) 2(y-4) 2 
2 5 8 



x-1 2(x-l) 3(a;-l) a; - 1 ' 18 

2a; -3 a; -f 5 11 

2x-4 3a;-6 2* 



. 10-7a; ^ 5a;-4 2a; -f 1 8 ^ 2a; - 1 

6-7a; 5a; ' 2a; - 1 4a;2-l 2a;-hl' 

5 + 8a; _ 45-8a; 5 - 2a; 2-7a; ^ 5a;^4-4 
^** 3 + 2a; ~ 13 -2a;' a; - 1 a; + 1 ~ a;^ - 1 * 

16 5a^-1 ^ 5a;-3 _6 ^ + 2 a;^ _ 

2a; + 3 2a;-3 a; + 2 a;-2^a;^-4 



21. 



3 3x-7 3 * 1+x 1-x 1-x^ 

2a; + 1 7a; - 1 2x^-3x-4:5 
3a;-3""6a; + 6 4a;2-4 



^^ x^-x^l . a;^-fa; + l ^ 

22. ; 1 — j — = 2a;. 

a; — 1 a; + 1 



23. 



9a;-f5 3a;^ - 51a; - 71 ^ 15a; - 7 
6(a;-l)"^ 18(a;2-l) ~9(a; + l)' 



4.7 37 ^ 

x + 2^a; + 3 a!«+5a; + 6 

25.^ ^ = -^ ^. 

» — 1 a; — 2 03 — 3 x — 4 
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176. If the denominators contain both simple and com- 
pound expressions, it is best to remove the simple expres- 
sions first, and then each compound expression in turn. 
After each multiplication the result should be reduced to 
the simplest form. 

^ ^ , Sx + B . Tx-S 4x-f 6 

1. Solve -j^-f^^-p^ = —^. 

Multiply both sides by 14, 

Then, 8x4-5 + ^ sx + 1^ = 8x + 12. 

Transpose and combine, -^ — -t^ = 7. 

Divide by 7 and multiply by 3x + 1, 

7x-3 = 3x + l. 
.♦. X = 1. 

^ ^. ^~T 1 9 ^ 

2. Solve — 



4 10 

Simplify the complex fractions by multiplying both terms of each 
fraction by 9. 

27 -4x 1 7X-27 

T^^^' -m- = 4 90-- 

Multiply both sides by 180, the L. CD., 

135^ 20x = 45 - 14x + 64, 
-6x= -36. 
.-. X = 6. 



Solve : 



1. 





Exercise 66 


• 




4 


x + 3 


2a;- 


5 


2a;- 


1 




10 


5x- 


1 


6 




9 


SB + 20 


4x- 


-12 


1 *• 






36 


5x 


-4 


' 4 
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lOx-hlT 12x4-2 ^ 5x-A 
18 13X-16 9 

6x-hT 7x-13 2x'h4: 
9 "*■ 6x4-3 "" 3 

6x4-7 2x-2 2x4-1 



6. 
6. 
7. 



15 7x-6 5 

6x4-1 2x-4 _ 2x-l 

15 7x-16"" 5 

llx-13 22x-75 ^ 13x4-7 
14 28 2(3x4-7)' 



2x4-8^ 13x-2 x^7x x 4- 16 
9 I7x-32"^3"12 36 * 

6-5x 7-2x^ ^ l4-3x 2x^2^ 1 
15 14(x-l)"" 21 6 "^105* 

,^ 2x-6 . x-3 4x-3 . , 



Literal Equations. 

176. Literal equations are equations in which some or 
all of the given numbers are represented by letters ; known 
numbers are represented by the^rs^ letters of the alphabet 



Solve (a - 


- x) (a + x) = 2a2 + 2ax - x\ 


Then, 


o2 _ aj2 = 2 a2 + 2 ox — x2, 




— 2 ax = a2. 




a 
.■.x = --- 



Exercise 66, 
Solve : 

1. ax4-2d = 3&x4-4a. 3. (a -{- x) (b -h x) = x (x - c), 

2. x«4-ft'=(a-x)2. 4. (x-a)(x4-^)=(a;-6)(x-c). 
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6. ^ ^ ^ x-a ^( 2x-'a V 

' a-{-ax c-\-cx ' x — b \2x—bJ 



6. 



8. 



c -\- d __ VI — x 
ah -f 6a; an •\' nx 

x -\- 2 m-\- n 



10. 



x-2 


m — n 


m + n 


m — n 


2 + x 


2-x 


a -\-bx 


c-\- dx 


a + h 


c-hd 


^x + a 


Sx-b 



18. 



19. 



X 


— a 


_(x- 


-by 




2 


2x 


— a 


m 


. + n 








X 


a 






1 

m 


b 





9. j-T-^ = - — \ — - • ax — b ax + b 

or, cr. 

20. 



4aj -1-6 2x — a 



X ^ X ^ X 

11. --h7 + - = e^. 

a b c 

ax — b bx -\- c 
12. = abc. 



5 ax 

13. r — Sa = Sx. 

a — o 

x 5 a 2 bx 

14. 



21. 



22. 



a 


b 


b 


a 


cx-\- d 




a 


2d 


ex 


a 



x-x. 


a — b a-\-b a^ - 


-b^ 


15. 


1 n __ « 4- w 

n x-\- n nx 


23. 


16. 


XX a 


24. 


a * b — a b -\- a 



a 


+ x 


-3 






3 




b 


a 


— X 


+ 3 


e 


a 


3 

-b 


> « 


+ b 



OX -\- c ax — c 

x + a x — b _ 2(a + b) 
x — a x-\-b X 



x-{- a , X — b , c — bx 

25. — ; x = b 1 ; 

b c b 

20a — bx , 9c — ax , 6d — ex ._ 

26. 3 + — ^ + — ij-T— = 10. 

oa 3c 2d 

ax b — X , a(b — x) 

27. ^ =■ a. 

b 2c ^ 3d 
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Problems Involving Fractional Equations. 
Exercise 67. 

1. The sum of the third and fourth parts of a certain 
number exceeds 3 times the difference of the fifth and sixth 
parts by 29. Find the number. 

Let z = the number. 

Then, « + 7 = ^^^ sum of its third and fourth parts, 
o 4 

r — f = the difference of its fifth and sixth parts, 
o o 

- — - j = 3 times the difference of its fifth and sixth parts, 

- + - — 3(- — -j = the given excess. 
But 29 = the given excess. 

••■M-»(!-|)=»- 

Multiply by 60, the L. C. D. of the fractions. 

20a; + 15x - 36« + 30x = 60 x 29. 
Combining, 29 « = 60 X 29. 

Dividing by 29, « = 60. 

The required number, therefore, is 60. 

2. The difference between the fifth and ninth parts of 
a certain number is 4. Find the number. 

3. One half of a certain number exceeds the sum of its 
fifth and ninth parts by 17. Find the number. 

4. The sum of the third and sixth parts of a certain 
number exceeds the difference of its sixth and seventh parts 
by 20. Find the number. 

5. There are two consecutive numbers, x and x-\-l, such 
that one half of the larger exceeds one third of the smaller 
number by 9. Find the numbers. 
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6. The sum of two numbers is 63, and if the greater 
is divided by the smaller number, the quotient is 2 and the 
remainder 3. Find the numbers. 

Let X = the greater number. 

Then 63 — x = the smaller number. 

Dividend — Remainder 



Since the quotient = ■ 



Divisor 



and since, in this problem, the dividend is x, the remainder is 3, and 
the divisor is 63 — x, we have 



63-x 
Solving, X = 43. 

The two numbers, therefore, are 43 and 20. 

7. The sum of two numbers is 120, and if the greater is 
divided by the smaller number, the quotient is 2 and the 
remainder 15. Find the numbers. 

8. The sum of two numbers is 126, and if the greater is 
divided by the smaller number, the quotient is 3 and the 
remainder 10. Find the numbers. 

9. The difference of two numbers is 51, and if the greater 
is divided by the smaller, the quotient is 4 and the remain- 
der 6. Find the numbers. 

10. The difference of two numbers is 87, and if the 
greater is divided by the smaller, the quotient is 8 and the 
remainder 10. Find the numbers. 

11. Divide 450 into two parts such that the smaller part 
is contained in the larger part 9 times, with a remainder 
of 20. 

12. The difference of two numbers is 25, and if the 
greater is divided by the smaller, the quotient is 4 and 
the remainder 4. Find the numbers. 
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13. Eight years ago a boy was one fourth as old as he 
will be one year hence. How old is he now ? 

Let X = the number of years old he is now. 

Then x — 8 = the number of years old he was eight years ago, 
and X + 1 = the number of years old he will be one year hence. 
.•.x-8 = i(x + l). 
Solving, X = 11. 

Therefore, the boy is 11 years old. 

14. A son is one third as old as his father. In 10 years 
he will be one half as old. Find the age of the son. 

15. B's age is one fifth of A's age. In 12 years B's age 
will be one third of A's age. Find their ages. 

16. The sum of the ages of A and B is 60 years, and 10 
years hence B's age will be one third of A's. Find their 



17. A father is 40 years old, and his son is one fourth of 
that age. In how many years will the son be half as old 
as his father ? 

18. ^A is 30 years old, and B's age is two thirds of A's. 
How many years ago was B's age one third of A's ? 

19. A son is one fourth as old as his father. Four years 
ago he was only one fifth as old as his father. What is 
the age of each ? 

20. A is 40 years old, and B is half as old as A. In how 
many years will B be two thirds as old as A ? 

21. B is one- third as old as A. Ten years ago he was 
one fourth as old as A. What are their present ages ? 

22. The sum of the ages of a father and his son is 75 
years. The son's age increased by 5 years is one fourth of 
the father's age. Find their ages. 
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23. A rectangle has its length 6 feet more and its width 
5 feet less than the side of the equivalent square. Find the 
dimensions of the rectangle. 

Let X = the number of feet in a side of the square. 

Then x + 6 = the number of feet in the length of the rectangle, 
and X — 5 = the number of feet in the width of the rectangle. 

Since the area of a rectangle is equal to the product of the number 
of units of length in the length and width of the rectangle, 

{x + 6) (x — 5) = the area of the rectangle in square f eet^ 
and X X X = the area of the square in square feet. 

But these areas are equal. 

.-. (X + 6) (X - 5) = x2. 
Solving, X = 30. 

Therefore, the dimensions of the rectangle are 36 feet 
and 25 feet. 

24. A rectangle has its length and breadth, respectively, 
12 feet longer and 8 feet shorter than the side of the 
equivalent square. Find its area. 

25. The length of a floor exceeds the breadth by 6 feet. 
If each dimension were 1 foot more, the area of the floor 
would be 41 sq. ft. more. Find its dimensions. 

26. A rectangle whose length is 8 feet more than its 
breadth would have its area 35 sq. ft. more, if each dimen- 
sion were 1 foot more. Find its dimensions. 

27. The length of a rectangle exceeds its width by 4 feet. 
If the length were diminished by 2 feet and the width by 
2 feet, the area would be diminished by 40 sq. ft. Find its 
dimensions. 

28. The length of a floor exceeds its width by 8 feet. 
If each dimension were 2 feet more, the area would be 124 
sq. ft. more. Find its dimensions. 
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29. A can do a piece of work in 2 days, and B can do 
it in 3 days. How many days will it take both together to 
do the work ? 

Let X = the number of days it will take both together. 
Then - = t^ part both together can do in one day, 

X 

^ = the part A can do in one day, 

i = the part B can do in one day, 

and i + i = the part both together can do in one day. 

2^3 z 
Solving, z = li- 

Therefore, they together can do the work in Ij days. 

30. A can do a piece of work in 3 days, B in 4 days, and 
C in 5 days. How many days will it take them to do it 
working together ? 

31. A can do a piece of work in 6 days, B in 5 days, and 
C in 4 days. How many days will it take them together 
to do the work ? 

32. A can do a piece of work in 2^ days, B in 3 J days, 
and C in 3| days. How many days will it take them 
together to do the work ? 

33. A can do a piece of work in 8 days, B in 10 days ; 
A and B together, with the help of C, can do the work in 
3 days. How many days will it take C alone to do the 
work? 

34. A and B together can mow a field in 8 hours, A and 
C in 10 hours, and A alone in 15 hours. In how many 
hours can B and C together mow the field ? 

35. A and B together can build a wall in 12 days, A and 
C in 15 days, B and C in 20 days. In how many days can 
they build the wall if they all work together ? 

Hint. By working 2 days each they build ^^ + ^^ + ^V of it. 
Hence, in one day they can build l(^^ + ^^ + ^), 
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36. A cistern can be filled by two pipes in 15 and 20 
hours, respectively ; and can be emptied by a waste pipe 
in 30 hours. In how many hours will it be filled if all the 
pipes together are open ? 

Let X = the number of hours if all the pipes are open. 

Then - = the part filled in one hour if all the pipes are open. 

X 

jV + ^ — ^ = the part all together can fill in one hour. 

•''16 "^20 30 x' 
Solving, X = 12. 

Therefore, if all the pipes are open it will be filled in 12 
hours. 

37. A cistern can be filled by three pipes in 8, 12, and 
16 hours, respectively. In how many hours will it be filled 
by all the pipes together ? 

38. A cistern can be filled by two pipes in 4 hours and 5 
hours, respectively, and can be emptied by a third pipe in 
6 hours. In how many hours will the cistern be filled if the 
pipes are all running together ? 

39. A tank can be filled by three pipes in 1 hour and 40 
minutes, 3 hours and 20 minutes, and 5 hours, respectively. 
In what time will the tank be filled if all three pipes are 
running together ? 

40. A cistern can be filled by three pipes in 2 J hours, 3 J 
hours, and 4§ hours, respectively. In how many hours will 
the cistern be filled if all the pipes are running together ? 

41. A cistern has three pipes. The first pipe will fill the 
cistern in 6 hours, the second in 10 hours, and all three 
pipes together will fill it in 3 hours. How long will it take 
the third pipe alone to fill it ? 
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42. A courier who travels 6 miles an hour is followed, 
after 2 hours, by a second coui-ier who travels 7J miles an 
hour. In how many hours will the second courier overtake 
the first ? 

Let X = the number of hours the first travels. 

Then x — 2 = the number of hours the second travels, 

6 « = the number of miles the first travels, 
and (x — 2) 7^ = the number of miles the second travels. 

They both travel the same distance. 

.•.6x = (x-2)7i, 
or 12x=15x — 30. 

.-. X = 10. 

Therefore, the second courier will overtake the first in 
10 — 2, or 8 hours. 

43. A sets out from Boston and walks towards Portland 
at the rate of 3 miles an hour. Three hours afterward B 
sets out from the same place and walks in the same direc- 
tion at the rate of 3 J miles an hour. How far from Boston 
will B overtake A ? 

44. A courier who goes at the rate of 4J miles an hour is 
followed, after 4 hours, by another who goes at the rate of 
5J miles an hour. In how many hours will the second 
overtake the first ? 

45. A person walks to the top of a mountain at the rate 
of IJ miles an hour, and down the same way at the rate of 
4J miles an hour. If he is out 6 houi's, how far is it to the 
top of the mountain ? 

46. In going a certain distance, a train traveling at the 
rate of 50 miles an hour takes 2 hours less than a train 
traveling 40 miles an hour. Find the distance. 
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47. Find the time between 2 and 3 o'clock when the 
hands of a clock are together. 

At 2 o^clock the hour-hand is 10 minute-spaces ahead of the 
minute-hand. 

Let x = the number of spaces the minute-kand moves over. 

Then x — 10 = the number of spaces the hour-hand moves over. 
Now, as the minute-hand moves 12 times as fast as the hour-hand, 
12 (x — 10) = the number of spaces the minut&-hand moves over, 

,: 12 (X - 10) = X, 
and llx = 120. 

.-. X = lOff . 

Therefore, the time is 10|^ minutes past 2 o'clock. 

48. Find the time between 4 and 5 o'clock when the 
hands of a clock are together. 

49. Find the time between 3 and 4 o'clock when the 
hands of a clock are at right angles to each other. 

Hint. In this case the minute-hand is 15 minutes ahead of the 
hour-hand. 

50. Find the time between 2 and 3 o'clock when the 
hands of a clock point in opposite directions. 

Hint. In this case the minute-hand is 30 minutes ahead of the 
hour-hand, or 30 minutes behind it. 

51. Find the times between 4 and 5 o'clock when the 
hands of a clock are at right angles to each other. 

52. Find the time between 1 and 2 o'clock when the 
hands of a clock point in opposite directions. 

53. At what time between 6 and 7 o'clock are the hands 
of a watch together ? 



T 

i 
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54. A hare takes 4 leaps to a greyhoiind's 3; but 2 of 
the greyhoiind's leaps are equivalent to 3 of the hare's. 
The hare has a start of 50 of her own leaps. How many 
leaps must the greyhound take to catch the hare ? 

Let Sac = the number of leaps taken by the greyhound. 
Then 4x = the number of leaps of the hare m the same time. 
Also, let a = the number of feet in one leap of the hare. 

Then -r- = the number of feet in one leap of the hound. 

Therefore, 3x X -^ or —r— = the whole distance. 

As the hare has a start of 50 leaps, and takes 4 x leaps more before 

she is caught, and as each leap is a feet, 

(50 + 4 x) a = the whole distance. 

9ax ..f. , , V 
.-.-2-= (50 + 4x)a. 

Multiply by 2, 9ax = (100 + 8x) a. 

Divide by a, 9 x = 100 + 8 x, 

x=100, 
.•.3x = 300. 

. Therefore, the greyhound must take 300 leaps. 

55. A hounSS^akes 3 leaps while a rabbit1|iakes 5 ; but 
1 of the hound's leaps is equivalent to 2 of the rabtit's. 
The rabbit has a start of 120 of her own leaps. How 
many leaps will the rabbit take before she is caught ? 

56. A rabbit takes 6 leaps to a dog's 5, and 7 of the dog's 
leaps are equivalent to 9 of the rabbit's. The rabbit has a 
start of 60 of her own leaps. How many leaps must the 
dog take to catch the rabbit ? 

57. A dog ipakes 4 leaps while a rabbit makes 5 ;Jbut 3 
of the dog's leaps are equivalent to 4 of the rabbit^ The 
rabbit has a start of 90 of the dog^s leaps. How many 
leaps will each take before the rabbit is caught ? 
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58. A merchant adds yearly to his capital one third of 
it, but takes from it, at the end of each year, $5000 for 
expenses. At the end of the third year, after deducting 
the last $5000, he has twice his original capital. How 
much had he at first? 

Let X = number of dollars he had at first. * 

4x ^_-^ 4g- 16000 
Then -r- — 6000, or » 

will stand for the number of dollars at the end of first year, 

4/ 4g-16000 \ ^.^ 16a; -106000 
and -( 3 )^ 6000. or , 

will stand for the number of dollars at the end of second year, 

4/ 16x-105000 \ ^^^ 64g- 666000 
and 3( )- 6000, or , 

will stand for the number of dollars at the end of third year. 

But 2 X stands for the number of dollars at the end of third year. 
64it- 566000 ^ 

.-. 27 = 2^- 

Whence x = 66,600. 

Therefore, the merchant had $55,500 at first. 

59. A trader adds yearly to his capital one fourth of it, 
but takes from it, at the end of each year, $800 for ex- 
penses. At the end of the third year, after deducting the 
last $800, he has 1| of his original capital. How much 
had he at first ? 

60. A trader adds yearly to his capital one fifth of it, 
but takes from it, at the end of each year, $2500 for ex- 
penses. At the end of the third year, after deducting 
the last $2500j he has 1/^ of his original capital. Find 
his original capital. 

61. A trader maintained himself for three years at an ex- 
pense of $500 a year ; and each year increased that part of 
his stock which was not so expended by one third of it. 
At the end of the third year his original stock was doubled. 
What was his original stock ? 
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62. The sum of the third, fourth, and fifth parts of a 
number exceeds the half of the number by 17. Find the 
number. 

63. There are two consecutive numbers, x and x -\- 1, 
such that one fourth of the smaller exceeds one ninth of the 
larger by 11. Find the numbers. 

64. Find three consecutive numbers such that if they are 
divided by 7, 10, and 17, respectively, the sum of the quo- 
tients will be 15. 

65. In a mixture of alcohol and water the alcohol was 
24 gallons more than half the mixture, and the water was 
4 gallons less than one fourth the mixture. How many 
gallons were there of each ? 

66. The width of a room is three fourths of its length. 
If the width was 4 feet more and the length 4 feet less, the 
room would be square. Find its dimensions. 

67. The difference of two numbers is 40, and if the greater 
is divided by the less the quotient is 4, and the remainder 
4. Find the numbers. 

68. Divide the number 240 into two parts such that the 
smaller part is contained in the larger part 5 times, with a 
remainder of 6. 

69. A can do a piece of work in 3 days, B in 4 days, and 
C in 6 days. How many days will it take them to do it 
working together ? 

70. At what time between 2 and 3 o'clock are the hands 
of a watch at right angles ? 

71. Find a number such that the sum of its sixth and 
ninth parts shall exceed the difference of its ninth and 
twelfth parts by 9. 
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72. The sum of two numbers is 91, and if the greater is 
divided by the less the quotient is 2, and the remainder 
is 1. Find the numbers. 

73. A is 60 years old, and B is three fourths as old. 
How many years since B was just half as old as A ? 

74. A can do a piece of work in 2 J days, B in 3^ days, 
and C in 4§ days. How long will it take them to do it 
working together ? 

75. A and B can separately do a piece of work in 12 
days and 20 days, and with the help of C they can do it in 
6 days. How long would it take C alone to do the work ? 

76. A rectangle has its length 4 feet longer and its width 
3 feet shorter than the side of the equivalent square. Find 
its area. 

77. A person has 6 hours at his disposal. How far may 
he ride at 6 miles an hour so as to return in time, walking 
back at the rate of 3 miles an hour ? 

78. A boy starts from Exeter and walks towards Ando- 
ver at the rate of 3 miles an hour, and 2 hours later another 
boy starts from Andover and walks towards Exeter at the 
rate of 2^ miles an hour. The distance from Exeter to 
Andover is 28 miles. How far from Exeter will they meet ? 

79. A dog makes 4 leaps while a hare makes 5, but 3 of 
the dog's leaps are equal to 4 of the hare's. The hare has a 
start of 60 of the dog's leaps. How many leaps will each 
make before the hare is caught ? 

80. At what time between 3 and 4 o'clock are the hands 
of a watch pointing in opposite directions ? 

81. In going from Boston to Portland, a passenger train, 
at 36 miles an hour, occupies 1 hour less time than a freight 
train at 27 miles an hour. Find the distance from Boston 
to Portland. 
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82. A cistern can be filled by three pipes in 15, 20, and 
30 minutes, respectively. In what time will it be filled if 
the pipes are all running together ? 

83. A cistern can be filled by two pipes in 25 minutes 
and 30 minutes, respectively, and emptied by a third in 20 
minutes. In what time will it be filled if all three pipes 
are running together ? 

84. A hare takes 7 leaps while a dog takes 5, and 5 of 
the dog's leaps are equal to 8 of the hare's. The hare has 
a start of 50 of her own leaps. How many leaps will the 
hare take before she is caught ? 

85. The width of a rectangle is an inch more than half 
its length, and if a strip 5 inches wide is taken off from the 
four sides, the area of the strip is 510 square inches. Find 
the dimensions of the rectangle. 

86. A and B together can do a piece of work in 10 days, 
A and C in 12 days, and A by himself in 18 days. How 
many days will it take B and C together to do the work ? 
How many days will it take A, B, and C together ? 

87. A and B can do a piece of work in 10 days, A and 
C in 12 days, B and C in 15 days. How long will it take 
them to do the work if they all work together ? 

88. A sets out and travels at the rate of 9 miles in 2 
hours. Seven hours afterwards B sets out from the same 
place and travels in the same direction at the rate of 5 
miles an hour. In how many hours will B overtake A ? 

89. A man walks to the top of a moimtain at the rate of 
2^ miles an hour, and down the same way at the rate of 4 
miles an hour, and is out 5 hours. How far is it to the top 
of the mountain ? 



FRACTIONAL EQUATIONS. 167 

90. A tank can be filled by three pipes in 1 hour 20 
minutes, 2 hours 20 minutes, and 3 hours 20 minutes, 
respectively. In how many minutes can it be filled by 
all three together? 

91. A's age now is two fifths of B's. Eight years ago 
A's age was two ninths of B's. Eind their ages. 

92. A had five times as much money as B. He gave B 
5 dollars, and then had only twice as much as B. How 
much had each at first ? 

93. At what time between 12 and 1 o'clock are the hour 
and minute-hands pointing in opposite directions ? 

94. Eleven sixteenths of a certain principal was at in- 
terest at 5 per cent, and the balance at 4 per cent. The 
entire income was $1500. Find the principal. 

95. A train that travels 36 miles an hour is | of an 
hour in advance of a second train that travels 42 miles 
an hour. In how long a time will the last train overtake 
the first? 

96. An express train that travels 40 miles an hour starts 
from a certain place 50 minutes after a freight train, and 
overtakes the freight train in 2 hours 5 minutes. Find 
the rate per hour of the freight train. 

97. If 1 pound of tin loses ^ of a pound, and 1 pound 
of lead loses ^ of a pound, when weighed in water, how 
many pounds of tin and of lead in a mass of 60 pounds that 
loses 7 pounds when weighed in water ? 

98. If 19 ounces of gold lose 1 ounce, and 10 ounces of 
silver lose 1 ounce, when weighed in water, how many 
ounces of gold and of silver in a mass of gold and silver 
that weighs 530 ounces in air and 495 ounces in water ? 
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99. A messenger starts to carry a despatch, and 5 hours 
later a second messenger sets out to overtake the first in 8 
hours. In order to do this, he is obliged to travel 2 J miles 
an hour more than the first. How many miles an hour 
does the first travel ? 

100. The fore and hind wheels of a carriage are respec- 
tively 9 J feet and llf feet in circumference. What distance 
will the carriage have made when one of the fore wheels 
has made 160 revolutions more than one of the hind 
wheels ? 

101. When a certain brigade of troops is formed in a 
solid square there is found to be 100 men over ; but when 
formed in column with 5 men more in front and 3 men less 
in depth than before, the colimm needs 5 men to complete 
it. Find the number of troops. 

102. An officer can form his men in a hollow square 14 
deep. The whole number of men is 3136. Find the num- 
ber of men in the front of the hollow square. 

103. A trader increases his capital each year by one 
fourth of it, and at the end of each year takes out $2400 
for expenses. At the end of 3 years, after deducting the 
last $2400, he finds his capital to be $10,000. Find his 
original capital. 

104. A and B together can do a piece of work in 1 J days, 
A and C together in 1| days, and B and C together in 1 J 
days. How many days will it take each alone to do the 
work? 

105. A fox pursued by a hound has a start of 100 of her 
leaps. The fox makes 3 leaps while the hound makes 2 ; 
but 3 leaps of the hoimd are equivalent to 5 of the fox. 
How many leaps will each take before the hound catches 
the fox ? 
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Formulas and Rules. 

177. When the given numbers of a problem are repre- 
sented by letters, the result obtained from solving the prob- 
lem is a general expression which includes all problems of 
that class. Such an expression is called a formula, and the 
translation of this formula into words is called a rule. 

We will illustrate by examples : 

1. The sum of two numbers is 5, and their difference d; 
find the numbers. 



Let 


X = the smaller number ; 


then, 


X + d = the larger number. 


Hence, 


x + x + d — 8, 


or 


2x = s — d. 




8-d 



x + d = 



2 
s-d + 2d 

2 ' 

s + d 



2 

Therefore, the numbers are — - — and — - — 

As these formulas hold true whatever numbers s and d 
stand for, we have the general rule for finding two numbers 
when their sum and difference are given : 

Add the difference to the sum and take half the result for 
the greater number. 

Subtract the difference from the sum and take half the 
result for the smaller number. 

2. If -A can do a piece of work in a days, and B can do 
the same .work in b days, in how many days can both 
together do it? 
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Let X = the required number of days. 

Then, - = the part both together can do in one day. 

Now, - = the part A can do in one day, 

and -r = the part B can do in one day ; 

therefore, - + - = the part both together can do in one day. 

■■■-+W- 

a b X 

«^ ' oh 

Whence, x = , , • 

The translation of this formula gives the following rule 
for finding the time required by two agents together to 
produce a given result, when the time required by each 
agent separately is known : 

Divide the product of the numbers that express the units 
of time required by each to do the work by the sum of these 
numbers ; the quotient is the time required by both together. 

Exercise 68. 

1. A person has a hours at his disposal. How far may 
he ride in a coach that travels b miles an hour, so as to 
return home in time, walking back at the rate of c miles an 
hour? 

2. A courier who travels a miles a day is followed after 
c days by another who travels b miles a day. In how many 
days will the second overtake the first ? 

3. A has a dollars and B has b dollars. B gives A a cer- 
tain number of dollars, and then has c times as much as A. 
How many dollars does A receive from B ? 
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4. The fore wheel of a carriage is a feet in circumfer- 
ence, and the hind wheel is b feet. Find the distance 
traveled when the fore wheel has made c revolutions more 
than the hind wheel. 

5. Two towns, P and Q, are a miles apart. One person 
sets out from P and travels towards Q at the rate of b miles 
an hour, and at the same time another person sets out from 
Q and travels towards P at the rate of c miles an hour. 
How many miles from P will they meet ? 

6. A person was employed a days on these conditions : 
for each day he worked he was to receive b cents, and for 
each day he was idle he was to forfeit c cents. At the end 
of a days he received d cents. How many days did he work ? 

7. A banker has two kinds of coins : it takes a pieces of 
the first to make a dollar, and b pieces of the- second to make 
a dollar. A person wishes to obtain c pieces for a dollar. 
How many pieces of each kind must the banker give him ? 

Interest Formulas. 

178. The elements involved in computation of interest 
are the principal, rate, time, interest, and amount. 

Let p = the principal, 

r = the interest of $1 for 1 year, at the given rate, 

t = the time expressed in years, 

i = the interest for the given time and rate, 

a = the amount (sum of principal and interest). 

179. Given the Principal, Rate, and Time ; to Find the Interest. 
Since r is the interest of f 1 for 1 year, pr is the interest 

of $p for 1 year, and prt is the interest of $p for t years. 

.•.i = prt. (Formula 1) 

BuLE. Find the product of the principal, rate, and time. 
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180. Given the Interest, Rate, and Time ; to Find the Principal. 



By formula 1, prt = i. 

i_ 
rt 



Divide by r^, ^^^' • (Formula 2) 



181. Given the Amount, Rate, and Time ; to Find the Principal. 

From formula 1, p -\-prt = a, 
or i^ (1 + ^0 ~ ^* 

Divide by 1 + r^, p = —^-r (Formula 3) 

182. Given the Amount, Principal, and Rate ; to Find the Time. 

From formula 1, p -\-prt = a. 
Transpose p, prt = a —p. 

Divide by pr, t = -' (Formula 4) 

183. Given the Amount, Principal, and Time ; to Find the Rate. 

From formula 1, p -\-prt = a. 
Transpose p, prt = a —p. 

Divide by pt, r = ^—^ ' (Formula 5) 

Exercise 69. 
Solve by the preceding formulas : 

1. The sum of two numbers is 40, and their difference is 
10. Find the numbers. 

2. The sum of two angles is 100°, and their difference is 
21° 30'. Find the angles. 

3. The sum of two angles is 116° 24' 30", and their 
difference is 56° 21' 44". Find the angles. 
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4. A can do a piece of work in 6 days, and B in 5 days. 
How long will it take both together to do it? 

5. Find the interest of $2750 for 3 years at 4J per 
cent. 

6. Find the interest of $950 for 2 years 6 months at 5 
per cent. 

7. Find the amount of $2000 for 7 years 4 months at 6 
per cent. 

8. Find the rate if the interest on $G80 for 7 months is 
$35.70. 

9. Find the rate if the amoimt of $750 for 4 years is 
$900. 

10. Find the rate if a sum of money doubles in 16 years 
8 months. 

11. Find the time required for the interest on $2130 to 
be $436.65 at 6 per cent. 

12. Find the time required for the interest at 5 per cent 
on a sum of money to be equal to the principal. 

13. Find the principal that will produce $161.25 interest 
in 3 years 9 months at 8 per cent. 

14. Find the principal that will amount to $1500 in 3 
years 4 months at 6 per cent. 

15. How much money is required to yield $2000 interest 
annually if the money is invested at 5 per cent ? 

16. Find the time in which $640 will amoimt to $1000 
at 6 per cent. 

17. Find the principal that will produce $100 per month, 
at 6 per cent. 

18. Find the rate if the interest on $700 for 10 months 
is $25. 



CHAPTER XI. 

SIMULTANEOUS SIMPLE EQUATIONS. 

184. If we have two unknown numbers and but one rela- 
tion between them, we can find an unlimited number of 
pairs of values for which the given relation will hold true. 

Thus, if X and y are unknown, and we have given only the one 
relation x + y = 10, we can assume any value for x, and then from 
the relation x + ^ = 10 find the corresponding value of y. For from 
X + y = 10 we find y = 10 — x. If x stands for 1, y stands for 9 ; if 
X stands for 2, y stands for 8 ; if x stands for —2,y stands for 12 ; 
and so on without end. 

186. We may, however, have two equations that express 
different relations between the two unknowns. Such equa- 
tions are called independent equations. 

Thus, X + y = 10 and x — y = 2 are Independent equations, for 
they evidently express different relations between x and y, 

186. Independent equations involving the samexmkiiawns 
are called simultaneous equations. 

If we have two unknowns, and have given two independ- 
ent equations involving them, there is but one pair of values 
which will hold true for both equations. 

Thus, if in § 184, besides the relation x + ^ = 10, we have also the 
relation x — y = 2, the only pair of values for which both equations 
will hold true is the pair x = 6, y = 4. 

Observe that in this problem x stands for the same number in both 
equations ; so also does y. 
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187. Simultaneous equations are solved by combining 
the equations so as to obtain a single equation with one 
imknown number ; this process is called elimination. 

There are three methods of elimination in general use : 

I. By Addition or Subtraction. 
II. By Substitution. 
III. By Comparison. 

188. Elimination by Addition or Subtraction. 

1. Solve: 5x-Si/ = 20} (1) 

2a;-h5y = 39) (2) 

Multiply (1) by 5, and (2) by 3, 

25x-16y = 100 (3) 

6g + 16y = 117 (4) 

Add (3) and (4), 31 x =217 

.-. jc = 7. 

Substitute the value of x in (2), 

14 + 5y = 39. 
.-. y = 6. 

In this solution y is eliminated by addition, 

2. Solve: 6a; + 35y = 177) (1) 

8aj-21y= 33) (2) 



(3) 
(4) 



Multiply (1) by 4, 


and (2) by 3, 






24x + 140y = 


708 




24x- 63y = 


: 99 


Subtract, 


203 y = 


609 




.•.y = 


3. 


Substitute the value of y in (2), 






8x-63 = 


33. 




.-. x = 


12. 



In this solution x is eliminated by sicbtraction. 
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189. To Eliminate by Addition or Subtraction, therefore^ 

Multiply the equations hy such numbers as will make the 
coefficients of one of the unknown numbers equal in the 
resulting equations. 

Add the resulting equations, or subtract one from the other, 
according as these equal coefficients have unlike or like signs. 

NoTB. It is generally best to select the letter to be eliminated 
that requires the smallest multipliers to make its coefficients equal ; 
and the smallest multiplier for each equation is found by dividing 
the L. C. M. of the coefficients of this letter by the given coefficient in 
that equation. Thus, in example 2, the L. C. M. of 6 and 8 (the co- 
efficients of x) is 24, and hence the smallest multipliers of the two 
equations are 4 and 3, respectively. 

Sometimes the solution is simplified by first adding the 
given equations or by subtracting one from the other. 

Solve: x-hA9y = 51\ (1) 

49a; + y = 99i (2) 

Add (1) and (2), 60 x + 50 y = 160. (3) 

Divide (3) by 60, x + y = S. (4) 

Subtract (4) from (1), 48 y = 48. 

.-. y = l. 
Subtract (4) from (2), 48 x = 96. 

.-. X = 2. 

Exercise 70. 
Solve by addition or subtraction : 

1. 5x-h2y = 39\ 4. 4aj~5y = 26) 



2x- y= 3) 3x-6y = 15i 

x-\-3y = 22\ 6. x-{-2y = 35\ 

2x-4.y= 4) 3x-2y = 17) 

7x-2y = ll\ 6. x-\-4:y = 35l 

x-\-5y = 2sl 2aj-3y = 26) 
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7. 3a; + 5y = 50| 11. 


x-h 2y = 


^1 

90) 




Sx- 3y = 




8. 5a; + 2y = 36) 12. 
2x + 3y = 43) 


4aj- 3y = 


39> 
17) 




3x- 4:y = 




9. 3a; + 7y = 50| 13. 
5x-2y = 15 ' 


7x- 2y = 


69> 
39) 




x-10y = 




10. 2^0;+ y= 3) 14. 
7x-h5y = 21i 


3x4- 7y = 


16| 
13) 




2x+ 5y = 


• 


190. Elimination by Substitation. 








Solve: 5x + 4y = 32 


- 




(1) 


4aj-f 3y = 25 




(2) 


Transpose 4 y in (1), 6 z • 


= 32-4y. 




(3) 


Divide by coefficient of x, x- 


32 -4y 
6 




W 


Substitute the value of x in (2), 








■ .(^^)"- 


= 26, 






128 — 162/ . ^ 








— 6 — -^^y- 


= 25, 






128-16y + 15y : 


= 125, 






-y- 


= -3. 






'•y- 


= 3. 






Substitute the value of y in (2), 








4x + 9 = 


= 25. 






.-. X - 


= 4. 







To Eliminate by Substitution, therefore, 

From one of the equations obtain the value of one of the 
unknown numbers in terms of the other. 

Substitute for this unknown number its value in the other 
equation, and reduce the resulting equation. 
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EXEBCISB 


: 71. 






Solve by substitution : 








1. 2a:- 
3a;- 


7y= 0\ 
5y = ll) 


8. 


3x- 

2x + 


2y = 28> 
5y = 63f 


2. 4a;- 
3a;- 


6y= 4| 
2y = 10) 


9. 


2a;- 
6x + 


3y=5=23) 
2y = 29f 


3. 2a;- 
3a;- 


3y= 1) 
2y = 29) 


10. 


6a;- 

6a;- 


7y = ll) 
6i/= 8> 


4. x + 
2x + 


y = 19> 
7y = 88) 


11. 


7a; + 
2a; + 


6y = 20> 
5y = 32i 


6. 2a;- 
x + 


y= S\ 
2y = 25) 


12. 


x + 
3x + 


5y = 37> 
2y = 46) 


6. 19a;- 
13a;- 


16y = 23-) 
6y = 21> 


13. 


Sx- 
4a;- 


7y = 40) 
3y= 9f 


7. a; + 10y = 73> 

7x- 2y= 7i 


14. 


6x+ 9y = -17 
3a; + lly= 1 



191. Eliminatioii by Comparison. 

Solve: 2a;-5y = 66| (1) 

3aj + 2y = 23> (2) 

Transpose 6y in (1) and 2y in (2), 

2x = 66 + 6y, (8) 

3x = 23-2y. (4) 

Divide (3) by 2, x = 5i±A2^. (6) 

Divide (4) by 3, x = ??J=-^. (6) 

Equate the values of x, — - = r — -* (7) 
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Reduce (7), 198 + 16 y = 46 - 4 y, 

I9y = - 162. 

.•.y=~8. 
Substitute the value of y in (1), 

2x + 40 = 66. 

.-. X = 13. 

192. To Eliminate by Comparison, therefore, 

^rom each equation obtain the value of one of the unknown 
numbers in terms of the other. 

Form an equation from these equal values and reduce the 
equation. 





Exercise 72. 


Solve by comparison : 






1. 


a;-f y = 30_ 
Sx- 2y = 25' 


9. 


2x- 3y= 1| 
5x+ 2y = 126> 


2. 


7x+ 3y = 70) 
5x- 4y= 7) 


10. 


50a;- 9y= 1 _ 
7a;- y= 3* 


3. 


9a; + 4y = 54| 
4aj+ 9y = 89> 


11. 


a; -h 21 y = 2\ 
27y+ 2a; = 19) 


4. 


7a;+ 2y = 63| 
8a;- y= 3) 


12. 


10a; + 3y = 174) 
3a; + 102/ = 125) 


6. 


2a;-33y = 29| 
3a;-47y = 46) 


13. 


6a;-13y= 2| 
5a;-12y= 4) 


6. 


2a;- y= 9\ 
5x- 3y = 14) 


14. 


2a; + y = 108> 
10a; + 2y= 60) 


7. 


11a;- 7y= 6 
9a;- 6y = 10 " 


15. 


3a;- 5y= 5| 
7a; + y = 265) 


8. 


6x + 92/ = 188) 
13x-2y= 67) 


16. 


12a;+ 7y = 17e 
3y-19x= 3 * 



180 



SIMULTANEOUS SIMPLE EQUATIONS. 



193. Each equation must be simplified, if necessary, 
before the elimination. 



ia.-i(2, + l) = l> 



Solve : 

Multiply (1) by 4, and (2) by 12, 

3x — 2y — 2 = 4, 
4x + 4 + 9i/-9 = 108. 
From (3), 3x — 2y = 6. 

From (4), 4x + 9y = 113. 

Multiply (6) by 4, and (6) by 3, 

12x— Sy= 24 

12x + 27y = 339 

Subtract (7) from (8), S5y = 316 

.-. y = 9. 
Substitute value of y in (1), x = 8. 

Exercise 73. 
Solve : 



3^2 3 
2 "^ 3 6 



4. x-l^y^ 



8 
2x 



= 2 



^2^::i^ = 2i 

3 



(1) 
(2) 



(3) 
(4) 
(5) 
(6) 

(7) 
(8) 



X -\-y ■ y — X 
3 "^ 2 



= 9 



2"^ 9 
4ir -h 5y 



40 



= 5 



x-y 



^^P^+2,=i 



3x-5y , ^ 2y + y 

^- 2~ + ^ = '~5~ 

a;- 2y a; y 

^ — r~=2+3 



6. ^±^ = 8 
X — y 

7x-13 , 

• = 4 



37/ -5 
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7. 



x + 1 y-{-2 ^ 2(x-y) 

3 4 5 
g+e ' y+1 2x-y 

4 3 ~ 2 



x±2y±l^ 
2x-y-hl 
Sx-y-^1 ^ 
x-y + 3 



9. 



x-2 IQ-gy-lO 

5 3 " 4 

2y + 4 _ 4a;4-y-h26 
3 ~ 8 



10. 



2a;-y4-3 _ a;-2y + 19 

3 " 4 
3x-4y + 3 _ 2^-4x4-21 

4 " 3 



"■ ^-'-V^-3.-6 



12. 



5y-7 4a;-3 _ 
2 "^ 6 

26 4- 5a; -6y 
13 



= 18 -5a; 



4y — 3a; 



,, . 5a;-6.v _ 3(a; + 2y) 
^^"^ 6 " 4 



^^' ^^-^ 6 

2a;4-?y 9a; - 7 7i/-4a; + 36 
2 8 " 16 



14. 



a; + 2y4-3 ^ 5y-4a;-6 
13 ~ 3 

6a;-5y + 4 3a; + 2y + l 
3 ■" 19 
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16. 



y —x" 3 



16. 



y 



X +1 



4 10 



5— ^ = y-2 



18. 



10 



4a;-3y-7 _ 9a;-4y-25 



5 



30 



y-1 10a;-3y-20 3a;+2y4-3 
3 20 ~ 30 

Note. In solving the following problems proceed as in § 176, 



19. 



6y + 5 4a;-5y + 3_9y-4 



8 



4:X — 2y 



12 



8x + 3 x-3y 6a;-l 



20. x 



4 "^ 7-a 
2y-a; _ 



23 -a; 



a;-9j 



^+ffs-^-»» 



4a; + 7 5a5-4y ^ 17 + 8a; 

3 ■•" 2a; + 8 ~ 6 

5a; -12 4 a; - 6y - 13 _ lOa; - 53 

4 2a;-3y ~ 8 

22 7 + 8a; 3(a; - 2y) _ 11 + 4a; ] 
10 2(a;-4) 5 I 

3(2y + 3) _ 6y + 21 3y + 5a; " 
4 4 2(2y-3) 



SIMULTANEOUS SIMPLE EQUATIONS. 183 



ax +hy = c *) 
a^x + Vy = c' } 



194. Literal Simultaneous Equations. 
Solve: 

yy: 

Note. The letters a', 1/ are read a prime, b prime. In like man- 
ner, a'% a*'* are read a %tcofnd, a third, and ai, Os, Os are read a tub 
one, a svh two, a mb three. It is sometimes convenient to represent 
different numbers that have a common property by the same letter 
marked by ojccerde or suffixes. Here a and a^ have a common prop- 
erty as coefficients of x. 

ax + 6y = c. (1) 

a'x + l/y = cf. (2) 

To find the value ofy, multiply (1) by a' and (2) by a. 
Qja'x + a'by = a'c 
aa'x + aJt/y — acf 

Subtract, a'by — ab'y — a'c — acf 

Divide by a'b — aJtf, y = —;r • 

^ a'b — al/ 

To find the value ofx, multiply (1) by b', and (2) by 6. 
aJl/x + Wy = b'e 
a'bx ■¥Wy = b&' 

Subtract, aJt/x — a'hx ^b'c — bcf 

Divide by aft' — a!b, x = -r; ;r- • 

oft' — a'b 

Exercise 74. 
Solve : 

1. a; + y = s > 5. 5x -h fl^y = cxhc ) 
a — y = e?) X = dy } 

2. mx -^ ny = 



m*x 4- 



yjy = r *> 6. ia + a^^ = 1 ) 

n^y = r' ) ^'aj — a'y = 1 ) 



3. aa; — 5y = c *> 7. 3 fta; + 2 ay = 3 a5 ) 
a'a; + ^'y = ^' ^ 4 5a; — 3 ay = J a^ ) 

4. a; — y = WW ) 8. 2a; — 3y = a — 5) 
ex + aiy = ??w) 3x — 2y=^ a-hb ) 



184 



SIMULTANEOUS SIMPLE EQUATIONS, 
bx . cy _ 1 



9. 



bx-\- cy = a + h 



10. 



X •'\- 171 a 
y-n ~^ 
hx-\- ay = c 



a 
2x_y_l 
a b" S 



12. 



+ 



a -\- b a — b 
x + y = 2a 



= 2 



13 ^_|_il = i2^_5 
3a"^3^> ft a 

x — y = a — b 



14. ace + fty = c ") 

ftx + ay = c ) 

15. 3a2+ aa; = ft2 + 5y| 
+ 2fty = c? ) 



16. 



ax 



X 



y 



a -\-b a — b a + ft 
a + ft a — ft a — ft 



17. 



03 



+ 



y _ 



m — a m — b 



71 — a 71 — ft 



= 1 



196. Fractional simultaneous equations, of which the 
denominators are simple expressions and contain the im- 
known numbers, may be solved as follows; 



1. Solve: 



a . ft 

- + - = m 

X y - 

c , d 
X y 



To find the value of y. 
Multiply (1) by c, 

Multiply (2) by a, 



ac , he 

1 — = cm. 

X y 

ac , ad 

1 = an. 

X y 



Subtract (4) from (3), — = cm - an. 



(2) 

(«) 
(4) 
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Multiply both sides by y, and we have 

be — ad= (cm — aiC) y, 

T^. . , , he — ad 

Divide by cm — an, y = 

cm — an 

To find the value ofx. 

Multiply (1) by d, ^ + ^ = dm. (5) 

Multiply (2) by 6, ^ + £» = 6„. (6) 

X y 

Subtract (6) from (5), ^^ " ^ = dm - bn. 

Multiply both sides by sc, and we have 

ad — 6c = (dm — 6n)«. 
ad — he 



Divide by dm — bn, 



dm — bn 






(1) 

6x 10 y ^ 

Multiply (1) by 16, the L. C. M. of 3 and 6 ; and (2) by 30, the 
L.C.M. of 6 and 10, 

?5 + ?=106. (3) 

X y ^ ' 

55-5 = 90. (4) 

X y ^ ' 

Multiply (4) by 2, and add the result to (3), 

55 = 285. 

X 

1 

Substitute the value of x in (1), and we obtain 

1 
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Exercise 


76. 






Solve : 






1. 5 + « = 2 
X y 

X y 


- 


7. 


- + - = m 
« y 

1_1_ 

X y " 




2. ^ + 1^ = 49 
X y 


' 


8. 


^ + 1 = 6" 
X y 




X y 


. 




- + - = c 




3.5 + 5 = 3 1 
X y 




9. 


m , w 

— + -=a 
X y 




15_4_^ 
X y 






X y 




4. 2 + ^ = 191 
X y 




10. 


a b _ac^ 
X y~ h 




5-5.7 

X y 






h a _bc 
X y^ a 




'■ L + 6y = '^i 




11. 


ax by 




6 4 11 
4x 5y 20 






ax by 


^ 


•• 2>3'3, = ^ 1 




12. 


bx ay 


4aj 5y 


t.9 






b ^ a 2 
X y 


f6* 
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196. If three simultaneous e(] nations are given, involving 
three unknown numbers, one of the unknowns must be 
eliminated between two pairs of the equations; then a 
second unknown between the two resulting equations. 

Likewise, if four or more ^quations are given, involving 
four or more unknown numbers, one^of the unknowns must 
be eliminated between three or more pairs of the equations ; 
then a second between the pairs that can be formed of the 
resulting equations ; and so on. 

Note. The pairs chosen to eliminate from must be independent 
pairs, so that each of the given equations shall be used in the process 
of the eliminations. 

Solve : 



: 2x-3y-\-4.z= 4^^ 
Sx-\-5y-7z = 12 - 
5x- y-Sz= 5J 


(1) 
(2) 
(3) 


Eliminate z between the equations (1) and (3). 




Multiply (1) by 2, 4 aj - 6 y + 8?= 8 
(3) is 5x— y — Sz= 6 
Add, 9x-7y =13 


(4) 
(6) 


Eliminate z between the equations (1) and (2). 




Multiply (1) by 7, 14 x - 21 y + 28 z = 28 
Multiply (2) by 4, 12 x + 20 y - 28 z = 48 
Add, 26 X- y =76 


(6) 



We now have two equations (5) and (6) involving two im- 
knowns, x and y. 

Multiply (6) by 7, 182 x - 7 y = 532 (7) 

(6) is 9x-7iy= 13 

Subtract (5) from (7), 173 x = 519 

.-. X = 3. 
Substitute the value of x in (6), 78 — 2/ = 76. 

.-. y = 2. 

Substitute the values of x and y in (1), 

6-6 + 42 = 4. 
.-.2 = 1. 



188 SIMULTANEOUS SIMPLE EQUATIONS. 



Solve: Exercise 76. 

1. ^_^y_ S = 0^ 10. 5x + 2y-20z = 20^ 
y+z- 2S = o\- 3x-6y+ 7« = 51^ 
x-hz-U = 0) 4a + 8y- 9z = 5SJ 

2. 4:X + 3y + 2z = 25'^ 11. x -\-2y -\-10z= 44^ 
Sx-2y-\-5z^20>- Sx-\-3y+ 7;5; = 384^ 

10x-5y-\-Sz = 17J 2x-\- y -\- z = 256J 

3. 5x-2y-2z = 12^ 12. 10a; = y -\- 4: z -\- 56^ 

x-\- y+ z= s\- Sy = 2x-\-3z-9Sy 

7x-\-3y-\-4:Z = ^2J 2z= x-3y-is) 

4. a;- y-\- z = ll^ 13. 3x - 5y - 2z = 14^ 
3x-\-3y-2z = 60>' 5x-Sy- z = 12>- 

10x-5y-3z= oJ x-3y-3z= iJ 

5. lOx- 2/ + 3« = '^2^ 14. 2x-\-3y-\- ^ = 31^ 

7x + 2y+ z = 51>' X- y-\-3z = 13V 

3x-\-3y- z = 24:J 10y-\-5x-2z = ASJ 

6. 5x-\'2y-3z = 160>i 15. 2a;+ 32^- 4« = l-j 
3a; + 9y + 8« = 115 > lOx- 6y-\-12z = 6> 
2x-3y-5z= 45J a; + 12y+ 2« = 5J 

7. 6ir-2y + 5« = 53^ 16. 3ic+ 6y+ 2« = 3^ 
5x-\-3y-\-7z = 33> 12y-\- 4.z- 6x = 2y 

a.+ y+ ^= 5J 9ic + 18y- 4.z = 4.J 

8. 3x-3y + 4;5J = 20^ 17. 2a;+ y-\-2z = 3^ 
6x-\-2y — 7z= 5> 5y — 4x — 4« = 1> 



2x- 2/ + 82j = 45J 3a; + 9y+ « = 9 

2x + 7y + 10« = 25^ 18. 3a; + 2y+ z = \ 
a.+ y- ;sj= 9^ 2x- y-\- 3z = \ 

7x-7y-llz = 73J x -\- y-\-10z = 55 



= 55 J 
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19. i--+ 4 = 
X y 

y « 
2+^-14 = 

Z X 



24-. i + i-l = 

X y a 

a; « 



20. i + i + 1 =36 
X y z 

U^-i =28 
cc y « 

a; oy 2« 



,.. 1 + 1 + 1-62 



21. l + ?-2= 1 

X y z 

5 + ^ + «=24 

I-«+^=14 
X y z 



26. ? + i-2 = 

a; y isf 

?-?-2=0 
a; « 3 



22. i + i-i = a 
aj y « 

-H = c 

y z X 



2,. 15_4^5^ 33 

a; y « 
§-^ + ^2 = 161 



4_3_J_ 
^^ X y~20 
2_3^J^ 
z X 15 
4_5^J_ 
» y 12J 



a; y ;;; 

x 2/ « 

? + i«-« = 14.9 
y z X 



CHAPTER Xn. 

PROBLEMS UnrOLVIKG TWO OR MORE UNKNOWN 
NUMBERS. 

197. It is often necessary in the solution of problems to 
employ two or more letters to represent tlie numbers to be 
found. In all cases the conditions must be sufficient to 
give just as many equations as there are imknown numbers 
employed. If there are more equations than unknown 
numbers, some of them are superfluous or inconsistent ; if 
there are fewer equations than imknown numbers, the 
problem is indeterminate. 

Exercise 77. 

1. If A gave B $10, B would have three times as much 
money as A. If B gave A $10, A would have twice as much 
money as B. How much has each ? 

Let X = the number of dollars A has, 

and y = the number of dollars B has. 

Then, if A gave B $10, 

X — 10 = the number of dollars A would have, 
y + 10 = the number of dollars B would have. 
.•.y + 10 = 3(x-10). (1) 

If B gave A $10, 

X + 10 = the number of dolMrs A would have, 
y — 10 = the number of dollars B would have. 
.-. X + 10 = 2 (y - 10). (2) 

From the solution of equations (1) and (2), x = 22, and y = 26. 

Therefore, A has $22, and B has $26. 
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2. If the smaller of two numbers is divided by the 
greater, the quotient is 0.21, and the remainder 0.0057; 
but if the greater is divided by the smaller, the quotient is 
4 and the remainder 0.742. Find the numbers. 

Let X = the greater number, 

and y = the smaller number. 

Then, yz:MO^=o.21, (1) 

and xj^^^ ^^j 

.-. y - 0.21 x = 0.0057, (3) 

x-4y = 0.742. (4) 

Multiply (3) by 4, 4 y - 0. 84 x = 0. 0228 (6) 

(4) is -4y+ x = 0.742 

Add, " 0.16x = 0.7648 

.-. x = 4.78. 
Put the value of x in (2), 4 y = 4.038, 

.'•. y = 1.0096. 

Therefore, the numbers are 4.78 and 1.0095. 

3. If A gave B $100, A would then have half as much 
money as B ; but if B gave A $100, B would' have one third 
as much as A. How much has each ? 

4. If the greater of two numbers is divided by the 
smaller, the quotient is 7 and the remainder 4; but if three 
times the greater number is divided by twice the smaller, 
the quotient is 11 and the remainder 4. Find the numbers. 

5. If the greater of two numbers is divided by the 
smaller, the quotient is 4 and the remainder 0.37; but if 
the smaller is divided by the greater, the quotient is 0.23 
and the remainder 0.0149. Find the numbers. 

6. If A gave B $5, he would have $6 less than B ; but if 
he received $5 from B, three times his money would be $20 
more than four times B's. How much has each ? 



-, \ 



y 



7 



C^^ 



iU^ [^^^ t^^y *-i. 
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7. If the numerator of a fraction is doubled and its 
denominator diminished by 1, its value will be \. If its 
denominator is doubled and its numerator increased by 1, 
its value will be \. Find the fraction. 

Let X = the numerator, 

and y = the denominator. 

Then, F^ = i' W 

and ^ = ^. (2) 

The solution of equations (1) and (2) gives 5 for x and 21 for y. 
Therefore, the required fraction is ^. 

8. A certain fraction becomes equal to J if 3 is added 
to its numerator and 1 to its denominator, and equal to J 
if 3 is subtracted from its numerator and from its denomi- 
nator. Find the fraction. 

9. A certain fraction becomes equal to ^y if 1 is added 
to double its numerator, and equal to J if 3 is subtracted 
from its numerator and from its denominator. Find the j 
fraction. / 

10. There are two fractions with numerators 11 and 5, / 
respectively, whose sum is 1 J ; but if their denominators / 
wogr interchanged their sum wmtkMm 2^.-^^ „_J. . 

11. A certain fraction becomes equal to ^ when 7 is added 
to its denominator, and equal to 2 when 13 is added to its 
numerator. Find the fraction. 

12. A certain fraction becomes equal to J when the 
denominator is increased by 4, and equal to |J when the 
numerator is diminished by 15. Find the fraction. 

13. A certain fraction becomes equal to § if 7 is added 
to the numerator, and equal to | if 7 is subtracted from 
the denominator. Find the fraction. 
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14. A certain number is expressed by three digits. The 
sum of the digits is 21. The sum of the first and last digits 
is twice the middle digit. If the hundreds' and tens' digits 
are interchanged, the number is diminished by 90. Find 
the number. 

Let X = the hundreds* digit, 

y = the tens' digit, 
z = the units* digit. 
Then, 100 x + 10 y + 2 = the number. 

By the conditions, x + y + z = 21, (1) 

X + z = 2 y, (2) 

and lOOy + lOx + z = lOOx + lOy + z - 90. (3) 

Solving these equations, x = 8, y = 7,z = 6. 

Therefore, the number is 876. 

15. The sum of the two digits of a number is 9, and if 
27 is subtracted from the number, the digits will be reversed. 
Find the number. 

16. The sum of the two digits of a number is 9, and if 
the number is divided by the sum of the digits, the quotient 
is 5. Find the number. 

17. A certain number is expressed by two digits. The 
sum of the digits is 11. If the digits are reversed, the new 
number exceeds the given number by 27. Find the number. 

18. A certain number is expressed by three digits, the 
units' digit being zero. If the hundreds' and tens' digits 
are interchanged, the number is diminished by 180. If the 
hundreds' digit is halved, and the tens' and units' digits are 
interchanged, the number is diminished by 336. Find the 
number. 

19. A number is expressed by three digits. If the digits 
are reversed, the new number exceeds the given number by 
99. If the number is divided by nine times the sum of its 
digits, the quotient is 3. The sum of the hundreds' and 
units' digits exceeds the tens' digit by 1. Find the number. 
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20. A boatman rows 20 miles down a river and back in 
8 hours. He linds that he can row 5 miles down the river 
in the same time that he rows 3 miles up the river. Find 
the time he was rowing down and up respectively. 

Let X = the boatman's rate per hour in still water, 

and y = the rate per hour of the current. 

20 
Then, — ; — = the number of hours he was rowing down, 

x-hy 

20 
and ■ _ = the number of hours he was rowing up. 

Therefore, -^ + — =^ = 8, (1) 

: x + y x — y ^ ' 

and -^ = ^-. (2) 

x-\-y x — y ^ ' 

Solving these equations, x = 6^, y = IJ. 

20 20 

Therefore, — ; — = 3, = 5. 

x-\-y x — y 

It takes him 3 hours to row down and 5 hours to row 
back. 

21. A boat's crew which can pull down a river at the 
rate of 10 miles an hour finds that it takes twice as long to 
row a mile up the river as to row a mile down. Find the 
rate of their rowing in still water and the rate of the 
stream. 

22. A boatman rows down a stream, which nms at the 
rate of 2J miles an hour, for a certain distance in 1 hour 
30 minutes ; it takes him 4 hours 30 minutes to return. 
Find the distance he pulled down the stream and his rate 
of rowing in still water. 

23. A person rows down a stream a distance of 20 miles 
and back again in 10 hours. He finds he can row 2 miles 
against the stream in the same time he can row 3 miles with 
it. Find the time of his rowing down and of his rowing 
up the stream ; and also the rate of the stream. 
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24. A and B can do a piece of work together in 3 days, 
A and C in 4 days, B and C in 4^ days. How long will it 
take each alone to do the work ? 

Let X, y, z = the number of days in which A, B, C can do the 
work, respectively. 

Then, -» -i - = the parts A, B, C can do in 1 day, respectively. 

And - H- - = the part A and B together can do in one day. 
X y 

But i = the part A and B together can do in 1 day. 

Therefore, l + i=l, (1) 

X y S ^ ' 

Likewise, ~ "*" ~ ~ 7 ' (2) 

, 1 ^ 1 2 / 1 2\ ,_. 

Add, and divide ^7 2, ^ + J + ^ = f| (4) 

Subtract (1), (2), and (3)^ separately from (4), and we have 

1 = A 1 = 11 1 = 1§. 

z 72* y 72* x 72* 

Therefore, « = 14|, y = Qfj, x = 5/^. 

Therefore, A can do the work in 5^^ days, B in 6^ 
days, and C in 14f days. 

26. A cistern has three pipes. A, B, and C. A and B 
will fill the cistern in 1 hour 10 minutes, A and C in 1 
hour 24 minutes, B and C in 2 hours 20 minutes. How long 
will it take each pipe alone to fill it ? 

26. A and B can do a piece of work in 2^ days, A and 
C in 3J days, B and C in 4 days. How long will it take 
each alone to do the work ? 

27. A and B can do a piece of work in a days, A and C 
in b days, B and C in c days. How long will it take each 
alone to do the work ? 
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28. A sum of money, at simple interest, amounted to 
$2480 in 4 years, and to $2600 in 5 years. Find the sum 
and the rate of interest. 

Let X = the number of dollars in the principal, 

and y = the rate of interest. 

The interest for one year is r^ of the principal, = r^ of x; for 4 

years, = — of x; and for 6 years, = — of x. 

The amount is principal + interest. 

Therefore, ^^^~ ^^^- 

. + 1^ = 2600. 

Hence, 100 x + 4 xy = 248,000. (1) 

100xH-6xy = 260,000. (2) 

Multiply (1) by 6 and (2) by 4, and we have 

500x + 20xy = 1,240,000 

400x + 20x.v= 1,040,000 
Subtract, 100 x = 200,000. 

Therefore, x = 2000. 

Substitute the value of x in (1), y = 6. 
Therefore, the sum is $2000, and the rate 6%. 

29. A sum of money, at simple interest, amounted in 4 
years to $29,000, and in 5 years to $30,000. Find the sum 
and the rate of interest. 

30. A sum of money, at simple interest, amoimted in 10 
months to $2100, and in 18 months to $2180. Find the 
sum and the rate of interest. 

31. A man has $10,000 invested. For a part of this 
sum he receives 5 per cent interest, and for the rest 6 per 
cent; the income from his 5 per cent investment is $60 
more than from his 6 per cent. How much has he in each 
investment ? 
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32. In a mile race A gives B a start of 20 yards and 
beats him by 30 seconds. At the second trial A gives B a 
stairt of 32 seconds and beats him by 9^^ yards. Find the 
number of yards each runs a second. 

Let X = the number of yards A runs a second, 

and y = the number of yards B runs a second. 

Since there are 1760 yards in a mile, 

= the number of seconds it takes A to run a mile. 

X 

Since B has a start of 20 yards, he runs 1740 yards the first trial ; 
and as he was 30 seconds longer than A, 

1- 30 = the number of seconds B was running. 

But = the number of seconds B was running. 

y X ^ ' 

In the second trial B runs (1760 — 9^^) yards = 17601^^ yards. 
.,11^ = 1160^32 

y X . ^ ' 

From the solution of equations (1) and (2), x = 6Jf , and y = d^. 

Therefore, A rims 6^ yards a second, and B runs 5^ 
yards a second. 

33. Two men, A and B, rim a mile, and A wins by 2 
seconds. In the second trial B has a start of 18^ yards, 
and wins by 1 second. Find the number of yards each 
rims a second, and the number of miles each would run in 
an hour. 

34. .In a mile race A gives B a start of 3 seconds, and is 
beaten by 12^ yards. In the second trial A gives B a start 
of 10 yards, and the race is a tie. Find the number of 
yards each runs a second. At this rate, how many miles 
could each run in an hour ? 
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35. A train, after traveling an hour from A towards B, 
meets with an accident which detains it half an hour; after 
which it proceeds at four fifths of its usual rate, and arrives 
an hour and a quarter late. If the accident had happened 
30 miles farther on, the train would have been only an hour 
late. Find the usual rate of the train. 

Let y = the number of miles from A to B, 

and 5 X = the number of miles the train travels per hour. 

Then, 4 x = the rate of the train after the accident. 

Then, y — 5 x = the number of miles the train has to go after 

the accident. 

y — 5 X 
Hence, ^—r = the number of hours required usually, 

T/ '~~ 3 X 

and — 2 ~ ^^^ number of hours actually required. 

y — 5x y — 5x ^, T . . . . *. 

.-. — T r = the loss m hours of runnmg time. 

But since the train was detained i an hour and arrived li hours 
late, the running time was f of, an hour more than usual. That is, 
f = loss in hours of running time, 
y — 6x y — 5x 3 



4x 5x 4 



(1) 



If the accident had happened 30 miles farther on, the remainder of 
the journey would have been y — (5x + 30) miles, and the loss in 
running time would have been | an hour. 

y-(5x + 30) y-(5x + 30) ^1 
• 4x 5x 2 ^' 

From the solution of equations (1) and (2), x = 6, and 6x = 30. 

Therefore, the usual rate of the train is 30 miles an hour. 

36. An express train, after traveling an hour from A 
towards B, meets with an accident which delays it 15 min- 
utes. It afterwards proceeds at two thirds its usual rate, 
and arrives 24 minutes late. If the accident had happened 
5 miles farther on, the train would have been only 21 
minutes late. Find the usual rate of the train. 
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37. If 3 yards of velvet and 12 yards of silk cost $60, 
and 4 yards of velvet and 5 yards of silk cost $58, what is 
the price of a yard of velvet and of a yard of silk ? 

38. If 5 bushels of wheat, 4 of rye, and 3 of oats are sold 
for $9 ; 3 bushels of wheat, 5 of rye, and 6 of oats for $8.75 ; 
and 2 bushels of wheat, 3 of rye, and 9 of oats for $7.25 ; 
what is the price per bushel of each kind of grain ? 

39. A train proceeded a certain distance at a uniform 
rate. If the speed had been 6 miles an hour more, the time 
occupied would have been 5 hours less ; but if the speed had 
been 6 miles an hour less, the time occupied would have 
been 7 J hours more. Pind the distance. 

Hint, li x = the number of hours the train travels, and y the 
number of miles per hour, then xy = the distance. 

40. A certain number of persons paid a bill. If there had 
been 10 persons more, each would have paid $2 less ; but if 
there had been 5 persons less, each would have paid $2.50 
more. Pind the number of persons and the amount of the bill. 

41. A man bought 10 cows and 50 sheep for $750. He 
sold the cows at a profit of 10 per cent, and the sheep at a 
profit of 30 per cent, and received in all $875. Find the 
average cost of a cow and of a sheep. 

42. It is 40 miles from Dover to Portland. A sets out 
from Dover, and B from Portland, at 7 o'clock a.m., to meet 
each other. A walks at the rate of 3 J miles an hour, but 
stops 1 hour on the way ; B walks at the rate of 2^ miles 
an hour. At what time of day and how far from Portland 
will they meet ? 

43. A number is expressed by three digits. The sum of 
the digits is 21 ; the sum of the first and second exceeds the 
third by 3 ; and if 198 is added to the number, the digits in 
the units' and hundreds' places will be interchanged. 
Find the number. 
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44. If the length of a rectangular field is increased by 6 
yards and its breadth by 10 yards, its area is increased by 
450 square yards ; but if its length is increased by 5 yards 
and its breadth diminished by 10 yards, its area is dimin- 
ished by 360 square yards. Pind its dimensions. 

45. If the floor of a certain hall had been 2 feet longer 
and 4 feet wider, it would have contained 528 square feet 
more ; but if the length and width were each 2 feet less, it 
would contain 316 square feet less. Pind its dimensions. 

46. If the length of a rectangle was 4 feet less and the 
width 3 feet more, the figure would be a square of the same 
area as the given rectangle. Find the dimensions of the 
rectangle. 

47. If a certain number is divided by the sum of its two 
digits diminished by 2, the quotient is 5 and the remainder 
1 ; if the digits are interchanged, and the resulting number 
is divided by the sum of the digits increased by 2, the 
quotient is 5 and the remainder 8. Find the number. 

48. A person has a certain capital invested at a certain 
rate per cent. Another person has $2000 more capital 
invested at one per cent better than the first, and ^ receives ; 
$150 more income. A third person has $3000 more capital 
invested at two per cent better than the first, and ^receives . 
$280 more income. Find the capital of each, and the rate 
at which it is invested. 

49. A man makes an investment at 4 per cent, and a 
second investment at 4J per cent. His income from the 
two investments is $715. If the first investment had been 
made at 4 J per cent and the second at 4 per cent, his income 
would have been $15 greater. Find the amount of each 
investment. 
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50. A number is expressed by two digits, the units' digit 
being the larger. If the number is divided by the sum of 
its digits, the quotient is 4. If the digits are reversed and 
the resulting number is divided by 2 more than the differ- 
ence of the digits, the quotient is 14. Find the number. 

51. An income of $335 a year is obtained from two in- 
vestments, one in 4 J per cent stock and the other in 5 per 
cent stock. If the 4J per cent stock should be sold at 110, 
and the 5 per cent at 125, the sxim realized from both stocks 
together would be $8300. How much of each stock is there ? 

52. A sum of money, at simple interest, amounted in m 
years to c. dollars, and in n years to d dollars. Find the 
sum and the rate of interest. 

53. A sum of money, at simple interest, amounted in m 
months to a dollars, and in n months to h dollars. Find 
the sum and the rate of interest. 

54. A person has $18,375 to invest. He can buy 3 per 
cent bonds at 75, and 5 per cent bonds at 120. How much 
of his money must he invest in each kind of bonds in order 
to have the same income from each investment ? 

Hint. Notice that the 3 per cent bonds at 76 pay 4 per cent on the 
money invested, and 5 per cent bonds at 120 pay 4J'per cent. 

55. In a mile race A gives B a start of 44 yards, and is 
beaten by 1 second. In a second trial A gives B a start of 
6 seconds, and beats him by 9j yards. Find the number 
of yards each runs a second. 

56. A train, after running 2 hours from A towards B, 
meets with an accident which delays it 20 minutes. It 
afterwards proceeds at four fifths its usual rate, and arrives 
1 hour 40 minutes late. If the accident had happened 
40 miles nearer A, the train would have been 2 hours late. 
Find the usual rate of the train. 
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57. A boy bought some apples at S for 5 cents, and 
some at 4 for 5 cents, paying $1 for the whole. He sold 
them at 2 cents apiece, and cleared 40 cents. How many 
of each kind did he buy ? 

58. Find the area of a rectangular floor, such that if 3 
feet were taken from the length and 3 feet added to the 
breadth, its area would be increased by 6 square feet, but 
if 5 feet were taken from the breadth and 3 feet added to 
the length, its area would be diminished by 90 square feet. 

59. A courier was sent from A to B, a distance of 147 
miles. After 7 hours, a second courier was sent from A, 
who overtook the first just as he was entering B. The time 
required by the first to travel 17 miles added to the time 
required by the second to travel 76 miles is 9 hours 
40 minutes. How many miles did each travel per hour ? 

60. A box contains a mixture of 6 quarts of oats and 9 
of corn, and another box contains a mixture of 6 quarts of 
oats and 2 of corn. How many quarts must be taken from 
each box in order to have a mixture of 7 quarts, half oats 
and haK corn ? 

61. A train traveling 30 miles an hour takes 21 minutes 
longer to go from A to B than a train which travels 36 
miles an hour. Find the distance from A to B. 

62. A man buys 570 oranges, some at 16 for 25 cents, 
and the rest at 18 for 25 cents. He sells them all at the 
rate of 15 for 25 cents, and gains 75 cents. How many of 
each kind does he buy ? 

63. A and B run a mile race. In the first heat B 
receives 12 seconds start, and is beaten by 44 yards. In 
the second heat B receives 165 yards start, and arrives at 
the winning post 10 seconds before A. Find the time in 
which each can run a mile. 
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198. The discussion of a problem consists in making 
various suppositions as to the relative values of the given 
numbers, and explaining the results. We will illustrate by 
the following example : 

Two couriers are traveling along the same road, in the 
same direction. A travels m miles an hour, and B travels 
n miles an hour. At 12 o'clock B isd miles in advance of A. 
When will the couriers be together ? 

Suppose they will be together x hours after 12. Then A has trav- 
eled mx miles, and B has traveled nx miles, and as A has traveled 
d miles more than B 

mx'-nx = d, .*. x = 



Discassion. 1. If m is greater than n, the value of x is positive, 
and A will overtake B after 12 o'clock. 

2. If m is less than n, the value of x is negative. In this case B 
travels faster than A, and as he is d miles ahead of A at 12 o'clock, 
A cannot overtake B after 12 o'clock, but B passed A b^ore 12 
o'clock. The supposition, therefore, that the couriers are together 
after 12 o'clock is incorrect, and the negative value of x points to an 
exior in the supposition. 

d 

3. If m equals n, then the value of x assumes the form - • Now, if 

the couriers are d miles apart at 12 o'clock, and if they travel at the 
same rates, it is obvious that they never will be together, so that the 

symbol - may be regarded as the symbol of impossibility. 

4. If m equals n and d is 0, then becomes - • Now, if the 

m — n 

couriers are together at 12 o'clock, and if they travel at the same 
rates, it is obvious that they will be together all the time, so that x 

may have an ind^nite number of values. Hence, the symbol - may 

be regarded as the symbol of indetennination. 
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Exercise 78. 

1. A train traveling h miles per hour is m hours in 
advance of a second train that travels a miles per hour. 
In how many hours will the second train overtake the first ? 

hm 



Ans. 



a — h 



Discuss the problem (1) when a is greater than h \ (2) when a is equal 
to 6 ; (3) when a is less than b. 

2. A man setting out on a journey drove at the rate of 
a miles an hour to the nearest railway station, distant h 
miles from his house. • On arriving at the station he found 
that the train left c hours before. At what rate per hour 
should he have driven in order to reach the station just 
in time for the train ? 

ah 



Ans, 



h 



Discuss the problem (1) when c = ; (2) when c = - ; (3) when 

c = • In case (2), how many hours did the man have to drive 

from his house to the station ? In case (3), what is the meaning of 
the negative value of c ? 

3. A wine merchant has two kinds of wine which he sells, 
one at a dollars, and the other at b dollars per gallon. He 
wishes to make a mixture of I gallons, that shall cost him 
on the average m dollars a gallon. How many gallons 
must he take of each ? 

Ans. ^ r~ of the first ; -^^ —r— of the second. 

a — a — 

Discuss the problem (1) when a = b; (2) when o or 6 = m ; (3) 
when a = b = m\ (4) when a is greater than b and less than m ; (6) 
when a is greater than b and b is greater than m. 



CHAPTER XIII. 
SIMPLE Iin)£T£RMINAT£ EQUATIONS. 

199. If a single equation is given with two unknowTi 
numbers, and no other condition is imposed, the number of 
its solutions is unlimited ; for, if any value is assigned to 
one of the unknown numbers a corresponding value may be 
found for the other. An equation that has an indefinite 
number of solutions is said to be indeterminate. 

200. The values of the unknown numbers in an inde- 
terminate equation are dependent upon each other ; so that 
they are confined to a particular range. 

This range may be still further limited by requiring 
these values to satisfy some given condition; as, for 
instance, that they shall be positive integers. 

1. Solve 3 X -h 4 y = 22, in positive integers. 

Transpose, 3 x = 22 — 42/. 

Divide by 3, x = l-y + ^-^• 

1 —y 
Transpose, x -h y — 7 = — ^• 



1—7/ 

Since x and y are integers, — ^ is an integer. 

o 
1 —V 

Let — :—- = m, an integer. 

o 

Then, y = 1 — 3 m. (1) 

Put this value for y in the given equation. 

Then, x = 6 + 4 m. (2) 

In equations (1) and (2), 

lim = 0, then y = 1 and x = 6. 

If m = — 1, then y = i and x = 2. 

No other value of m gives positive integers for both x and y. 
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2. Solve 5 a: — 14 y = 11, in positive integers. 
Transpose, 6 x = 1 1 + 14 y. 
Divide by 6, x = 2 + 2y4- ^ "t^^ - 



Transpose, x — 2 y — 2 = — 

1+42/ • 
Then, — r— ^ must be integral. 

T ^ 1 +4y ^, 5m — 1 . ^. . - 

Let — - — = m, then y = a fraction in form. 

o 4 

To avoid this difficulty, it is necessary to make the coefficient of y 

1 + 42/ 1 + 4v 

equal to unity. Since — r — is integral, any multiple of — r~"^'i8 

integral. Multiply the numerator of the fraction, then, by a number 
that will make the division of the coefficient of y give a remainder of 1, 
In this case, multiply by 4. 

Wehave i±^ = ^y + i±l. 

5 o 

T . 4 + y 

Let — r-^ = w, an integer. 

Then, y = 6m — 4. (1) 

Since x = J (11 + 14y), from the original equation, 

X = 14 w — 9. (2) 

Here it is obvious that m may have any positive value. 

If m = 1, X = 6, y = 1 ; 

If m = 2, X = 19, y = 6 ; 

If m = 3, X = 33, y = 11 ; 

and so on. 

3. Solve 5 a; -h 6 2/ = 30, so that x may be a multiple of y, 
and both positive. 

Let X = my. 

Put this value of x in the given equation. 
Then, (6m + 6)y = 30. 



and 



If w = 2, 
K m = 3. 



y 


5m + 6 


1 


X 


30 m 
5m + 6 




X 


= 3i, y = 


ij; 


X 


= 4?, y = 


If 
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Exercise 79. 
Solve in positive integers : 

1. 2a;-hlly = 49. 5. Sx + Sy = 61. 

2. 7x + 3y = ^0. 6. 8x-h5// = 97. 

3. 5x + Ty = 5S. 7. 16a; -h 7y = 110. 

4. aj + 102/ = 29. 8. 7aj-hl0y = 206. 
Solve in least positive integers : 

9. 12a;-72/ = l. 12. 23 a: - 9 // = 929. 

10. 5a; -171/ = 23. 13. 23a;-33y = 43. 

11. 23y-lSx = 3, 14. 5r>o a; -22^ = 73. 

15. A man spent $114 in buying calves at $5 apiece, 
and pigs at $3 apiece. How many did he buy of each ? 

16. In how many ways can a man pay a debt of $87 
with five-dollar bills and two-dollar bills ? 

17. Find the smallest number that, when divided by 5 
or when divided by 7, gives 4 for a remainder. 

Let n = the number, then — - — = x, and — = — = y. 

18. A farmer sold 15 calves, 14 lambs, and 13 pigs for 
$200. Some days after, at the same price for each kind, 
he sold 7 calves, 11 lambs, and 16 pigs, and received $141. 
What was the price of each ? 

First eliminate one of the unknowns from the two equations. 

19. A number is expressed by three digits. The sum of 
the digits is 20. If 16 is subtracted from the number and 
the remainder divided by 2, the digits will be reversed. 
Find the number. 

20. In how many ways may 100 be divided into two 
parts, one of which shall be a multiple of 7 and the other 
a multiple of 9 ? 



CHAPTER XIV. 
nrEQUALITIES. 

201. If a — ^ is positive, a is said to be greater than h ; 
if a — ft is negative, a is said to be less than h. 

Note. Letters in this chapter are understood to stand for positive 
numbers, unless the contrary is expressly stated. 

202. An Inequality is a statement in symbols that one of 
two numbers is greater than or less than the other. 

203. The Sign of an Inequality is >, which always points 
toward the smaller number. Thus, a > 6 is read a is 
greater than b\ c < c? is read c is less than d, 

204. The expressions that precede and follow the sign of 
an inequality are called, respectively, the first and second 
members of the inequality. 

205. Two inequalities are said to subsist in the same sense 

if the signs of the inequalities point in the same direction ; 
and two inequalities are said to be the reverse of each other 
if the signs point in opposite directions. 

Thus, o > 6 and c > d subsist in the same sense, but a>> & and c<^d 
are the reverse of each other. 

206. If the signs of all the terms of an inequality are 
changed, the inequality is reversed. Thus, if a > ^, then 
— a< — h, 

207. If the members of an inequality are interchanged, 
the inequality is reversed. Thus, if a > 6, then b <^a. 
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208. An inequality will continue to subsist in the same 
sense if each member is increased, diminished, multiplied^ or 
divided, by the same posiiive number. 

Thus, if a > 6, then a4-c>6 + c; a — c^b — c\ <ic>6cj 
a-i- c^h-^ c. Therefore, 

209. A ierm can be transposed from one member of an 
inequality to the other, provided the svjn of the term is 
changed. 

Thus, if a — C^h, 

by adding c to both members, a > 6 4- c. (§ 208) 

210. An inequality will be reversed if its members are 
subtracted from equal numbers ; or if its members are 
multiplied or divided by the same negative number. 

Thus, \ix = y and a > 6, then x — a<y — &; — ac< — 6c; and 
aH-(-c)<6^(-c). 

211. The sum or product of the corresj^ondlnff members 
of two inequalities that subsist in the same sense is an 
inequality in the same sense. 

Thus, if a > 6 and c > d, then a + c > 6 + cZ, and ac > hd, 

212. The difference or quotient of the corresponding 
members of two inequalities that subsist in the same sense 
may be an inequality in the same sense, or the reverse, or 
may be an equality. 

Thus, 7 > 4 5 > 4 

By subtraction, -^ By subtraction, — ==:-— 

^ 4>2 2 = 2 

7>4 5>4 

By division, ^ By division, ^^ ^ 

^ 2i>2 lf<2 
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1. Find one limit for x, if 

Multiply by 10, 40a; — 30 > 16« - 6. 

Transpose, 25 x > 24. 

Divide by 26, « > !!• 

2. Find the limits of x, 

given sc — 4 > 2 — 3 X, (1) 

and 3aj-2<ic + 3. (2) 

Transpose in (1), 4 x > 6. 

Divide by 4, x > l^. 

Transpose in (2), 2 x < 6. 

Divide by 2, x<2i. 

Therefore, the value of x lies between Ij and 2J. 

Exercise 80. 
Find one limit for x, given : 

1. (x-hiy<x^ + Sx-5, 3. x + 2b>Tx, 

^ 4x — 2 3 — 5a; ^ _ « ^ . rr, 

2. 3— > ^^ 4. 3a;-2<--h7j. 

5. Find the limiting values of x, 
given 4a; — 6<2a;-h4, 
and * 2a' + 4>16-2a;. 

6. If a < 5, find the limiting values of x, 

ax , ^ y a^ 

given — + 6x — ao > — > 

o o 

and ~ — ax + ab <Cy' 

7. Find the integral value of a;, 

given J (a, + 2) + ia; <i (a; - 4) + 3, 

and j(;^ + 2)-hia;>i(a; + l)+i. 
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8. Twice a certain integral number increased by 7 is not 
greater than 19 ; and three times the number diminished 
by 5 is not less than 13. Find the number. 

9. Twice the number of pupils in a certain class is less 
than 3 times the number minus 39 ; and 4 times the num- 
ber plus 20 is greater than 5 times the number minus 21. 
Find the number of pupils in the class. 

213. Theorem. If a and h are unequal^ a* + ^^> 2 ah. 

For (a — 6)2 must be positive, whatever the values of a and h. 
That is, (a — 6)2>0. 

Squaring, a^ — 2a6 + 62>0. 

Transposing — 2 a&, a^ + 62 > 2 oft. 

If a and h are positive and unequal, show that 
a» + 6»>a26 + a62^ 

Now, a8 + 6«>a26 + a6a, 

if (dividing each side by a + 6) 

a2 — a6 + 62>a6, 
if (transposing — 06) a^ + 6^ > 2 06. 

But a2 + 62 > 2 06. (Theorem) 

Therefore, a« + &» > a26 + a62. 

Exercise 81. 
K the letters are unequal and positive, show that : 

1. a^ + Sl>'>2b (a-^h). 

2. {a^ + h") (a* + 6*) > (a« + by, 

3. a% + ah + ah^ + hh -\- ac^ + bc^>6 abc. 

4. The sum of any fraction and its reciprocal > 2. 

5. ab + ac +bc <(a + b - cf -{- (a -\- c-by-h (b + c-ay, 

6. (a^ + 6^ (c^ + ^ > (ac 4- bd)\ 

a + b 2ab ^. *^1_l1. 

^' ■"2"^7+^* b'^a^^b^a 



CHAPTER XV. 
imrOLUTION AND EVOLUTION. 



Involution. 

214. The operation of raising an expression to any re- 
quired power is called Involution. 

215. Index Law for Involution. If m is a positive integer, 

a*'^ = a X a X a to m factors. 

Consequently, if m and n are both positive integers, 
(a**)™ = a** X a" X a** to m factors 

— qTi + n^+ n to m termB 

= a"". Hence, 

Any required power of a given power of a number is found 
by multiplying the exponent of the given power by the expo- 
nent of the required power. 

216. To find {aby. 

(obY = ab y. ab to w factors 

= (aX a to n factors) (b X b to n factors) 

= a"b\ 

In like manner, (abcY = a%^c^ ; and so on. Hence, 
Any required power of a product is found by taking the 
product of its factors each raised to the required power, 

217. In the same way it may be shown that 

Any required power of a fraction is found by taking the 
required power of the numerator and of the denominator. 
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218. From the Law of Signs in multiplication it is evi- 
dent that all even powers of a number are positive ; all odd 
powers of a number have the same sign as the number itself. 

Hence, no even power of any number can be negative ; 
and the even powers of two compound expressions that 
have the same terms with opposite signs are identical. 

Thus, (}> - a)^ =(a- h)\ 

219. Binomials. By actual multiplication we obtain, 

(aJ^hy = a^-{-2ah + h^', 
(a + ^,)8 = a8 + 3 a^b + 3 a&2 4. ^,8 . 
(a-^by=a^^4.a''b-\-^a%^-^4.aI/'-irh\ 
In these results it will be observed that : 

1. The nimiber of terms is greater by one than the ex- 
ponent of the binomial. 

2. In the first term the exponent of a is the same as 
the exponent of the binomial, and the exponent of a 
decreases by one in each succeeding term. 

3. b appears in the second term with 1 for an exponent, 
and its exponent increases by 1 in each succeeding term. 

4. The coefficient of the first term is 1. 

5. The coefficient of the second term is the same as the 
exponent of the binomial. 

6. The coefficient of each succeeding term is found from 
the next preceding term by multiplying the coefficient of 
that term by the exponent of a and dividing the product 
by a number greater by one than the exponent of b, 

220. If b is negative, the terms in which the odd powers 
of b occur are negative. Thus, 
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1. (a - by = a« -Sa^ + 3a5«- &•. 

2. (a - ^)* = a* - 4 a«6 -h Ga^^^ _ 4ffft8 + 6*. 

By the above rules any power of a binomial of the form 
adtb may be written at once. 

Note. The doable sign ± is read plus or mimia ; and a±h means 
a + 6 or a — 6. 

221. The same method may be employed when the terms 
of a binomial have coefficients or exponents, 

1. Find the third power of 5 a;^ — 22^. 

Since (a - ft)» = a» - 3 a% -f 3 a^ - 6», 

putting 5x^ for a, and 2 y' for b, we have 
(5aj«-2y«)« 
= {5xy - 3 (5a;^2 (22/») -h 3 (5a:^ (2/)« - (2y«)» 
= 125 a:« - 150 a^V + 60irV -%y\ 

2. Find the fourth power oix^— \ y. 

Since (a - by = a* - 4a«ft + Ca^ft^ _ 4^^8 ^ ^4^ 
putting cc^ for a, and J y for b, we have 

= (0^^* - 4 (xy a y) + 6 {x'^^ {\yy - 4 a:« (iy)' -h {W 

= a:« - 2ajv + 1 a^y - i^y + A/- 

222. In like manner, d^ polynomial of three or more terms 
may be raised to any power by enclosing its terms in paren- 
theses, so as to give the expression the form of a binomial. 

1. (a + 6 + c)» = [a-f (6 + c)]« 

= a» + 3 a« (5 4- c) 4- 3 a (6 + c)2 + (ft + c)« 
= a» 4- 3 a^ft + 3 a^o + 3 aft^ -f 6 aftc 

+ 3 ac^ 4- 6' + 3 ft^c + 3 bc^ 4- cl 
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2. (x»-2a;2 + 3aj-h4)2 

= [(aj»-2aj^ + (3a; + 4)7 

= (aj« - 2x')^ + 2 (a;» - 2aj^ (3 a + 4) + (3aj + 4)^ 
= x» - 4a;'^ + 4aj* + 6a;* - 4a;« - IGaj^ -f 9a;2 + 24a; + 16 
= a;« - 4a;S + 10a;* - 4a;« - Ta;^ + 24a; + 16. 

Exercise 82. 
Eaise to the required power : 

1. («*)». 10. {x-\-2)\ 

2. (a2Z>«)6. 11. (a;2-2)*. 
/2^Y 12. (a;4-3)». 
V^ «W 13. (2 a; -h 1)«. 

4. {-^ab^cy. 14. (2m2-l)6. 

5. (-rxV*)'. 15. (2x + 3y)«. 



(- 



2xY J 17. (xy-2)\ 

7. (-2a;V)«. 18. (1 - a; + a;^)*. 

8. (- 3 a^^Vy. 19. (l-2a;4-3a;^l 
3 a;y Y 20. (1 - a + a^. 

4«» / 21. (3-4a;4-5a;2)2. 

Evolution. 



•■(■ 



223. The operation of finding any required root of an 
expression is called Evolation. A root of an imperfect 
power cannot be found exactly. 

Thus, the exact value of the square root of 2 can be written only 
as V2, and the exact value of the cube root of 4 can be written only 

as Vi. Approximate values of these expressions, however, can be 
found by annexing ciphers and extracting the root. 
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224. Index Law for Evolution. If m and n are positive 
integers, we have 

(a"»)« = a"»« (§ 215) 

Conversely, Va*?*" =z a^ = a"». 

-Also, (a^)» = a%\ (§ 216) 

Conversely, Va"6" = Va« X V^ = a^, 

and Va^ = Va X V^. 

Thus, the cube root of a® is at = a^ ; the fourth root of 
81 a^^ is found by taking the fourth root of 81 and of a}^ ; 
and is 3 a\ Hence, 

225. To Find the Root of a Simple Expression, 

Take the required root of the numerical coefficient, and 
divide the exponent of each letter by the index of the required 
root. 



8. From the Law of Signs it is evident that : 

1. Any even root of a positive number will have the double 
sign, dz. 

2. There can be no even root of a negative number. 

For V— x2 is neither + x nor — x ; since the square of + x = + x^, 
and the square of — x = + x^. 

The indicated even root of a negative number is called 
an imaginary number. 

3. Any odd root of a number will have the same sign as 
the number. 

Conversely, \ — = = -• That is, 

Any required root of a fraction is found by taking the 
required root of the numerator arid of the denominator. 
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— 3 mn^ ; 



4 



^j l6xY^ ___ 2xh/ 
^ 81 a" ■" "^ 3 a* ' 



227. If the root of a nTimber expressed in figures is not 
readily detected, it may be found by resolving the number 
into its prime factors. Thus, to find the square root of 
3,415,104: 



2» 


3415104 


2» 


426888 


3» 


53361 


7 


5929 


7 


847 


.1 


121 



11 

.-. 3,415,104 = 2« X 3^ X 7^ X 11«. 

.-. V3,415,104 = 2»x3 X7 Xll= 1848. 



Simplify : 



1. V4a;y. 

3 



2. V64ic». 

3. vl6^. 

4. ■\^-32ai^ 

5. ■v^-27a;». 



6. V257*. 

8/ 



7. V-8a»^«. 

8. -J^64^. 



Exercise 83. 



9. ^-216ai*. 



10. V729a^8. 

11. ^^243^. 



12. V-1728d[8. 



13. V- 343 a«. 

14. v^sT^. 



15. V512a^^. 

16. V^a«V^. 



17. 



>f 



9a2ft« 



16a:V 



18. A _ 



8a;V 

27 z'' ' 



19. 



20. 



21. 



4 



32 a^^ 
243 x^^ 



16 a;* 



216 a^ 
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Square Boots of Compound Expressions. 

228. Since the square of a + 5 is a^-{-2ah-\- h\ the 
square root of a^ + 2 a^ + 6^ is a + h. 

It is required to find a method for extracting the square 
root, a^rhy when a^ ■\- 2 ah -\- h^ is given : 

The first term, a, of the root is obviously the square root of the 

first term, a^, of the expression. 

a* + 2a6 + &^ |a + 6 If the a* is subtracted from the given 

a^ expression, the remainder is 2 a5 + 6^. 

2a + 6 2a6 + 62 Therefore, the second term, 6, of the root 

2a6 + &^ is obtained when the first term of this 

remainder is divided by 2 a, that is, by 

double the part of the root already found. Also, since 

2a6 + 62 = (2a + 6)6, 

the divisor is completed by adding to the trial divisor the new term of 
the root. 

Find the square root of 25 x^ — 20 x^y + 4 x^y\ 

26x3 — 20ic8y + 4x*yg |5x — 2g2y 
26x2 

-20x«y + 4x*ya 
— 20x8y-f 4x*y2 



lOx — 2x2y 



The expression is arranged according to the ascending powers of x. 

The square root of the first term is 6 x, and 6 x is placed at the 
right of the given expression, for the first term of the root. 

The second term of the root, — 2x2y, is obtained by dividing 
— 20 x^y by 10 x, and this new term of the root is also annexed to the 
divisor, 10 x, to complete the divisor. 

229. The same method will apply to longer expressions, 
if care is taken to obtain the trial divisor at each stage of 
the process, by doubling the part of the root already found, 
and to obtain the complete divisor by annexing the new term 
of the root to the trial divisor. 
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Find the square root of 

1 + 10aj2 + 25aj* + 16a;« - 24a;« - 20aj» - 4a;. 

Arrange the expression in descending powers of x. 

16aj6 — 24x6 + 25 X* - 20 x» + 10x2 -4x +I |4x8-8x«-f 2x-l 
16x6 



8x8-3x2 


-24x6 + 26x^ 
— 24x6+ 9x^ 


"-20x8+ 10x2 
-12x8+ 4x2 


8x»- 


6x2 + 2x 


16 X* 
16 X* 


8x8-6x2 + 4x 


-1 


- 8x8+ 6x2-4x + l 

- 8x8+ 6x2-4x + l 



It will be noticed that each successive trial divisor may be obtained 
by taking the preceding complete divisor with its last term cUmbled, 

Exercise 84. 
Find the square root of : 

1. a;*-8a;» + 18a;«-8a;+-l. 

2. 9a*-6a« + 13a2-4a + 4. 

3. 4 aj* - 12 x^y 4- 29 xY - 30 xi/ + 25 y\ 

4. l + 4aj4-10aj2 + 12aj» + 9x*. 

5. 16-96aj + 216a;2-216x8 + 81a;*. 

6. a;*-22aj» + 95x2+-286ic + 169. 

7. 4x^-llx^-h25-12x^-h30x. 

8. 9aj*4-49-12a;8- 28x + 46x2. 

9. 49 a* + 126 x* + 121 -73x^- 198 x. 

10. 16aj*-30x-31aj2 + 24x8 + 25. 

11. a* - 2 aaj» + 3 a^a^s _ 2 a^a; + a\ 

12. 9«* - 18a; + 1 +87x2 -54a;». 
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830. If an expression contains powers and reciprocals 
of powers of the same letter, the order of arrangement 
in descending powers of the letter is as follows : 

8 2 1 1 1 i 

^' ^' ^^ ^' x' x^' x^' 



Find the square root of 



Ax , 101 



9c« 15c ' 25 
Arrange in descending powers of x. 






6c_ 
5x 



4gg 4g 101 6c 9c2[2g 1 8c 
9c2 16c 26 6x xMSc 6 x 



4xg 
9c2 

4x 
3c 



1 

6 


4x 
16c 


101 
26 






4x 1 
16c ^ 26 




4x 
3c' 


2 3c 
6**" X 


4 


6c 9C« 

ex"*" x» 






4 


6 c 9c« 
6x x« 



231. An approximate value of an imperfect square can 
be found to any required number of terms as follows : 
Find to three terms the square root of x^ -hpx. 



z^+px 


••^1-S 


X2 

2x+f 


px 
px 


-? 


2x4 


■p 


4 

4 8x 
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Exercise 85. 
Find the square root of : 

1. 4aj*-|-4a;»-ia; + ^. 



2- ^Vs+i?. 

0^ or 



3. a*-2a« + — -- + -. 

4^« 3x 41 3y j^ 
• 2^^ y 16"^4x'^4x2 

6. J — aa5+-y + aj^ — 3a4-T- 

7. 16x* + J^xV + 8x« + |y»4-$y + l. 
9a;* 3ic» 43a;« 7a; ,49 

®- 1 2~"^"T"~T"^T' 

9. 4a2 + -^----ll + 4a. 

' Find to three terms the square root of : 

10. a^ + b. 13. 1 4- a. 16. 4 a;« + 3. 

11. x^-h^y. 14. l-2a. 17. 4 -3a. 

12. l + 2a. 15. 4a«4-2^. 18. 4a^-l. 

232. Arithmetical Square Roots. In extracting the square 
root of an arithmetical nimiber, the first step is to arrange 
the figures in groups. 

Since 1 = 1^ 100 = 10^ 10,000 = 100^ and so on, the 
square root of a number between 1 and 100 lies between 1 
and 10 ; of a number between 100 and 10,000 lies between 
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10 and 100. In other words, the square root of a number 
expressed by one or two figures is a number of one figure ; 
of a number expressed by three or four figures is a num- 
ber of two figures ; and so on. 

If, therefore, an integral square number is divided into 
groups of two figures each, from the right to the left, the 
number of figures in the root will be equal to the number 
of groups of figures. The last group to the left may have 
one figure or two figures. 

Find the square root of 3249. 

32 49 (57 In this case, a in the typical form a^ + 2 a6 + 6^ 

25 represents 5 terw, that is, 50, and b represents 7. The 

107) 7 49 25 subtracted is really 2500, that is, a^, and the com- 

7 49 plete divisor 2a + 6is2x50 + 7 = 107. 

233. The same method will apply to numbers of more 
than two groups of figures by considering a in the typical 
form to represent at each step the part of the root already 
found. 

It must be observed that a represents so many tens with 
respect to the next figure of the root. 

Find the square root of 5,322,249. 

5 32 22 49(2307 

4 
43) 1 32 

129 
4607)3 22 49 
3 22 49 

234. If the square root of a number has decimal places, 
the number itself will have ttvice as many. Thus, if 0.21 is 
the square root of some number, this number will be (0.21)* 
= 0.21 X 0.21 = 0.0441 ; and if 0.111 is the root, the num- 
ber will be (0.111)2 = 0.111 X 0.111 = 0.012321. 
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Therefore, the number of decimal places in every square 
decimal will be even, and the niimber of decimal places in 
the root will be half as many as in the given number itself. 

Hence, if a given number contains a decimal, we divide the 
number into groups of two figures each, by beginning at the 
decimal point and marking toward the left for the integral 
number, and toward the right for the decimal. We must 
be careful to have the last group on the right of the deci- 
mal point contain two figures, annexing a cipher when 
necessary. 

Find the square root of 41.2164 ; of 965.9664. 

41.21 64 (6.42 9 66.96 64 (81.08 

36 9 

124)5 21 61)66 

4 96 61 



1282)26 64 6208)4 96 64 

26 64 4 96 64 

235. If a number contains an odd number of decimal 
places, or if any number gives a remainder when as many 
figures in the root have been obtained as the given number 
has groups, then its exact square root cannot be found. We 
may, however, approximate to its exact root as near as we 
please by annexing ciphers and continuing the operation. 

The square root of a common fraction whose denominator 
is not a perfect square can be found approximately by 
reducing the fraction to a decimal and then extracting the 
root ; or by reducing the fraction to an equivalent fraction 
whose denominator is a perfect square, and extracting the 
square root of both terms of the fraction. Thus, 

I = V0.625 = 0.79057 ; 




or "V rt ^^^ "X/tTT — — 7=r — — 1 — 1 — [VTlOuwf^ I 
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Find the square root of 3 ; of 357.357. 





3.(1.732... 


•• 


3 67.35 70(18.903 




1 
27)2 00 
189 




1 
28)2 67 
224 






343)1100 
10 29 




369)33 36 
33 21 




3462)7100 
69 24 




37803)14 7000 
113409 








Exercise 86. 




Find the square root of : 




1. 


289. 


6. 


150.0625. 


11. 640.343025. 


2. 


1225. 


7. 


118.1569. 


12. 100.240144. 


3. 


12,544. 


8. 


172.3969. 


13. 316.021729. 


4. 


253,009. 


9. 


5200.140544. 


14. 454.585041. 


6. 


529,984. 


10. 


1303.282201. 


15. 5127.276025 



Find to four decimal places the square root of : 

16. 10. 19. 0.5. 22. 0.607. 25. f 28. f. 

17. 3. 20. 0.7. 23. 0.521. 26. i. 29. f. 

18. 5. 21. 0.9. 24. 0.687. 27. J. 30. ^j. 

Cube Boots of Compound Expressions. 

236. Since the cube of a + ^ is a» + 3 a^^ + 3 ab^ + d», 
the cube root of 

a« -h 3 a^^ + 3 ab^ -hb^isa + b. 
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It is required to devise a method for extracting the cube 
root, a + h, when a* + 3 a^^ + 3 ah^ -f 6» is given : 

The first term, a, of the root is obviously the cube root of the first 
tenn, a*, of the given expression. 

a8 + 3a26 + 3a62 + 68 |a-f 6 
3a2 a» 



+ 3a6 + 62 



3a2 + 3a6 + 62 



8a26 + 3a62 + 6« 



If a8 is subtracted, the remainder is 3 a26 + 3 0^2 -}- 68 . therefore, 
the second term, 6, of the root is obtained by dividing the first term of 
this remainder by three times the square of a. 

Also, since 3a26 + 3a52 + 68 = (3^2 + 3a6 + 62)6, the complete 
divisor is obtained by adding 3 06 + 62 to the triaX divisor 3 a2. 



8 



Find the cube root of 8 a» + 36 xhj 4- 54 xy^ + 27 y' 

8x8 +36x2y + 54xy2 + 27y8[2x+_3y 
12x2 8x8 



(6x + 3y)32/ = +18xy + 9y2 



12x2 + 18xy + 9y2 



36x2y + 54x2/2 + 27 2/8 
36x22/ + 54x.y2 + 27 2/8 



The cube root of the first term is 2 x, and 2 x is therefore the first 
term of the root. 8 x8, the cube of 2 x, is subtracted. 

The second term of the root, 3 y, is obtained by dividing 36 xhf by 
3 (2 x)2 = 12 x2, which corresponds to 3 a2 in the typical form, and the 
divisor is completed by annexing to 12 x2 the expression 

{3(2x) + 3 2/}3j/ = 18X2/ + 92/2. 

237. The same method may be applied to longer expres- 
sions by considering a in the typical form 3 a^ -f 3 a& -h ^^ 
to represent at each stage of the process the part of the root 
already found. Thus, if the part of the root already found 
is aj -f y, then 3 a^ of the typical form will be represented 
by 3(aj -f y)2; and if the third term of the root is + «, the 
Zah -\-h^ will be represented by 3(a; -f- y) « + z^. So that 
the complete divisor, 3 a^ -f 3 aft -f ft^, will be represented 
by 3(aj -f yY ^- S{x -\- y) ^ -^ z\ 
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Find the cube root otx^ — 3x^-j- 5a;' — 3a; — 1. 

(3x«~z)(~x)= -3g»+ z^ -3z6 + 5g8 

3x*-3x8+ a;2 -3a;^ +3x*- «» 



3(x2-x)2 = 3x*-6x» + 3x2 
(3x2-3x-l)(-l)= -3x2 + 3x + l 



3x*-6x» 



+ 3x4-1 



-3x*.+ 6x8 — 3x— 1 
-3x* + 6x8 — 3x— 1 



The root is placed above the given expression for convenience of 
arrangement on the page. 

The first term of the root, x^, is obtained by taking the cube root 
of the first term of the given expression ; and the first trial divisor, 
3 x^, is obtained by taking three times the square of this term. 

The first complete divisor is found by annexing to the trial divisor 
(3x2 _ x) (— x), which expression corresponds to (3 a + 6) 6 in the 
typical form. 

T?ie part of the root already fourid (a) is now represented by x^ — x ; 
therefore, Za^ is represented by 3(x« — x)2 = 3x* — 6x8 + 3x2, the 
second trial divisor ; and (3 a + 6) 6 by (3 x2 — 3 x — 1) (— 1) ; there- 
fore, in the second complete divisor, 3 a2 + (3 a + 6) 6 is represented by 
(3x* - 6x8 + 3x2) + (3x2 - 3x - 1) (- 1) = 3x* - 6x8 + 3x + 1. 



Exercise 87. 
Find the cube root of : 

1. a^-{-3a^x^3ax^-^x\ 

2. 8-f 12x4-6a;2-f-a;». 

3. a;«-3ax^-t-5aV — 3a*a;-a«. 

4. 1 - 6a; + 21a;2 - 44a;» + 63a;* - 54a;« + 21 x\ 

5. l-3a;-f 6a;2-7a;»-f6a;*-3a;« + a;«. 

6. a;«-f l-6a;-6a;«-hl5a;2 + 15a;*--20a;«. 
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7. 64aj« - lUx^ + 8 - 36a; -f 102 a;^ - 171 «« + 204x*. 

8. 27a«-27a*'-18a* + 17a» + 6a«-3a~l. 

9. 8a;«-36a;« + 66aj*-63a» + 33a2-9a.-|-i. 

10. 27 + 108a; + 90 a;^ - 80x» - 60a;* + 48a;« - 8a;«. 

a;^ 3a;« 5x^ 3x* x* 

y^^ 2^" y" y^^ y® 

238. Arithmetical Cube Roots. In extracting the cube root 
of an arithmetical number, the first step is to arrange the 
figures in groups. 

Since 1 = 1», 1000 = 10«, 1,000,000 = 100», and so on, it 
follows that the cube root of any number between 1 and 
1000, that is, of any number which has one, two, or three 
figures, is a number of one figure ; and that the cube root 
of any number between 1000 and 1,000,000, that is, of any 
number which has four, five, or six figures, is a number of 
two figures ; and so on. 

If, therefore, an integral cube number is divided into 
groups of three figures each, from right to left, the number 
of figures in the root will be equal to the number of groups. 
The last group to the left may have one, two, or three 
figures. 

239. If the cube root of a number has decimal places, 
the number itself will have three times as many. Thus, 
if 0.11 is the cube root of a number, the number is 
0.11 X 0.11 X 0.11 = 0.001331. Hence, if a given number 
contains a decimal, we divide the number into groups 
of three figures each, by beginning at the decimal point 
and marking toward the left for the integral number, and 
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toward the right for the decimal. We must be careful to 
have the last group on the right of the decimal point con- 
tain three figures, annexing ciphers when necessary. 

240. Notice that if a denotes the first term, and h the 
second term of the root, the first complete divisor is 

and the second trial divisor is 3 (a + by, that is, 

3a2 + 6aft + 3ft^ 

which may be obtained by adding to the preceding complete 
divisor its second term and twice its third term. 

Extract the cube root of 5 to five places of decimals. 



6.000(1.70997 
1 



8 X 102 = 300 
3(10 X 7) =210 

72= 49^1 
669^ 
259 J 



4000 



3913 



3 X 17002 = 8670000 
3(1700X9)= 45900 

92 = 81^ 

8716981 > 
45981 J 
3 X 17092 = 8762043 



87 000000 



78 443 829 



8 666 1710 
7 886 8387 



670 33230 
613 34301 



After the first two figures of the root, are found, the next trial 
divisor is obtained by bringing down the sum of the 210 and 49 
obtained in completing the preceding divisor ; then adding the three 
numbers connected by the brace, and annexing two ciphers to the result. 

The last two figures of the root are found by division. The rule in 
such cases is that two less than the number of figures already obtained 
may be found by division without error, the divisor being three times 
the square of the part of the root already found. 
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Exercise 88. 
Eind the cube root of : 

1. 4913. 3. 1,404,928. . 6. 385,828.352. 

2. 42,875. 4. 127,263,527. 6. 1838.265625. 

Find to four decimal places the cube root of : 

7. 87. 9. 3.02. 11. 0.05. 13. §. 16. ^j. 

8. 10. 10. 2.05. 12. 0.677. 14. |. 16. ^. 

241. Since the fourth power is the square of the square, 
and the sixth power the square of the cube, the fourth root 
is the square root of the square root, and the sixth root is 
the cube root of the square root. In like manner, the 
eighth, ninth, twelfth, root may be found. 

Exercise 89. 
Find the fourth root of : 

1. 81aj* + 108a;8 + 54a;2-hl2aj + l. 

2. 16a;*-32aa;» + 24aV-8a«a; + a*. 

3. 1 + 4cc + a;8 + 4a;^ + 10 aj« + l^x^ + 10 a;^ + 19a;* + l^x\ 

Find the sixth root of : 

4. l + 6(f + c^* + 6(^^ + 15(^* + 20(^» + 15e^. 

5. 729 - 1458 X + 1215 x^ - 540 a;« + 135 a;* - 18 x^ + x\ 

6. 1 - 18 1/ + 135^2 - 540 1/» + 1215 y'' - 1458 y^ + 729y«. 

Find the eighth root of : 

7. 1 - 8y + 28y2-56t/»-f 70/- 56/ + 28/ -8t/^ + t/l 



CHAPTER XVI. 
THEORY OF EXPONENTS. 

242. If 71 is a positive integer, we have defined a" to 
mean the product obtained by taking a as a factor n times, 
and called a" the nth power of a-, we have also defined >7a 
as a number which taken n times as a factor gives the prod- 
uct a, and called ^'a the nth root of a. 

243. By this definition of a" the exponent n denotes 
simply repetitions of a as a factor ; and such expressions 

as a , a~* have no meaning. It is found convenient, how- 
ever, to extend the meaning of a" to include fractional and 
negative values of n, 

244. If we do not define the meaning of a" when n is 
fractional or negative, but require that the meaning of a* 
must in all cases be such that the fundamental index law 
shall always hold true, namely, 

we shall find that this condition alone will be sufficient to 
define the meaning of a" for all cases. 

245. Meaning of a Zero Exponent. By the index law. 

Divide by a**, a^ = — = 1. 

Therefore, the zero power of any number is equal to 
unity. 
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246. Meaning of a Fractional Exponent. By the index law, 

a* X a* = «*■*■* = «* = a; 

a*Xa*Xa* = a*^*+* = a* = a; 

a* X a* X a* X a* = J^^^^^^ ^a'^^a*; 

- - ^ . 1+i tonteniu 5 

a" X a** to n factors = a» » =«■ = «; 

- - ^ 5»+»« tonteniu ^ 

a" X a** to n factors = a» » = a" = a"*; 

provided m and » are positive integers. 

That is, a* = -y/a ; a* = ^Ja ; 

m 

The meaning, therefore, of a«, where m and n are posi- 
tive integers, is the nth root of the mth power of a. Hence, 

The numerator of a fractional exponent indicates a power 
and the denominator a root, 

247. Meaning of a Negative Exponent. By the index law, 
if 71 is a positive integer, 



But a° = 1. (§ 245) 

.-. a*» X a-"" = 1. 

That is, a" and a-" are reciprocals of each other (§ 169), 

so that a~" = — -, and a" = 

a" a"" 



248. Hence, we can change ^ny factor from the numerator 
of a fraction to the denominator, or from the denominator 
to the numerator, provided we change the sign of its exponent, 

qK^ 1 

Thiis, -T^ may be written oft^c- ^d- « or — ,, „ ,^ • 



232 THEORY OF EXPONENTS. 

249. We have now assigned definite meanings to frac- 
tional exponents and negative exponents, by assuming that 
the index law for multiplication, a"* X a" = a"* "*" ", is true for 
all values of the exponents m and n. 

It remains to show that the index laws established for 
division, involution, and evolution apply to fractional and 
negative exponents. 

250. Index Law of Division for all Values of m and n. To 
divide by- a number is to multiply the dividend by the 
reciprocal of the divisor. 

Therefore, for all values of m and n, 

^ = a"» X — = a*" X a— (§ 247) 

a" a^ ^ ^ 



m — n 



z= W 



251. Index Law of Involution and Evolution for all Values 
of m and n. 

To prove (a*")** = a^^ for all values ofm and n. 

Case 1. Let m have any value, and let n be a positive 
integer. 

Then, (a'")" = a*» X a"* X a"» to n factors 

— fftn + m-^-m totitenna 



Case 2. Let m have any value, and n=?.,p and q being 
positive integers. 

Then, («"»)« = ^(a'^y = "v^ 

= ««. 

Case 3. Let m have any value, and n = — r, r being a 
positive integer or a positive fraction. 
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Then, (a^)-^ = -^r; = -~ = a-^- (§ 247) 

Therefore, (a"»)" = a"»" for all values of m and n. 

252. To prove (aby = a^h^ for any value ofn. 
Case 1. Let ?i be a positive integer. 

Then, (aby= ah X ah X. ah to n factors 

= (aXa to n factors) (hxh to n factors) 

Case 2. Let ?* = -, i? and q being positive integers. 

Then, by Case 1, § 251, since g' is a positive integer, the qth 
p p , p 

power of (a6)« = (aft)« X (a6)« to 5' factors 

p p 

= (ahy^-^ *^''^* 

= {ahy = a^h^, (By Case 1) 

Also by Case 1, § 251, since $' is a positive integer, the 5'th 

power of 

p p p p ? ? 
a%^ = (a« X a« to q factors) (6« X ¥ to q factors) 

= a^h^, 

p 
But the s'th power of (a&)« = {ahy = a^b^. 

That is, [(a*)^]' = [a'^^]"- 

Extracting the ^'th root of each member, we have 

p p p 
(ahy = a'*'. 

Case 3. Let n = — r,r being a positive integer or fraction. 

Then, (ah)- ^ = j^ = -77; = a-'^h"'^. 

^ ^ (ahy a'^h' 
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27* ^ 3 

2. 16»=(^)» = (d=2)' = ±8. 

3. a* X a~* = a*~* = a* = Va. 

4. a« X a* X «-* = «»+*-» = «» = 1. 

6. («-!)• = a-i'<« = a-2 = l. 
6. ^ = «-»-<-»' = «-»+» = a*. 

^ ^ (4a-')* 4«a-»'<* 8*"* 8 

/ 16 a-« Y* _ /^ 81 6« Y ^ 27 6* 27 a»6' 
V81iV V16«"V 8a-» 



8 



10. (3Vr» = -r^ = -r4— = ^ = -?- 

^ ^ (3'a-»)« 3»''»a-« 3* ^ 



Exercise 90. 
Express with fractional exponents : 

1. -5^. 3. ■^. 5. Va». 7. Va + V^ + ^16*'. 

2. V^. 4. •v'^. 6. V'o». 8. -v'^* + V^. 
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Express with radical signs : 

9. a* 11. ah\ 13. 3?*^"*. 16. a* - a;*c* 

10. A 12. aV. 14. Sa^y"* 16. a*-«-x*c* 

Express with positive exponents : 

17. a-\ 19. 3aj-y. 21. 4«-V"- 23. ^^^Xb ' 

18. a"*. 20. 4a;2r^. 22. 3a-*6*. 
Write without denominators : 

24. ii^. 26. -^^—. 28. ''">* • 

„. a!»s g-'S-V a-«ft-'c-» 

*6. z a' 27. — TT — - — 7" 29. zz 7 2' 

Find the value of : 

30. 8^. 35. (-27)1 40. (tH)"^X(^)*- 

31. 16"l 36. (- 27)* X 25K 41. a~h' X aH^. 

32. 27*. 37. 81"^X16* 42. (aTh^^'K 

33. (-8)""*. 38. 8*X4~*. 43. (a"Vi)-^ 

34. 36*. 39. (^yxW^. 44. (x' y'K^'^^, 

If a = 4, 6 = 2, c = 1, find the numerical value of : 

45. ah-\ 47. a~V. 49. 3 (aft)*. 61. (ab^c)\ 

46. aft-*- 48. a""*c~*. 60. 2 (aft)~*. 62. (aft*c)~* 
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Multiplication. 
Multiply x^ + x^y^ -f y* by cc* — ory^ + y . 

X +xM + icM 

— x^y* — x*y* — x^* 

4-xM + g¥ + y 

X +xV +y 

Exercise 91. 

Multiply : 

1. a^ + h^ by a* - h^, 3. a* - h^ by a* - 5* 

2. a* 4- ^>^ by a* + Z>*. 4. x* + 2aj by aj*- 2a;. 

5. a;-2 + a;-V^+*y"^by a;-2 — a;-^2r^ + 2r*- 

6. or — xy^ 4- y by a* + 1/ . 

7. x*H-a;V + y*by a;*-t/*. 

8. 1 + ft-i + b-^ by 1 - 5-^ + b-^, 

9. aV* + 2a* - 3^^ by 25"* - 4a"* - 6a"*6* 



Division. 


Divide -5^ + V^ - 12 by ^ - 3, 


x'+ x*-12 


x^-3 


x*-.3x^ 


x* + 4 


+ 4x*-12 




+ 4x*-12 





Here x^ -i-x^ = x^ ^ = »* ; 4 »' -J- »* = 4 a?' = 4 a;^ = 4. 
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Exercise 92. 
Divide ; 

1. a — 6 by a* — 6* 3. a — 6 by a^ — 6* 

2. a + 6 by a* -h ft* 4. a -«- ft by a* + ft*. 

5. a; - 3ic* H- 3a;* - 1 by a;* - 1. 

6. a; + a; V + ^ by a;* — a^ + y - 

7. a;* - 4aj* + 1 -h6x~^ by a;^ - 2. 

8. 9a; - 12 X* - 2 + 4a;"* + x-^ by 3 a;* - 2 - j;~* 

9. 2a;-2 + 6a;-Vi-16a;V* by 2 a; + 2a;V"^ + 4arV'. 
10. a; + y + « — 3 x^y^z^ by a;* + y ' + « . 

Square Boot. 
Find the square root of 

9 a;-* - 18 a;-'/ + 15 aj-^y - 6 a;" V* + y^- 

9g-<-18x-V + 15z-2y— 6x-iy^+y^ |3x-2-3g-^y*+y 
9a;-* 



6x-« — 3x-iy* 



-18a;-8yHl6x-2y 
-18x-»y^+ 9a;-2y 



6a;-2— 6x-i2/*+y 



6x-2y— 6x-iy^+y2 
6x-gy— 6x-iy^+yg 



Exercise 93. 
Find the square root of : 

1. X* + 2 a;* + 1. • 3. a;* - 4a;* + 4. 

2. 4a*-4a*ft* + ft* 4. 4a-2 + 4a-i + l. 

5. 9a-12a*+10-4a"*H-a-^ 

6. m^ + 2m — l-2m~^ + mr\ 

7. 49a;* - 28a; + 18a;*- 4a;* + 1. 



CHAPTER XVIL 

RADICAL EXPRESSIONS. 

258. A radical expression is an expression affected by 
the radical sign ; as Va, V9, Vo^, Va + ft, V32. 

254. An indicated root that cannot be exactly obtained 
is called a surd. An indicated root that can be exactly 
obtained is said to have the form of a surd. 

The required root shows the order of a surd ; and surds 
are named quadratic, cubic, biquadratic, according as the 
second, third, or fourth roots are required. 

The product of a rational factor and a surd factor is 
called a mixed surd; as 3V2, 6Va. The rational factor 
of a mixed surd is called the coefficient of the surd. 

When there is no rational factor outside of the radical 
sign, that is, when the coefficient is 1, the surd is said to be 
entire; as V2, Va. 

255. A surd is in its simplest form when the expression 
under the radical sign is integral and as small as possible. 

Surds are said to be similar if they have the same surd 
factor when reduced to the simplest form. 

Note. In operations with surds, arithmetical numbers contained 
in the surds should be expressed in their prime factors. 

Beduction of Badicals. 

256. To reduce a radical is to change its form without 
changing its value. 
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Case 1. 

257. When the radical is a perfect power and has for an 
exponent a factor of the index of the root. 

1. ^=a? = a* = V^. 

2. y/S6 a^b^ = ^(6 aby = (6 ab)^ = (6 ab)^ = V6^. 

3. '\/2EaW = -^(pa^cy = (5 a%c^)^ = (5 a«6c*)* 

We have, therefore, the following rule ; 

Divide the exponent of the power by the index of the root. 



Simplify : 

1. ^. 

2. ^. 


Exi:scisE 94. 

6. -^a^b^ 

7. ■^a%\ 

8. ^a*b*. 

9. -^27 a*b\ 


11. 
12. 
13. 


^25 a\ 
V646* 


3. -V^. 

4. <^. 


4/ 16 «« 
\(x-3)» 

«/ a«6« 


6. V^. 


10. \'16a*b*. 



Case 2. 

When the radical is the product of two factors, one of 
which is a perfect power of the same degree as the radical. 

Since y/d^ = "V^ X v^ = a V^ (§ 224), we have 

1. Vd^ = y/a^xVb = a^b) 

2. -v^iOS = -^27 X 4 = ^ X -v^ = 3-2^4 ; 



240 
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3. 4 V72 a2^« = 4 V36 a^^ X2b = 4 V36 a^b^ X V2^ 

= 4 X 6a6 V26 = 24 oft V26; 

4. 2-^64 a*6 = 2-J^27 a» X 2 aft = 2-J^27V X -J^2^ 

= 2x3 a^J^2a6 = 6 a V^2a6. 
We have, therefore, the following rule : 

Resolve the radical into two factors, one of which is the 
greatest perfect power of the same degree as the radical. 

Remove this factor from under the radical sign, extract 
the required root, and multiply the coefficient of the surd by 
the root obtained. 



Simplify : 

1. -V^. 

2. V72. 

3. ^J^. 

4. 4^500. 

5. -J^432. 

6. ^J^i92. 

7. -J/i28. 

8. -V^. 

9. -JTre. 

10. V405. 

11. 2-J^il2. 

12. 3^5^864. 



Exercise 95. 

13. 7-1^144. 

14. SVm^Ti. 

15. 3^J^W. 

16. 2^a^^c\ 

17. ll•v^^l2^^ 



18. 7V8a»^. 

19. 6^27^27^8. 

20. 4^J^^^ 

21. V^1029. 



22. V- 2187. 

23. V^1250. 

24. 4v^648. 



26 



27. 



« / 64 xV 
^'27m»w» 



« /l25g» 
^'216 7/« 



28. 2- 



216 y« 

^\m^n 
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29. 






V 



1296 



30. :\ {^-yr^\ 

\ /512 



31. 



3 aft /20c2 



Kf 



2c\9a2^2 
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Case 3. 

When the radical expression is a fraction, the denomi- 
nator of which is not a perfect power of the same degree as the 
radical. 



'■ vl = Vi=-V"x^-*vIo. 



o '/y »/ 5 «/6 X 3 X 4 jj~ i 

= 3^2^ = *^- 

We have, therefore, the following rule : 

Multiply both terms of the fraction hy a number that 
unll m^ake the denominator a perfect power of the sam^e 
degree as the radical ; and then proceed as in Case 2. 
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Simplify : 




1. 2A/i. 4. 


7Vi. 7. ^. 10. 2^. 


2. fV|. 5. 


</^. 8. ^. 11. 3^. 


3. iVj. 6. 


3V^. 9. ■^^. 12. 2^. 


"■# 


15. a/**'" 17, x/^'^y'. 




V125X '°- "^'3xV» 
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Case 4. 
260. To reduce a mixed surd to an entire surd. 

Since a^ = "s/a^ X ^ = ^s/c^, we have 
1. 3V6 = V3^T5 = V9ir5 = V45; 



3. 2x-Vxy = V(2x)* X ay = V8a;« X xy = VSa^J 

4. 3 y«^ = ^(3 y2)4 X «» = ^81 y«x«. 
We have, therefore, the following rule : 

Raise the coefficient to a power of the same degree as the 
radical, multiply this power by the given surd factory and 
indicate the required root of the product. 







Exercise 97. 








Express as an entire surd : 






1. 


5V5. 


5. 2-^3. 


9. -2Vy. 


13. 


iV^. 


2. 


3V1I. 


6. 3<^. 


10. -3Vy». 


14. 


-t^. 


3. 


3^. 


7. 2V^. 


11. -wv'IO. 


16. 


jV^. 


4. 


2^. 


8. 2-i/i. 


12. -2-s/x. 


16. 


-iv^. 



Case 5. 
261. To reduce radicals to a common index. 

Keduce V2 and Vs to a common index. 

v^ = 2* = 2^ = V^ = Vs. 

Vs = 3* = 3» = V32 = V9. 
We have, therefore, the following rule : 



RADICALS. 243 

Write the radicals with fractional exponents^ and change 
these froAitional exponents to equivalent exponents having the 
least common denominator. Raise each radical to the power 
denoted by the numerator, and indicate the root denoted by 
the common denominator. 

Exercise 98. 
Keduce to surds of the same order : 

1. </3 and -^6. 7. V2, v^, and v^. 

2. ^/li and Ve. 8. ^, ^, and Vc. 

3. V2 and "V^. 9. Va\ ^, and Vx\ 

4. Va and VP. 10. V^, Vo^, and •\/^. 

5. VB and V75. 11. Vaj — y and V x + y. 

6. 2^ 2* and 2*. 12. "V^a + ft and Va-ft. 

Note. Surds of different orders may be reduced to surds of the 
same order and then compared in respect to magnitude. 

Arrange in order of magnitude : 

13. ^/l^ and Ve. 15. -^, ^/9, and Vs. 

14. ^ and Vs. 16. V3, ^, and Vz. 

Addition and Subtraction of Badicals. 

262. In the addition of surds, each surd must be reduced 
to its simplest form ; and, if the resulting surds are similar, 

Find the algebraic sum of the coefficients, and to this sum 
annex the common surd factor. 

If the resulting surds are not similar, 

Connect them, with their proper signs. 
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1. Simplify V27 -f ViS -f Vl47. 

V27 = (32 X 3)* = 3 X 3* = 3 V3 ; 

Vis = (2* X 3)* = 22 X 3* = 4 X 3* = 4V3; 

Vi47 = (72 X 3)* = 7 X 3* = 7 V3. 

V27 + Vis + Vii7 = (3 + 4 + 7) V3 = 14 V3. 

2. Simplify 2 -v^320- 3 V^. 

2 V32O = 2(2« X 5)i = 2 X 22 X 5* = sVs; 
sVio = 3(28 X 5)* = 3 X 2 X 5* = eVs. 
.-. 2V320-3Vi0 = (S-6)V6 = 2V6. 

3. Simplify 2V5- 3 Vf + V:^. 

2 V| = 2 Vj^- = 2 Vl5 X 1 = f Vi6; 
3 Vf = 3 Vjf = 3 VI6 X jij = f Vi5; 

...2V|-3V|+V^=(f-| + A)Vl5 = iVl6. 

Exercise 99. 
Simplify : 

1. 4Vil-|-3Vll-5^^. 

2. 2V3-5V34-9V3. 

3. 5-v^ + 2v^--v^i08. 7. V274-V48 + V75. 

4. 3V^ + 4v^— -N^ei. 8. 4Vi47 + 3V75-|- Vl92. 

5. i\^ -h 2i^ -^ i^/IO. 9. V^ + iV^4-|V^. 

6. 3>^-5^+ -4^543. 10. ■v^-|-iv'^-3-J^27^. 
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11. Va^ -h bVa - SVa. 

12. V256 4-2V96-3V4^. 

13. 2Vi75-3V63 4-5V28. 

14. V2-|-3V32 4-iVl28-6Vl8. 

15. V75 4- Vis - Vi47 4- V300. 

16. 20V245- V5 + Vi25-2iVl80. • 

17. 2V20 4-iVl2-2V27-|-5V45-9Vi2. 

18. 7V25-I-4V45- V9-2V8O4- V2O-4V64. 

19. V^ + V^--t^250-jVf. 

20. 2V1 + Veo- Vi5 + Vf + V^. 

21. -v^27^ - V^ 4- ^125 c. 

22. Va«5 - -^ 4- ^^^326. 

23. Va^x 4- Vb*x - ViaWx. 



24. V4 x^z 4- V/« 4- Vx*i. 

25. Vcim: - a^/Ic -h bVa^, 

26. V'Sl a^ - -1^16^ 4- ^256 «^ 



27. V27m* - VI25 m 4- V216 m. 

28. VS^. - V50 a« - 3 Vl8^. 



29. 6 a V63 aZ»« - 3 Vll2 a^b^ 4- 2 a/> V343 ab. 



30. 3 V125 ??iV 4- /I V20 m« - V500 m'w^. 

31. V32 a^b^ 4- 6 Vm 4- 3 Vl28 a'b\ 



32. 2 V^ - 3 a^VUb + 5 aV^ + 2 a^ Vl25 />. 
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Multiplication of Radicals. 
263. Since ^Ta x ^ = Vab, we have 

1. 3V8X5V2 = 3X5X VS X V2 = 15Vl6 = 60; 

2. 3V2X4V^ = 3V^X 4V^=12^. 

We have, therefore, the following rule : 

Express the radicals with a common index. Find the 
product of the coefficients for the required coefficient, and the 
product of the surd factors for the required surd foAStor. 

Reduce the result to its simplest form. 

Exercise 100. 
Find the product of : 

1. V3 X V27. 7. v^ X ^. 13. </54 X ^. 

2. V5 X V20. 8. ^ X -y/^, 14. 2 VS X V2. 

3. V2 X Vis. 9. V2 X V12. 15. -^ X V^^. 

4. ^ X ^. 10. V3 X Ve. . 16. ^ X -^-49, 

5. V^X-V^. 11. -V^XV^. 17. V^XV^^^. 

6. V27 X V3. 12. V^ X Vs. 18. §ViS X f V3. 

19. (VI84-2V72-3V8) X V2. 

20. (^32-^^864 + 3^4) X V2. 

21. (jV27-lV2i87 + iV432)X V3. 

22. V5 X Vi. 25. V3 X V72. 28. Vsi X V3. 

23. Vi6 X V25O. 26. V| X Vj. 29. V^ X Vj. 

24. V64 X Vie. 27. V^ X Vf 30. V| X Vj. 
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264. Compound radicals are multiplied as follows : 
Multiply 2 V3 + 3 V^ by 3 Vs - 4 Va. 

3V3-4VZ 



18 + 9V3X 

-8V8X-12X 
18 4- V3x-12x 

Exercise 101. 



Multiply : 



1. VsTVl by V^"-^^- 4- 8-|-3V2by 2- V2. 

2. V^^-^7l7 by V9TV17. 5. 5 + 2V3by3-5V3. 

3. 3 4- 2V5 by 2 - V5. 6. 3 - Vc by 6 - 3 Vc. 

7. 2V6--3V5 by V3-I-2V2. 

8. 7 - V3 by V2 4- V5. 

9. ^-2v^ by 4V^4--v^. 

10. 2V3O-3V54-5V3 by V84-V3-V5. 

11. 3V5-2V3 + 4V7 by 3V7-4V5-5V3. 

12. 4 VS 4- iVi2 - iV32 by 8 V32 - 4 V50 - 2 V2. 

13. v^-A^4->J^by ■v^4-^-v^. 

14. 2V|-8Vf 4-3V1 by 3V|- VT2- Ve. 

16. 2V|-4Vf-7Vf by 3V1-5V3O-2VV. 

16. 2VT2 4-3V3 + 6Vi by 2Vl2 + 3V3 + 6V^. 
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Division of Badiceds. 

___ „. Va^ Va X V6 »/7- , 
265. Since -^-zr = = ^ 5, we nave 

Va Va 

1. i^ = 2V4 = 4; . 

2V2 



2 4 V3 ^ 4 V3^ ^ 4 V3^ X 2« ^ ^/^ 

2V2 2-J^ 2^ 

We have, therefore, the following rule : 

Express the radicals with a common index. Find the 
quotient of the coefficients for the required coefficient, and th-e 
quotient of the surd factors for the required surd factor. 

Reduce the result to its simplest form. 

Exercise 102. 
Divide : 

1. V243 by V3. 4. Vi by Vf . 7. V^ by Vf}. 

2. V^ by V^. 5. V| by Vf . 8. Vff by V^. 

3. V3^ by V^. 6. V^ by Vf. 9. Vff by V^f. 

10. 3V64-45V2 by 3V3. 

11. 42V5-30V3 by 2V15. 

12. 84VI5 4-168V6 by 3V2I. 

13. 30-^ -36Vl0 + 30^/90 by 3V^. 

14. 50-v^4-18V^-48V^ by 2^v^. 

15. V54 by -v^. 17. ^/12 by Vg. 19. Vf by "v^. 

16. V^ by Vt. 18. V^ by "v^. 20. ^/2x by Va«. 
21. ■v^O.064 by VlO. 22. Vo^TT^ by a? 4- y. 
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The quotient of one surd divided by another may 
be found by rationalizing the divisor; that is, by multiply- 
ing the dividend and divisor by a factor that will free the 
divisor from surds. This method is of great utility when 
we wish to find the approximate numerical value of the 
quotient of two simple surds, and is the method required 
when the divisor is a compound surd. 

1. Divide 3 Vs by V6. 

SVs 6V2_ 6V2 X V6_ 6Vl2 ,_ - 

2. Divide3V6-4V2by 2V5-I-3V2. 

Multiply the dividend and the divisor by 2 V5 — 3V^, 

(3 V6 - 4-v^) (2 Vs - SV2) _ 64 - 17 VJO 
(2 Vs + 3 V2) (2 Vs - 3 V2) 20 - 18 

= 5i^4I^ = 27-Y-Vi0. Hence, 
2 

267. When the divisor is a binomial containing surds of the 
second order only, 

Multiply the dividend and the divisor by the divisor, with 
the sign between the terms changed. 

Exercise 103. 
Divide : 

1. V^ + V^by V^. 7. 3 + 5V7by 3-5V7. 

2. Vl25by5V65. 8. 2lV3 by 4V3 - 3V2. 

3. 3 by 11 4- 3 Vt. 9. 75Vl4 by 8V2 4- 2V7. 

4. 3V2-lby3V24-l. 10. Vs - Vs by VH -f V3. 
6. 17by3V7 + 2V3. 11. Vs + V7 by V7 - V2. 
6. 1 by V2 + V3. 12. 7 - 3 ViO by 5 4- 4 V5. 
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Given V2 = 1.41421, V3 = 1.73205, V6 = 2.23607; 

find to four places of decimals the value of : 

,• 10 ,« 1 ..1 no 7-3V5 

13. — 7=- 16. — 7=- 19. 7=- 22. ■=• 

V2 V600 3V2 6 + 4V6 

8 1 1 s + VE 

14. -^- 17. -7=- 20. — ==• 23. -^ ^• 

V3 V243 Vi26 V6-2 

12 1 1 3V2-I 

16. —p- 18. 7=- 21. ^- 24. ^^— = 

V6 2V3 4V5 3V2-I-I 



Involution and Evolution of Badiceds. 

268. Any power or root of a radical is easily found by 
using fractional exponents. 

1. Find the square of 2 Va. 

(2Vi)2 = (2ai)2 = 2«a* = 4a* = 4V^. 

2. Find the cube of 2 Va. 

(2Vi)8 = (2a*)» = 2»a* = 8a* = 8aVS. 

3. Find the square root of 4 a Vo*^. 

(4 X V^)i = (4 xaW)* = 4* xM6* = 4* xWft* = 2 Va»Wx2. 

4. Find the cube root of 4 xy/a^b\ 

(4 X Va8^)* = (4 xa*6*)* = 4* xMft* = 4* xWft* = Vl6a»6»x2. 

Exercise 104. 
Perform the operations indicated : 

1. (Vm^«. 3. (-V^)". 6. VV(aj-y)8'. 

2. (V^6 4. (V^)". 6. V"V^(a-6)^. 
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7. (■y/2My. 10, Vv^. 13. Vv'(3a-2^. 

8. (-J^a;2 - yy. 11. V-J^729. 14. Vv^^. 

9. (V^)*. 12. VVi25. 16. Vl28v''243^. 

Properties of Quctdratic Surds. 

269. A quadratic surd is the indicated root of an imperfect 

square, as V2. 

270. Theorem 1. The product or quotient of two dis- 
similar quadratic surds will be a quadratic surd. Thus, 

Thus, -y/aJb X Vo^ = ab^; 

"^/abc -5- Va^ = Vc. 

Two dissimilar quadratic surds cannot have all the fac- 
tors under the radical sign alike. Hence, their product or 
quotient will contain the first power only of at least one 
factor, and will therefore be a surd. 

271. Theorem 2. The sum or difference of two dis- 
similar quadratic surds cannot be a rational number, nor 
can the sum or difference be expressed as a single surd. 

For, if Va zb V^ could equal a rational number c, we 
should have, by squaring, 

ait2Va^4-* = c2; 
th?tt is, ±L 2 Va5 =zc^ — a — b. 

Now, as the right side of this equation is rational, the 
Jeft side would be rational ; but, by § 270, Va6 cannot be 
rational. Therefore, Va ± V^ cannot be rational. 

In like manner it may be shown that "V^ ± Vj cannot 
))e expressed as a single surd Vo. 
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272. Theorem 3. A quadratic surd cannot equal the 
sum of a rational number and a surd. 

For, if Va could equal c + V^, we should have, by 
squaring, 

a = c^-h2cVb'hb, 

and, by transposing, 

2cVb = a-b-c^ 

That is, a surd equal to a rational number, which is 
impossible. 

278. Theorem 4. If a+ Vft = aj 4- Vy, then a will 
equal x, and b will equal y. 

For, by transposing, V^ — . Vy = a; — a ; and if h were 
not equal to y, the difference of two unequal surds would 
be rational, which by § 271 is impossible. 

,'. J = y, and a = as. 

In like manner, if a — Vft = a — Vy, a will equal aj, 
and b will equal y. 



274. Theorem 5. TjT \/* "*" ^ = Va + Vy, ^Acn 

\/a — ■\/h= Va — Vy . 

Square both sides of the given equation, 

a + Vft = » + 2 Vxy + y. 

Therefore, by § 273, a = x + y, (1) 

and V6 = 2Vxy. (2) 

Subtract (2) from (1), 

a — Vft = x — 2V^ + y. 

Extract the square root of both sides, 

V a — Vft = Vx — Vy. 
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275. To Extract the Square Root of a Binomial Surd. 
1. Extract the square root of 7 4- 4 V3. 



Let Vi + v^ = V7H-4V3. (1) 

Then, by § 274, Vi - Vy = V7-4V3. (2) 

Multiply (1) by (2), x - y = V49-48. 

.-. X — y = 1. 
Square (1), then § 273, x + y = 7. 

.'. X = 4, and y = 3. 
.\Vx+ Vy = Vi + V3. 
.-. V7 + 4V3 = 2+V3. 

A root may be found by inspection, when the given expression can 
be written in the form a + 2Vb, by finding two numbers that have 
their sum equal to a and their product equal to b. 

2. Eind by inspection the square root of 75 — 12 V21. 

It is necessary that the coefficient of the surd b e 2 ; therefore, 
75 — 12>^ must be put in the form 75 — 2^/6'^ X 21 ; 

that is, 75 — 2V766. 

Two numbers whose sum is 76 and product 756 are 63 and 12. 

Then, 75 - 2 V756 = 63 - 2V63 X 12 + 12 

= (V63-Vl2)2. 
That is, V63 — Vi2 = the square root of 75 — 12 V2I ; 

or 3 V7 — 2 V3 = the square root of 75 — 12 V2I. 

3. Extract the square root of 11 + 6 V2. 

1H-6\^=11 + 2 Vis. 
Two numbers whose sum is 11 and product 18 are 9 and 2. 

Then, 11 + 2 V18 = 9 + 2 V9 x^ 4- 2 

= ( V9 + V2)2. 
That is, V9 + V2 = the square root of 11 4- 6\^, 
or 3 4- V2 = the square root of 11 4- 6 V2. 
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Exercise 105. 
Find the square root of : 

1. 7-4V3. 7. I6 + 5V7. 13. 94 + 42 Vs. 

2. II + V72. 8. 75 + I2V2I. 14. II-2V3O. 

3. 7 + 2ViO. 9. 19-f8V3. 15. 47-4V33. 

4. I8 + 8V5. 10. 8V6-I-20. 16. 29-I-6V22. 
6. 8-I-2V15. 11. 28-16V3. 17. 83-M2V35. 
6. I5-4V14. 12. 5H-36V2. 18. 55-I2V2I. 

Equations Containing Radicals. 

276. An equation containing a sint/le radical may be 
solved by arranging the terms so as to have the radical 
alone on one side, and then raising both sides to a power 
corresponding to the order of the radical. 



Solve Va;2-9 + x = 9. 



Transpose x, Vx-^ — 9 = 9 -^ x. 

Square, x2 — 9 = 81 - 18x + x^. 

18x = 90. 

.-. X = 5. 

277. If two radicals are involved, two steps may be 
necessary. 

Solve VxTT5 4- V^ = 16. 



Square, x + 16 + 2 Vx^ + lSx + x = 226. 

Transpose, 2 V^+~l6x = 210 — 2 x. 

Divide by 2, Vxa+16x = 106 — x. 

Square, «« + 15 x = 11026 - 210 x 4- x«. 

225x = 11025. 
.-. X = 49. 
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Exercise 106. 
Solve : 

1. 2Vaj + 5 = V28. 8. ^3x4- 7 = 3. 

2. 3V4a;-8 = Vl3a;-3. 9. 14 4- V'4 x - 40 = 10. 

3. Va;+9 = 5Vaj-3. 10. "V^lOy - 4 = v^7y + 11. 

4. 4 = 2v^-3. 11. 2 V^"^ = ^32 (x - 2)«. 

5. 5-V3y = 4. 12. Vj,4 + aj = } + Va. 

6. 7 4-2^^ = 5. 13. V32 4- aj = 16 - Vx. 

7. 4^2a;-3 = -3. 14. Vi - Vx - 5 = V5. 

15. Vx 4- 20 - Va; - 1 - 3 = 0. 

16. Vx + lfi -7 = 7- Vx - 13. 



17. x = 7 - y/x^ — 7. 

18. Vx - 7 = Vx 4- 1 - 2. 

Vaj 4- 3 V^ - 2 1 - (1 - a;)* 



20. i-5 = Ji-iJ9^36 22. (^_3)l + ^i = _ 
2aj>'4a:\^a. ^ ^ (^. 

23. \/a 4- Vx 4- "y a — V^ = Vx. 

24. Vaac — 1 = 44- iVax — |. 

25. 3V^ — 3Va= Vx — Va4-2Va. 

26. V9 4-2a;- V2^ = -7= 

V94-2a; 



3 



■3)i 






CHAPTER XVin. 
OCAGINARY EXPRESSIONS. 

278. An imaginary expression is any expression which 
involves the indicated even root of a negative number. 

It will be ^sho wn hor c aft oi:. that awy indicated even root 
of a negative number may be made to assume a form which 
involves only an indicated square root of a negative num- 
ber. In considering imaginary expressions we accordingly 
need consider only expressions which involve the indicated 
square roots of negative numbers. 

Imaginary expressions are also called imaginary numbers 
and complex numbers. In distinction from imaginary num- 
bers all other numbers are called real numbers. 

279. Imaginary Square Roots. If a and b are both posi- 
tive, we have 

Va^ = Va X Vb. 
If one of the two numbers a and b is positive and the 
other negative, it is assumed that the law still holds true ; 
we have, accordingly : 

V^ = V4 (- 1) = Vi X V^ = 2V^; 
V^ = V5 (- 1) = VB X V=^ = 5* V=^ ; 
V^ = Va(— 1) = Va X V^ = a^V^ ; 
and so on. 

It appears, then, that every imaginary square root can 

be made to assume the form a V — 1, where a is a real 
number. 
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280. The symbol V— 1 is called the imaginary ttnit, and 
may be defined as an expression the square of which is — 1. 

Hence, V^ x V^ = i^^^Y = - 1 ; 

V^ X V^ = Va X V^ X V^x V^ 
= V^ X V^ X (V^)« 

= Va^ X (- 1) 

= - v^. 

281. It will be useful to form the successive powers of 
the imaginary unit. 

(V^) = + V=:i; 

(V^)' =-1; 

( V^)» = ( V^)^ V^ = (- 1) V^ = - V^ ; 

(V3I)* = (V:ri)2(V=:i). = (^i) (-i) = + i; 
(V- ly = (V^)* V^ = (4- 1) V- 1 = + V^ ; 

and so on. If, therefore, n is zero or a positive integer, 

282. Every imaginary expression may be made to assume 
the form a -h b V— 1, where a and b are real numbers, and 
may be integers, fractions, or surds. 

If ft = 0, the expression consists of only the real part a, 
and is therefore real. 

If a = 0, the expression consists of only the imaginary 
part b V— 1, and is called a pure imaginary. 
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283. The form a + 5 V— 1 is the typical fonn of imagmary 
expressions. 

Reduce to the typical form 6 + V— 8. 

This may be written 6_-f-V8xV^, or 6 + 2V2xV^; 
here a=^% and b = 2 V2. 

284. Two expressions of the form a+b V— l,a — b V^, 
are called conjugate imaginaries. 

To find the sum and product of two conjugate imagi- 
naries : 

a-^bV^ 
a — b-V^ 



The sum is 2 a 

a -\-b V^ 
a -b V^ 

a^-{-abV^ 

The product is a^ -h b^ 

From the above it appears that the sum ajid product of 
two conjugate imaginaries are both real. 

285. Theorem 1. An imaginary expression cannot he 
equal to a real number. 

For, if possible, let 

a-{-bV^ = c. 
Transpose a, ftV— 1 = c — a. 

Square, - b^ = (p — ay. 

Since b^ and (c — ay are both positive, we have a nega- 
tive number equal to a positive number, which is impossible. 
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286. Theorem 2. If two imaginary expressions are 
equal, the real parts are equal and the imaginary parts are 



For, let a -f & V^ = c -f dV^. 

Then, Q> - ^ V^ = c - a ; 

Square, - (h - d)^ = (c - ay, 

which is impossible unless h = d and a = c, 

287. Theorem d.Ifx and y are real andx-^y V— 1 = 0, 
^AeTi a? = a7^c? y = 0. 

For, yV— 1 = — ir. 

Square, — y^ = ^^• 

Transpose — y^^ a;^ 4- y^ = 0, 

which is true only when cc = and y = 0. 

Operations with Imaginaries. 

1. Add5 4-7V^and8-9V^. 

The sum is 6 + 8 + 7V^ — gV^, 

or 13 — 2 V^. 

2. Multiply 3 4- 2V^ by 5- 4V^. 

= 15 - 12 V^ + loV^ - 8 (- 1) 
= 23-2V^. 

3. Dividel4-h5V=i; by 2-3V^. 

14 + 5 V^ ^ (14 + 5 V^) (2 + 3 V^) 
2 - 3 V=^ (2 - 3 V^) (2 + 3 V^) 

_13jf_52V^ 
4-(-9) 

_13+_52V^ 
13 

= 1 +4V^. 
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EXEBCISE 107. 

Keduce to the form b V— 1 : 

1. V^. 9. V^^625. 17. ^- x^\ 

2. V-16. 10. V-36. 18. V^. 

3. V-25. 11. ^-64. 19. V- a^h-\ 

4. V-144. 12. -V^- 729. 20. V- 9x* 



6. V-169. 13. V--289. 21. V-(2aj-3yy« 

6. V^^. . 14. v^~1024. 22. ^-(a-2y)» 

7. V-81. 15. V-aj«. 23. V^^"^2:f2^. 

8. V- 256. 16. V-a;». 24. V- (x^ - j^^^. 

Add: 

26. V- 25 4- V- 49 - V^^^12i. 



26. V- 64 4- V^ - V- 36. 



27. V— a* -h V- 4a* + V— 16a*. 

28. V^^« -h V- 81 a« - V^^«. 

29. a-^V^ + a + ftV^. 

30. 2 + 3V^-2 + 3V^. 

31. a + iV^ + c-c?V^. 

32. 3aV^ — (2a-6)V^. 
Multiply : 

33. V^ by V^. 36. V^^ by V^. 

34. — VITsby V^. 37. V- x^ by V— yl 

35. V-16 by V^. 38. V^ by V^16. 
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41. 3V^by2V^. 



39. V-25 by V-64 

40. V- (a + b) by V- (a - i). 42. - 5 V^ by 2 V^. 

43. V^ + V^ by V^ - V^. 



44. X 



1-h V-3 ^ 1- V-3 

by a; — 



2 "-^ -^ 2 

45. a V— a + 5 V— 6 by a V— a — 5 V— b. 

46. 2V^-h3V^by 3V=^-2V=^. 

47. V3 + 2V^ by V3-2V^. 

48. m — 3 V— b by w + 4V— c. 

Perform the divisions indicated : 



49. 



50. 



51. 



52. 



53. 



54. 



b 

c 
V— ax 



55. 



56. 



57. 



58. 



59. 



/—x 



V^^^ 



V-10a;» 

■\r^^6x 



60. 



2Vi 



61. 



62. 



63. 



64. 



65. 



66. 



3-V-2 


2 + V-'2 . 


1-V-l 


a+xV-l 


a — a;V— 1 


V6 + V-6 


V6 - V- 8 


2a+36V-l 



2a-3^V-l 

ia-45V^ 
4.a-ibV^ 



CHAPTER XIX. 

QUADRATIC EQUATIONS. 

S88. We have already considered equations of the first 
degree in one or more unknowns. We pass now to the 
treatment of equations containing one or more unknowns 
to a degree not exceeding the second. An equation which 
contains the square of the imknown, but no higher power, 
is called a quadratic equation. 

289. A quadratic equation which involves but one un- 
known number can contain only : 

1. Terms involving the square of the unknown number. 

2. Terms involving the first power of the unknown 
number. 

3. Terms which do not involve the imknown number. 

Collecting similar terms, every quadratic equation can be 
made to assume the form 

ax^ -h *« -f c = 0, 

where a, ft, and c are known numbers, and x the unknown 
number. 

If a, 5, c are numbers expressed by figures, the equation 
is a numerical quadratic. If a^ 5, c are numbers represented 
wholly or in part by letters, the equation is a literal quadratic. 

In the equation ax^ + te + c = 0, a, ft, and c are called 
the coefficients of the equation. The third term o is called 
the constant term. 
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290. If the first power of x is wanting, the equation is a 
pure quadratic ; in this case b = 0. 

If the first power of x is present, the equation is an 
afiected or complete quadratic. 

Pure Quadratio Equations. 
1. Solve the equation 6 a?* — 48 = 2 a*. 



CoUect the terms, 


3x2 = 48. 


Divide by 3, 


x^ = 16. 


Extract the square root, 


x=±4. 



It will be observed that there are two roots, and that these are 
numerically equal, but of opposite signs. There can be only two 
roots, since any number has only two square roots. 

It may seem as though we ought to write the sign ± before the z 
as well as before the 4. If we do this, we have + x = + 4, — x = — 4, 
+ x=-4, -x = +4. 

From the first and second equations, x = 4 ; from the third and 
fourth, X = — 4 ; these values of x are both given by the equation 
X = ± 4. Hence it is unnecessary to write the ± sign on both sides of 
the reduced equation. 

2. Solve the equation 3 a?* — 15 = 0. 



Transpose, 


3x2 = 15. 


Divide by 3, 


x2 = 6. 


Extract the square root. 


x=±V6. 



The roots cannot be found exactly, since the square root of 6 can- 
not be foxmd exactly ; it can, however, be determined approximately 
to any required degree of accuracy ; for example, the roots lie between 
2.23606 and 2.23607 ; and between — 2.23606 and — 2.23607. 

3. Solve the equation 3 «* -f 15 = 0. 

Transpose, 

Divide by 3, 

Extract the square root. 
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.There is no square root of a negative number, since the square of 
any number, positive or negative, is necessarily positive. 

The square root of — 6 differs from the square root of + 6 in that 
the latter can be found as accurately as we please, while the former 
cannot be found at all. 

291. A root that can be found exactly is called an exact 
or rational root. Such roots are either whole numbers or 
fractions. 

A root that is indicated but can be found only approxi- 
mately is called a surd. Such roots involve the roots of 
imperfect powers. 

Rational and surd roots are together called real roots. 

A root that is indicated but cannot be found, either 
exactly or approximately, is called an imaginary root. Such 
roots involve the even roots of negative numbers. 

EXEBCISE 108. 
Solve : 

1. 3x^-2 = x^-{-6. ^ 3-x\ x^-\-& ^ 



2. 5a;« + 10 = 6a;=' + l. 



11 ' 6 



3. 7 x" - 50 = ^x" + 25. ,„ Saj^ + S 17 -x« . 

1 11 » 4 

4. 6a;«-i = 4a;« + ^- 

6 9 _3 1_^7 

^ x^ + 1 ^„ 4a;« 6a!« s" 

6. — = lU. 

O 

^ 3a;2_8 , 12. 



_5 ?_ = A 

3x^ 5a;2~15' 



10 

a;^-9 _ a;^ + l 13. 

4 ~ 5 ' 



x-1 x+1 4 
8-x 2-3a; 



QUADRATIC EQUATIONS. 265 

15. 3x^-i-llx = 10x-\-S-\-x^ + x, 

16. (a + 4) (x + 5) = 3 (x 4- 1) (aj 4- 2) - 4. 

17. S(x-2)(x-{-S) = (x-{- 1) (a; + 2) 4- x« 4- 5. 

18. (2 a: 4- 1) (3aj - 2) 4- (1 - «) (3 4- 4a;) = 3a;2 - 15. 

_ a;2 4.9 2a;«-5 . 3a;2 4-10 ^, 

19. -3^^ _ + ___ = i4. 

^^ 3aj«- 5 , 2x^4-4 aj^ - 3 ^ 

20. —^4-—^ ^ = 5. 

10a;^4-7 12x^4-2 ^ 5x^-9 
18 llx^-S"" 9 

^_x — l.x4-l 5 _ a , X 9 a* — x^ 

22. — —r-\ T = o' 26.-4-- = 



x4-laJ — 12 ' X a ax 

23. ax2 4-5 = c. 27. ^ "*~ ^ | a; - a ^ 5 

' X — a X 4- a 2 

24. ax* 4- * = ^a^ 4- a. 

2^ 5x4-25 ^ 

25. x*4-2^x + c = ft(2x + l). * x-b 3x 

29. 2^(x4-a)(x + ^)4-(x-a)(x-6)^ = a*4-4«>*. 

30. 2^ (x - a) (x 4- ft) 4- (a; 4- a) (« - ^) ^ = 9 a*4- 2ai 4- b\ 

Affected Quadratic Equations. 

292. Since (x it ft)* = x* it 2 ftx + ft*, it is evident that 
the expression x* ± 2 ftx lacks only the t/iird term, ft*, of 
being a perfect square. 

This third term is the square of half the coefficient of x. 

Every affected quadratic may be made to assume the 
form X* ± 2 ftx = c, by dividing the equation through by the 
coefficient of x*. 
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293. To aobre such an equation : 

The first step is to add to both members the square of 
half the coefficient o/x. This is called completing the square. 

The second step is to extract the square root of each mem- 
ber of the resulting equation. 

The third step is to redttce the two resulting simple 
equations. 

1. Solve the equation x* — 8 a = 20. 

Complete the square, x^ — 8 x + 16 = 36. 
Extract the square root, x — 4 = ± 6. 

Reduce, x = 4 + 6 = 10, 

or x = 4 — 6 = — 2. 

The roots are 10 and — 2. 

Verity by putting these numbeiB for x in the given equation. 

x = — 2, 



x = 10, 

10* -8 (10) = 20, 

100 — 80 = 20. 



(_ 2)2 -8 (-2) = 20, 
4 + 16 = 20. 



2. Solve the equation = —77-- 

^ X —1 x + 9 

Free from fractions, (x + 1) (x + 9) = (x — 1) (4x — 3). 
Simplify, — 3 x^ + 17 x = — 6. 

Divide by — 3, x^ — J^x = 2. 

Half the coeflficient of x is i of — JjSl = — Y, and the square of — V 
is W»-. Add the square of — Jj^ to both sides, and we have 



x2 



17x /17\g_ 289 _ 361. 
3"*"V6>/ "^36 36* 



17 19 

Extract the root, x — -r- = ± -^ • 

o 

17 + Ifi 
Transpose - J^f , x = ^ - 

^ 1 

.•.x = 6, or--- 
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EXEBGISE 109 




Solve : 








1. a;2 + 2a; = 8. 


7. 


2a;» + a; = 15. 




2. a;«-6a; = 7. 


8. 


5a» + 3a; = 2. 




3. aj«-4a; = 12. 


9. 


a;2 + }aj = 40. 




4. a;« + 4x = 5. 


10. 


3a;^--4a = 4. 




5. x^ + 5x = U, 


11. 


6a2 + x = l. 




6. a;«-3x = 28. 


12. 


6x2-aj = 2. 




13. 12x^-llx + 2 


= 0. 






14. 15a;«-2a;-l = 


= 0. 






(x + l)(x + 2) 


^x- 


-l)(--2) 




5 




2 




(2a.-3):r (a. 


+ 4)( 


.-1) ^ 




4 


6 




17. 


Saj + 5 , 2a;-6 ^ 
a, + 4 ' a;-2 "^• 


22. 


X4-2 4-aj ' 
x-1 2a; ^ 


18. 


x-6 x+& 
05-2 ' 2a -hi 


23. 


a; + 3 5a;-h8 
x-2 x-hA 


19. 


4-3x l4-2a 9 
2 + x 1-x 2 


24. 


2a;-l 3 
3 ' 2x-l 


20. 


X x + 1 13 
x + 1 ' oj " 6 


25. 


x + l 05 + 2 J 
x-i-2 ' a;-hl 


21. 


5a2_4a; = l. 


26. 


7x«-8a; = -l. 



= 2. 
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294. If the coefficient of x^ is 4, 9, 16, or any other 
perfect square, we may complete the square by adding to 
each side the square of the quotient obtained from dividing 
the second term by twice the square root of the first term. 

Solve 4x2 -23 a; = -30. 

23 
The square root of 4x2 is 2z, and 23 x divided by twice 2x is -j- 

23 

Add the square of — to both sides. 

Then, ...-^«+(fy = f_aO = S. 

23 7 

Extract the root, 2 x — r- = ±7 

4 4 

^ ^ 23 ±7 30 ^^16 

Transpose, 2x = — 7 — = T T* 

.'. x = 3f , or 2. 

If the coefficient of x^ is not a perfect square, we may 
multiply the equation by a number that will make the 
coefficient of x^ a perfect square. 

Solve -Sx^-\-5x = -2. 

Since the even root of a negative number is impossible, it is neces- 
sary to change the sign of each term. The resulting equation is 

3x2 — 5x = 2. 

Multiply by 3, 9 x2 — 15 x = 6. 

26 49 
Complete the square, 9x2 — 15x + — = — • 



Extract the square root. 


"-i=±l- 


Reduce, 


3. = ifl. 




3x = 6, or — 1 




.•.* = 2,or-|- 
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Exercise 110. 



Solve : 



1. 3.«-2x = 8. ^^ 3.' + ^ = 25. 

2. 6a;''-6a; = 27. „ "* 

3. 2a;« + 3a; = 5. "• «'-X==^"' + ^- 

4. 2a;«-5a! = 7. ig. ^_| = 2(a!-2). 

6. 6a;«-7a; = 24. 3 "*■ 2 ^^• 

7. 8a;'' + 3x = 26. 18. ^-2x' = ^- 

4 lb 

8. 7a!» + 5a; = 150. , 20 

19. |a;« + |a5 = ^- 

9. 6a;« + 6a; = 14. ^ 

2 

10. 7a!»-2x = f. 20. 2x-Z = -- 

11. 8x« + 7a; = 51. o, l£_i_ = 20 

6 3x 3 

12. 7x«-20x = 76. 2. J_^10 

13. lla;''-10a; = 24. ^^" 3 ''■20; 3* 

23. (a; + 2) (2a; + 1) + (x - 1) (3a; + 2) = 57. 

24. 3x (2x + 5) - (x + 3) (3x - 1) = 1. 

2^ (2x + 5)(x-3) ^ x(3x + 4) _g 
3 5 

26. f (5a;^-8x-6)-i(aj2-3) = 2a; + l. 

2 5 2 3 2 

27. -^+- = 2. 29. ^L- = -^ + -^. 

sc-|-3ic a— laj— 2a; — 4 

38. ^--1-^4 3„.±2^^^_,. 

x—1 2aj + l 3 X— 4 ic — 2 
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Another Method of Completing the Squaxe. 

295. If a complete quadratic is multiplied by four times 
the coefficient ofx^, fractions will be avoided. 

Solve3a;«-5a5 = 2. 

Multiply by 12, 36 x2 - 60 x = 24. 

Complete the square, 36 x2 — 60 x -f 25 = 49. 
Extract the square root, 6 x — 5 = ± 7. 

Reduce, 6x = 5±7. 

6x = 12, or —2. 

.•.x = 2,or--- 

The number added to complete the square by this last method is 
the. square of the coefficient of z in the original equation 3 x^ — 6 x = 2. 

296. If the coefficient of oj is an even number, we may 
multiply by the coefficient of x% and add to each member 
the square of half the coefficient ofxin the given equation. 

Solve 3 aj2 4- 4 a; = 20. 

Multiply by the coefficient of x' and add to each side the square of 
half the coefficient of x, 

9x2 +( )-f4 = 64. 
Extract the square root, 3x + 2 = ±8. 

Reduce, 3x = — 2±8. 

3x = 6, or — 10. 
r .-. X = 2, or — 3J. 

Note. If a trinomial is a perfect square, its root is found by taking 
the square root of the first and third terms and connecting these roots 
by the sign of the middle term. It is not necessary, therefore, in com- 
pleting the square, to write the middle term, but its place may be 
indicated by a parenthesis, as in this example. 

Verify by putting the values of x in the given equation. 



x = 2. 
3 (2)2 + 4 (2) = 20. 
12 + 8 = 20. 



x = -3i. 
3{-3i)2 + 4{-3i) = 20. 
33i - 13i = 20. 
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^1^ X 



Exercise 111. 



1. a; 3 ^12 ^- *• a: +4 a; + 6 

a; a; + 3 1 



2. -,-- = 2(x + 2). 



aj -h 1 2 (x + 4) 18 



3^ 4^^13 2 ^ 3 2 



43a; 6 aj-l a;-2ar-4 

3aj 5 Sx^ 23 



7. 



2(x + l) 8 . x^-l 4(a;-l) 



8. ii:zl£ + 2i7^^^ 

1 — X 1 — 2a; 



9. 5+4+1 — 



a:''-4 x+2 5(x-2) 
,„ 2x + 7 , 3a;-2 ., 

^"- 2^^+TTr=^- 

2a; + 3 7 - a; _ 7-3a! 

^^' 2(2a!-l) 2(a:+l)~4-3«' 

2a!-l 3 a; -2 , . 

''• -3 — ^3i=;rr8+^- 

,„ 3a; + 2 '. 7-x 7a;-l , ^ 
^*- 27^^"^2a; + l~4a;»-l+^- 

a!-5a;-8 ^ 80 1 
a;+3 a;-3 x«-9 2* 

,.= 2X + 1 , 4£ + l _ _46_ 
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Solution by Resolving into Factors. 

297. A quadratic which has been reduced to its simplest 
form, and has all its terms written on one side, may often 
have that side resolved by inspection into factors, and the 
roots found by putting each factor equal to zero. 

1. Solve x«+7aj- 60 = 0. 

Since x2 + 7x-60 = (x + 12){x -6), (§130) 

the equation x^ + Tx — 60 = 

may be written (x + 12) (x — 5) = 0. 

If either of the factors x + 12 or x — 5 is 0, the product of the two 
factors is 0, and the equation is satisfied. 

Hence, x + 12 = 0, or x — 5 = 0. 

.-. X = — 12, or X = 6. 

2. Solveoj' — x^- 6a; = 0. 

The equation x» — x^ — 6x = 

may be written x (x^ — x — 6) = 0, 

or x(x - 3) (X + 2) = 0, (§ 130) 

and is satisfied if x = 0, 3, or — 2. 

Hence, the equation has three roots, 0, 3, — 2. 

3. Solve a;» - 2 a;2 - 11a + 12 = 0. 

By the Factor Theorem (§ 135), we find that 1 put in place of x 
satisfies the equation, and is therefore a root of the equation. 
Divide by x — 1, and resolve the quotient into its factors. 
We have (x - 1) (x -4) (x + 3) = 0. 

Hence, the roots of the equation are 1, 4, — 3. 

4. Solve a;2 + 3 aj - 10 = 0. 

9 
If we add -> the square of half the coeflficient of x, to the first two 

9 
terms, we have a perfect trinomial square. Add and subtract -» 
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4 4 

that IS, I* "^2 J ~T~ 

We now have the difference of two eqaaree, and the factors are 

(x + | + |)(x + |-|) (8126) 

that is, (X + 5) (x — 2) = 0. 

.-. X = — 5, or 2, 

6. Solve 3aj2-2aj- 2 = 0. 

Divide by 3, *^ " f* "" I ~ ^• 

Add and subtract the square of half the coefficient of x, 
„ 2 , /1\2 1 2 ^ 
^'-3^ + (3)-9-3=«'. 
/ 1\2 7 
that is, (^""3/ ""9~^' 

7 /-i 1 

The square root of - = -\/- x 7 = - V7. 
Hence, (x -| + |V7) (x - 1- |V7) =0. 
Therefore, « = | - 1^» ^r | + | V7. 

6. Solve a;^ - a; + 1 = 0. 

x«-x + 7-7 + l=0. 
4 4 

(x--) +j = 0. 
In order to make this the difference of two squares, write it 

(-iH_-!)- 

The square root of — - = a/t x (— 3) = o v'—S. 
Hence, (x - 1 + | V=l) (x - i - 1 V^g) = o. 
Therefore, « = o "" o"^^"^* o^ * = « + o"^^"^- 
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Exercise 112. 
Resolve into factors, and find the values of x : 

1. aj«-6ic + 4 = 0. 5. a;«-haj^-6aj = 0. 

2. 6 x^ -5 a- 6 = 0. 6. aj«-8 = 0. 

3. 2aj«-a;-3 = 0. 7. a;« + 8 = 0. 

4. 10a;2 + a;-3 = 0. 8. x* - 16 = 0. 

9. (x - 1) (x - 3) (x^ + 5x -\- 6) = 0. 

10. (2x -l)(x- 2) (3x^ - 5ar - 2) = 0. 

11. (x^ + x-2)(2x^ + Sx-5) = 0. 

12. a;8-|-a;2-4(aj-|-l) = 0. 

13. Sx^ + 2x^-(Sx + 2) = 0, 

14. a;« - 27 - 13 (aj - 3) = 0. 

15. a;»-f 8 + 3(ic2-4) = 0. 17. 2 aj» - 2 a;^ - (^^ - 1) r= 0. 

16. a;(x2-l)-6(a;-l) = 0. 18. a;«-3a;-2 = 0. 

19. 2x« + 2a;2-|-(x2-5aj-6) = 0. 

298. Any quadratic trinomial of the form ax^ + hx + ecssi 
be resolved into two factors by writing it aua the difference 
of two squares. Thus, 

3x2 + 7x-6 = 3(x2 + Jx-2) 

= 3[(a^-hJ)^-W] 

= S(x + i-\-y,^)(x + i-i^) 

= 3(x-h3)(x-§) 

= (x + 3)(3x-2). 
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Exercise 113. 
Kesolve into factors : 

1. 8aj2-26aj + 21. 5. 5x^-15x + ll, 

2. ex^-x-7. 6. Sx^'h5x-2, 

3. 2x^-^7x-\-6, 7. 3a;»-a;-l. 

4. 5x^'h2ex-\-24:, 8. a;2-3a;-5. 

Literal Equations. 

1. Solve the equation adx — acx^ = bcx — 6<^. 

Transpose 6/jx and change the signs, 

acx^ + 6cx — adx = M . 
Express the left member in two termSy 

acz^ + {fK — ad)x = bd. 
Multiply by 4 times the coefficient of x^^ 

^a^H^ + 4ac(6c - ad)x = 4dbcd. 
Complete the square, 

4a2c2x2 + ( ) + (6c - ad)2 = h'^c^ + 2 abed + a^d^. 
Extract the root, 2acx + (be — ad) = ± (be + ad). 
Reduce, 2 acx = — (6c — ad) ±{bc + ad) 

= 2 ad, or — ■ 2 6c. 



d b 

. X = -1 or 

c a 



2. Solve the equation px^ —px-h qx^ -^ qx = 
(P + q)x^-{p-'q)x=^' 






4 (p + qYx^ - 4 (p2 _ g2) jc = 4p^. 
4(p + g)2a;2_( ) + (p-5)2 = p2 + 2p^ + g2. 
2 (p + g) X - (p - 9) = ± (p + 5). 

2(p + 9)x = (p-^)±(p + 9). 

... X = , ^ or \— • 

Note. The left-hand member of the equation when simplified 
must be expressed in two terms, simple or eompound, one term con- 
taining x2 and the other term containing x. 
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Exercise 114. 
Solve : 

1. x^ + 2ax=^Sa\ 9. 2aV -|- ax - 1 = 0. 

2. x^-'4:ax = 12a\ 10. 12 bh^^ - 5 bx = S. 

3. x'-hSbx = 9b\ 11. ?|! + ^ = ii^(a;_34 

4. x^-^Sbx = 10b\ 3^ ^^A 

6. Sx^ + 4:cx = 4:c\ 13. a;2--= ^ 



7. 5dx-2x^ = 2a\ 



a 4 a' 



2 



3aa;' 2a; 13 
8. 6x^-ax-'a^ = 0. ^*' 4 3 ""3a' 

x^-}- ax + a^ . a* — sc* 

15. 1 = ax. 

3 4 

16. 2a;*-a;-|-a = 2a^ 22. x^ -h (a — b) x = ab^ 

,^ x(a — x)^x ^ ^^ 2a + a;,a — 2a; 8 

a + a; o Ja — x a + Ja; o 

a;(3a;-a) a 2a;-3a , 3x 4-2a 10 

4:X-\-a 12 a;H-4a 4a; — a 7 

19. x^-] a; = l. 25. ^-7 \-——— = 2. 

mn 3b — X x -\-2a 

D^-* 6ab cr a + 6 + x x4-^ 

b — a X -\- a a-^b -Y x a b x 

28. 9x*-3(a + 25)x-|-2aft = 0. 

29. (2 a + 1) X* + 3 a^x 4- a« - a* = 0. 

30. (1 - a*) x* - 2 (1 + a*) X + 1 — a* = 0. 

31. (a H- ^»)2a;2 _ (^2 _ ^2) ^ ^ ^ 

32. (a H- «») x2 - (2 r/. H- ^»)x 4- a = 0., . 
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33. - H -^ = - H r-7' *0- :; = a + 



X x + b a a-h b ' x — S x -h S 



34. 



a — x a-\-x a^ — x 



3±^. 41.^-1 =^^^^1^1^. 



36. ?l±^^j^^±*!l = 2x.- 42. (a;c-J)(&r-a) = c« 

(2 g — ay __ ax + b _ ma; H- yt 

'2x — a + 2ft * 'ftaj-j-a na;-|-m 

„^ (a-l)V-|-2(3a-l)a; . ^^ m , m 

37. -^^ ^— i ^ ^-=1. 44. ; 1 = c. 

4a — 1 m-\-x m—x. 

38. ^-+-^ = -21-. 46. (2Lz3^+^^2.. 
x — a x — b x — c a^ + b^ 

47. I (a;» + a» + aft) = ia;(20a-|-4ft). 

48. «^ — 2 ma; = (w — J9 + m) (n — J9 — m). 

49. a;^ — (w 4- w) a; = J (^ + g' + m + w) (^ + g' — m — n). 

50. 7?2-7WC^ — (m 4- n) (mw + 1) a + (m -|- w)* = 0. 



51. 


x^ w^ — ^a^ X 


3m — 2a 4a — 6m 2 


52. 


6 a; + ^^ ^ = 5 (a — ft) + -;; 

X ^ ^ 6x 


53. 


2b — x — 2a 4:b — l a x — ^a 


bx ax — bx ab — b^ 


54. 


a-2b-x 5b-x 2a-x-19b 


a2-4ft2 ax + 2fta; 2fta;-ax " 



a; 4- 13a + 3ft a-2b 

^^' 5a-3ft-a; x + 2ft' 

xi^^b 3ft a + 3ft 

^^' 8a2-12.aft 9ft^-4a2 (2a 4- 3 ft) (a; - 3 ft) "" 
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Solution by a Formula. 
299. Every affected quadratic can be reduced to the form 
ax^ -}- 5a; 4- c = 0. 
Solve ax^ -\-bx-\- c = 0. 

Transpose c, ox^ + 6x = — c. 

Multiply the equation by 4 a and add the square of 6, 

4o2x2 + ( ) + 62 = 62-_4oc. 



Extract the root, 2ax + h= ± v 62 — 4 ac. 



-h±y/W--Iac 

•••*= ra 

By this formula, the values of a; in an equation of the 
form ax^ + 5a; -|- c = may be written at once. 

Solve 3x2 -5a; 4- 2 = 0. 

Here a = 3, 6 = — 5, c = 2. 

Putting these values for the letters in the above formula, we have 

5 + V25 - 24 5-V2 6 — 24 
x = ,or 

= h or 1 
= 1, or f. 

Exercise 115. 
Solve by the above formula : 

1. 2x2 4- 3a; = 14. 7. 5x2-7x = -2. 

2. 3x2-5x = 12. 8. 4x2-9x = 28. 

3. x2-7x = 18. 9. 5x2 4-7x = 12. 

4. 5x2-x = 42. 10. Ilx2-9x = --^- 

5. 6x2-7x = 10. 11. 7x2-f 5x = 38. 

6. 3x2-llx = -6. . 12. 5x2- 7a; = 6. 
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Equations Involvingr Two or More Radicals. 



300. Solve Vx+I + V2a + 6 = V7a;-f 14. 



Square, a + 4 + 2V(x + 4){2a + 6) + 2x + 6=7x + 14. 
Simplify, V(x + 4) (2 x -I- (5) = 2 x + 2. 

Square, ' (x + 4)(2x + 6) = (2x + 2)2. 

Solve, X = 5, or — 2. 

Of these two values, only 6 will satisfy the original equation. 

Squaring both members of the original equation is equivalent to 
transposing V? x + 14 to the left member, and then multiplying by 
the rationalizing factor Vx + 4 + V2x -H 6 + V? x + 14, so that 



(Vx + 4 + V2x + 6 - V7x +14){ Vx + 4 + V2x -H 6 + V7x + 14)= 0, 



and this reduces to V(x + 4)(2x + tJ) — (2 x + 2) = 0. 

Transposing and squaring again is equivalent to multiplying by 



(Vx + 4 - V2X+6 + V7x + 14){Vx + 4 - V2x + 6 - V7x + 14). 
Reducing, x^ — 3 x — 10 = 0. 

Therefore, the equation x^ — 3x — 10 = is really obtained from 
(Vx + 4 + V2X + 6 - V7X + 14) 



X (Vx + 4 + V2X + 6 + V7 X + 14) 



X {Vx + 4 - V2X + 6 — V7X + 14) 



X (Vx + 4 - V2x4-6 + Vt X + 14) = 0. 

This last equation is satisfied by any value that will satisfy any one 
of the four factors of its left member. The first factor is satisfied by 
6, and the last factor by — 2, while no values can be found to satisfy 
the second or third factor. 

As 5 is the only value of x that will satisfy the original equation, 
all other values must be rejected. 
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Exercise 116. 



Solve : 



1. y/dx -f 40 - 2Va; + 7 = Va. 

2. Va + a+Va — x=Vb. 



3x-\-^4:X-x^ ^ 
Sx — V4 X — x^ 



4. V«~3 - Vx - 14 = V4a; - 155. 

5. Vaj + 4 — Vx = Va; + J. 

^ 3V^~4 15 + 3V^ ^ 

6. 7= 7=- = 0. 

2+Vx 40+Va 

7. Vl4ic H- 9 4- 2 Va; + 1 4- V3 x + 1 = 0. 

8. V5xH-l-2-Va;4-l = 0. 



9. Vx - 2 4- Vaj H- 3 - V4aj + 1-0. 

10. V7 - X 4- V3aj + 10 + Va; + 3 = 0. 

11. 3 Vx« + 17 + Va» + 1 + 2V5a;» -h 41 = 0. 



12. 2x-V2aj-l = a;-|-2. 

13. Vaj 4- 2 - Vaj - 2 -V2x = 0. 

14. ^== + ^==12. 

a;+Va;2-l x-Vx^-l 

15. V3^+V3x4-13 ^^ 



V3a;4rl3 



16. X - Va:8 - 2 a;2 - 2 = 0. 



Sx-Vx^-s 



17. ^^^^^ , " = a;-fVa:^-8. 

a;-Va;2-8 
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Equations in the Quadratic Form. 

301. An equation is in the quadratic form if it contains 
but two powers of the unknown number, and the exponent 
of one power is exactly twice that of the other power. 

302. Equations in the quadratic form may be solved by 
the methods for solving quadratics. 

1. Solve8««-|-63aj» = 8. 
Multiply by 32 and complete the square, 

266x6 + ( ) + 63-^ = 4226. 
Extract the square root, 16x« + 03 = ± 66. 

Hence, x' = -» or — 8. 

o 

Extracting the cube root, two values of x are i and — 2. There 
are four other values of x which may be found by § 297. 

2. Solve V? - 3^ = 40. 

Using fractional exponents we have, 

xi- 3x^ = 40. 
Complete the square, 4 x* — 12 x* + 9 = 109. 
Extract the root, 2 x^ — 3 = ± 13. 

Transpose — 3, 2 x* = 10, or — 10. 

Divide by 2, x* = 8, or — 6. 

Extract the cube root, x^ = 2, or — 6*. 

Raise to the fourth power, x = 1(>, or 5 v 6. 

3. Solve (2a; -3)2- (2x- 3) = 6. 

Put y for 2 X — . 3, and therefore y^ for (2 x — 3)2. 
We have y^ — y = Q. 

Solving, y = 3, or — 2. 

Put2x — 3fory, 

2x-3 = 3, I 2x-3 = -2. 

X = 3. 1 x = l 
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4. Solve 7 x* - 5ar -f 8 V7a;2 -5a;-fl = -8. 
By adding 1 to both sides, we have 



7x2-5a; + l + 8V7x2~5a;-|-l = -7. 



Put y for V7x2 — 5x + 1, and hence y* for 7 x^ — 5 x + 1. 
Then, y^ + Sy = -7. 

Solving, y = — 1, or - 7. 

Therefore, y2 = i^ q^ 49. 

We now have 7x2 — 5x4- 1 = 1, or 7x2 — 6x + 1 =49. 
Solving these equations, we find for the values of x, 

0, y; or 3, -y 

These values all satisfy the given equation when we take the nega- 
tive value of the square root of the expression 7 x^ — 6 x + 1 ; they 
are in fact the four roots of the biquadratic obtained by clearmg the 
given equation of radicals. 

5. Solve x^- 10 aj» + 35 aj2 - 50 a; + 24 = 0. 
Take the square root of the left side. 

aj* - 10a;» + S5x^ - 50a; + 24 |a;«-5a; + 5 



2x2 -6a; 



-10a;« + 35a;» 
-10a;« + 25a;2 



2a;«- 10a; 4- 5 



10a;* -50a; + 24 
10a;2-50a;4-25 



- 1 



It is now seen that if 1 is added, the square will be complete and 
the equation will be 

a;* - 10a;8 4. 35a;* - 50a; + 26 = 1. 

Extract the square root, and the result is 

x2-6x + 5 = ±l. 
^^"^S, « = 4, 1, 3, or 2. 
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^^r^ ""^ Exercise 117. 

1. «*-5«24.4 = 0. 6. 10a:*~21=a;». 

2. a;*-13aj2 + 36 = 0. 7. ^ + 3v^ = lf. 

3. aj*-21x2=100. 8. 3^-2V^=-20. 

4. 4ic«-3a^« = 27. 9. 5 «*• + 3 aj» = GJ. 

6. 2aj* + 5x2 = 21f. lo. (8x + 3)24-(8a; + 3)=30. 

11. 2 (^2 - a; 4- 1) - Va;2 - jc + 1 = 1. 

12. aj«-9x« + 8=0. 14. (x-^l) + V^rn. = 6, 

13. x^ + x-^ = —' 16. x*- 13^2 =-36. 

16. 2a;2 + 4x + 9 + 3V2x2 + 4aj + 9 = 40. 

17. 2aj2 + 3a;-5V2a;2 + 3x + 9 = ~3. 

18. 3x2 + 15x-2V^H^"5^Tl = 2. 

19. x^-^x-h 3V2aj2 -3x4-2 = 7. 

20. 2x2-Vx2-2x-3 = 4x + 9. 

21. 3x2 _ 4^ + V3x2 - 4x - 6 = 18. 

22. 3x2 - 7 4- 3V3x2 - 16x + 21 = 16x. 

23. X* - 2x« - 13x2 + 14x + 24 = 0. 

24. X* - 4x» - 10x2 + 28x - 15 = 0. 

25. 4x*-20x« + 23x2 4-5x-6 = 0. 

26. 4x*-12x« + 5x2-t-6x-15 = 

27. 4x* - 12x» + 17x2 -12x- 12 = 0. 

28. 6x2 + 6x+Vx(xH-l) =7. 
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Character of the Boots. 
The two roots of ax^ -f- ^x + c = are 



b , y/b^ -4: ac , b ■\^b^-4:ac 
"^-a^ 2a ^^-2^ 2^ (§299) 

303. The character of the two roots depends wholly upon 
^* — 4 aCy the expi'ession under the radical sign. 

1. If 62 — 4 ac is positive and not zero, the roots are real 
and unequal. 

The roots are real, since the square root of the positive 
number, ^^ — 4 ac, can be found exactly or approximately. 

The roots are unequal, since V6^ — 4 ac is not zero. 

If ^^ — 4 ac is a perfect square, the roots are rational} if 
ft^ — 4 ac is not a perfect square, the roots are surds. 

2. If h^ — 4 ac is zero, the two roots are real and equal, 
since they both become — ^ • Hence, 

The roots of ax^ + fta + c = are real, if J* = or > 4ac. 

3. If 2)2 — 4 ac is negative, the roots are imaginary, since 
they involve the square root of a negative number. Hence, 

The roots of ax^ ■+-bx'\- c = are imaginary, if b^<iac. 

The two imaginary roots of a quadratic cannot be equal, 
since ^^ — 4 ac is not zero. They have, however, the same 
real parts, and the same imaginary parts with opposite signs, 
and are, therefore, conjugate imaginaries, § 284. 

The expression 5^ — 4 ac is called the discriminant of the 
expression ax^ 4- ft» + c. 
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804. The above cases may be summarized as follows : 

Case 1. If ft^ — 4 ac > 0, the roots are real and unequal. 
Case 2. If 6^ — 4 ac = 0, the roots are real and equal. 
Case 3. If 6^ — 4 ac < 0, the roots are imaginary. 

306. By finding the value of 5* — 4 ac we can determine 
at once the character of the roots of a given equation. 

1. x^-5x + 6 = 0. 

Here a = 1, 6 = — ■ 5, c = 6. 

62_4ac = 25-24 = l. 
The roots are real and unequal, and rational. 

2. 3a;2 + 7a;-l = 0. 

Here a = 3, 6 = 7, c = — 1. 

6a_4ac = 49-l-12 = 61. 
The roots are real and unequal, and are both surds. 

3. 4x«- 12x4-9 = 0. 

Here a = 4, 6 = — 12, c = 9. 

62 -4ac = 144 -144 = 0. 
The roots are real and equal. 

4. 2x^- 3a; + 4 = 0. 

Here a = 2, 6 = — 3, c = 4. 

62-4ac = 0~32 = -23. 
The roots are both imaginary. 

5. Find the values of m for which 

2mx^-\-(5m'h2)x+ (4m + 1) =0 
has its two roots equal. 

Here a = 2m, 6 = 5m + 2, c = 4m + l. 

If the roots are to be equal, we must have 

62 — 4ac = 0, or{5 7n + 2)2 — 8m(4m + 1) = 0. 

2 
Solving, m = 2, or — - • 
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For these yalues of m the equation becomes 

4x2 + 12x + 9 = 0, and 4a:2-4x + 1 =0, 
each of which has its roots equal. 

Exercise 118. 

Determine without solving the character of the roots of 
each of the following equations : 

1. x^-\-5x + 6 = 0, 6. 6a;2- 7a; -3 = 0. 

2. a^-f 2x-15 = 0. 7. 5x^-5x-S = 0. 

3. a;* + 2a; + 3 = 0. 8. 2a;2-aj + 5 = 0. 

4. 3a;^ + 7a; + 2 = 0. 9. 6x^-{- x- 77 = 0. 

5. 9a:* + 6a; + l = 0. 10. 5x^-\-Sx + ^ = 0. 

o 

Determine the values of m for which the two roots of 
each of the following equations are equal : 

11. (m-\-l)x^ + (m-l)x + m + l = 0. 

12. (2m - S)x^ -\- mx -\- m - 1 = 0. 

13. 2ma;2 4-a;^ + 4aj + 2maj-h2m-4 = 0. 

14. 2mx^ -\- Srrix— 6 = Sx — 2 7n — x\ 

15. 7nx^-{'9x-10 = Smx-2x^-\-2m. 

Relations of Roots and Coefficients. 

806. If we divide the general equation ax^ + ftar + c = 

b c 
by a, we have the equation x^ + -x + -' = 0; this may be 

b c 

written x^ -hpx -\-q = 0, where » = -> a = -- 

a ^ a 
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307. By solving «* +jpa; -f g = 0, and denoting the first 
value of X by ri, and the second value by r„ we have 

'^1 = -?;+-^ — -' 



• 2 2 

Add, ^1 + ^2 = — ^. 

Multiply, rir, = q. 

It appears, then, that if any quadratic equation is made 
to assume the form x^ -\- px + q =: Q, the following relations 
hold between the coefficients and roots of the equation : 

1. The sum of the two roots is equal to the coefficient 
of X with its sign changed. 

2. The product of the two roots is equal to the constant 
term. 

308. If Ti and r^ are the roots of the equation x^ +px 
+ q = Oy the equation may be written 

(x - n) (x - r,) = 0. 

309. Form the equation of which the roots are '^ and — 2. 

The equation is (a — 3) (x + 2) ^^0, 

or «2 — a — 6 = 0. 

Exercise 119. 
Form the equation of which the roots are : 

1. 7, 6. 5. 1^, - 1^. 9. 3 4- V2, 3 - V2. 

2. 5, - 3. 6. - li, - 1}. 10. 1 + V^, 1 - V^. 

3. 1^, - 2. 7. 13, - 4^. 11. aya-b. 

4. 4,2*. 8. jjy^' 12. a-hbya-k 
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Problems Involvingr Quadratics. 

310. Problems that involve quadratic equations appar- 
ently have two solutions, since a quadratic equation has 
two roots. If both roots of the quadratic equation are 
positive integers, they will, generally, both be admissible 
solutions. 

Fractional and negative roots will in some problems give 
admissible solutions ; in other problems they will not. 

No difficulty will be found in selecting the result which 
belongs to the particular problem we are solving. Some- 
times, by a change in the statement of the problem, we may 
form a new problem which corresponds to the result that 
was inapplicable to the original problem. 

Imaginary roots indicate that the problem is impossible. 

Here, as in simple equations, x stands for an unknown 
number. 

1. The sum of the squares of two consecutive numbers 
is 481. Find the numbers. 



Let 


X = one number, 


and 


X + 1 = the other. 


Then, 


x2 + (x + 1)2 = 481, 


or 


2x2 + 2x+ 1=481. 



The solution of which gif es x = 15, or — 16. 

The positive root 15 gives for the numbers, 15 and 16. 

The negative root — 16 is inapplicable to the problem, as consecu- 
tive numbers are understood to be integers which follow one another 
in the common scale, 1, 2, 3, 4 

2. A pedler bought a number of knives for $2.40. Had 
he bought 4 more for the same money, he would have paid 
3 cents less for each. How many knives did he buy, and 
what did he pay for each ? 

Let X = number of knives he bought. 

240 
Then, — = number of cents he paid for each. 
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But if X + 4 = number of knives he bought, 

— r— : = number of cents he paid for each, 

240 240 .^ ^.^ 

-7—7 = the difference m price. 

X X "i 4 

But 3 = the difference in price. 

240 240 _ - 

X X + 4 

Solving, X = 16, or — 20. 

He bought 16 knives, therefore, and paid ^y, or 15 
cents for each. 

If the problem is changed so as to read : A pedler bought 
a number of knives for $2.40 ;' if he had bought 4 less 
for the same money, he would have paid 3 cents more for 
each, the equation will be 

240 240 _ g 
X — 4 X 
Solving, X = 20, or — 16. 

This second problem is therefore the one which the nega- 
tive answer of the first problem suggests. 

3. What is the price of eggs per dozen when 2 more in 
a shilling's worth lowers the price 1 penny per dozen ? 

Let X = number of eggs for a shilling. 

Then, - = cost of 1 egg in shillings, 

12 
and — = cost of 1 dozen in shillings. 

But if X 4- 2 = number of eggs for a shilling, 

12 



x4-2 



= cost of 1 dozen in shillings. 



12 12 1 

••• — - ^-qr^ = 12 <^ P^^^y ^®^"^ tV o^ a shilling). 

The solution of which gives x = 16, or — 18. 

And, if 16 eggs cost a shilling, 1 dozen will cost 9 pence. 

Therefore, the price of the eggs is 9 pence per dozen. 
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If the problem is changed so as to read : What is the 
price of eggs per dozen when two less in a shilling's worth 
raises the price 1 penny per dozen ? the equation will be 

12 ^2 _ 1 
« — 2 X 12* 
The solution of which gives x = 18, or — 16. 
Hence, the number 18, which had a negative sign and was inappli- 
cable in the original problem, is here the true result. 

Exercise 120. 

1. The sum of two squares of two consecutive integers is 
761. Find the numbers. 

2. The sum of the squares of two consecutive numbers ex- 
ceeds the product of the numbers by 13. Find the numbers. 

3. The square of the sum of two consecutive even num- 
bers exceeds the sum of their squares by 336. Find the 
numbers. 

4. Twice the product of two consecutive numfcers ex- 
ceeds the sum of the numbers by 49. Find the numbers. 

5. The sum of the squares of three consecutive numbers 
is 110. Find the numbers. 

6. The difference of the cubes of two consecutive odd 
numbers is 602. Find the numbers. 

7. The length of a rectangular field exceeds its breadth 
by 2 rods. If the length and breadth of the field were 
each increased by 4 rods, the area would be 80 square rods. 
Find the dimensions of the field. 

8. The area of a square may be doubled by increasing 
its length by 10 feet and its breadth by 3 feet. Find the 
length of its side. 
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9. A rectangular grass plot 12 yards long and 9 yards 
wide has a path around it. The area of the path is | of 
the area of the plot. Find the width of the path. 

10. The perimeter of a rectangidar field is 60 rods. Its 
area is 200 square rods. Find its dimensions. 

11. The length of a rectangular plot is 10 rods more 
than twice its width, and the length of a diagonal of the 
plot is 25 rods. What are the dimensions of the plot ? 

12. The denominator of a certain fraction exceeds the 
numerator by 3. If both numerator and denominator are 
increased by 4, the fraction will be increased by J. Find 
the fraction. 

13. The numerator of a fraction exceeds twice the de- 
nominator by 1. If the numerator is decreased by 3, and 
the denominator increased by 3, the resulting fraction will 
be the reciprocal of the given fraction. Find the fraction. 

14. A farmer sold a number of sheep for $120. If he 
had sold 5 less for the same money, he would have received 
$2 more a sheep. How much did he receive a sheep ? 

State the problem to which the negative solution applies. 

15. A merchant sold a certain number of yards of silk 
for $40.50. If he had sold 9 yards more for the same 
money, he would have received 75 cents less per yard. 
How many yards did he sell ? 

16. A man bought a number of geese for $27. He sold 
all but two for $25, thus gaining 25 cents on each goose 
sold. How many geese did he buy ? 

17. A man agrees to do a piece of work for $48. It 
takes him 4 days longer than he expected, and he finds 
that he has earned $1 less per day than he expected. In 
how many days did he expect to do the work ? 
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18. Find the price of eggs per dozen when 10 more in 
one dollar's worth lowers the price 4 cents a dozen. 

19. A man sold a horse for f 171, and gained as many 
per cent on the sale as the horse cost dollars. How much 
did the horse cost ? 

20. A drover bought a certain number of sheep for $160. 
He kept four, and sold the remainder for $10.60 per head, 
and made on his investment | as many per cent as he paid 
dollars for each sheep bought. How many sheep did he buy? 

21. Two pipes running together can fill a cistern in 5| 
hours. The larger pipe will fill the cistern in 4 hours less 
time than the smaller. How long will it take each pipe 
rimning alone to fill the cistern ? 



22. A and B can do a piece of work together in 18 i 
and it takes B 15 days longer to do it alone than it does A. 
In how many days can each do it alone ? 

23. A boat's crew row 4 miles down a river and back 
again in 1 hour and 30 minutes. Their rate in still water 
is 2 miles an hour faster than twice the rate of the current. 
Find the rate of the crew and the rate of the current. ^ 

24. A number is formed by two digits. The imits' digit 
is 2 more than the square of half the tens' digit, and if 18 
is added to the number, the order of the digits will be 
reversed. Find the number. 

25. A circular grass plot is surrounded by a path of a 
uniform width of 3 feet. The area of the path is | the area 
of the plot. Find the radius of the plot. 

26. If a carriage wheel 11 feet round took J of a second 
^ess to revolve, the rate of the carriage would be five miles 

ire per hour. At what rate is the carriage traveling? 



CHAPTER XX. 
SIMULTANEOUS QUADRATICS. 

311. Quadratic equations involving two unknown num- 
bers require different methods for their solution, according 
to the form of the equations. 

Case 1. 

312. When one of the equations is a simple equation. 

Solve Sx^-2xy = 5\ (1) 

x^y=2 J (2) 

Transpose « in (2), y = x — 2. 

In (1) put X — 2 for y, 

3x2-2x(x-2) = 6. 
The solution of which gives x = 1, or x = — 5. 
If X = 1, 

y = l-2 = -l; 
and if x = — 6, 

y = -6-2 = -7. 
We have, therefore, the pairs of values, 

The original equations are hoth satisfied by either pair of values. 
But the values x = 1, y = — 7, will not satisfy the equations ; nor will 
the values x = — 5, y = — 1. 

The student must be careful to join to each value of x 
the corresponding valice of y. 
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Case 2. 

818. When the left side of each of the two equatums is homo- 
geneons and of the second degree. 



Solve 2i/ - 4ajy 4- 3x« = 17 

V« - aj« = 16 



} 



Let y = vx and substitute vz for y in both equations. 
From (1), 2«2x2 - 4 cx2 + 3x2 = 17. 

17 



From (2), 



Equate the values of x^, 



32t)2-64t7 + 48 = 17t)2-17, 
16i72-64« = -66, 
225r2-.960o = -976, 
225w2-() 4- 322 = 49, 

16w-82 = ±7. 



If 



5 

.= -, 

6x 



Substitute in (2), 

x2 = 9, 

X = ± 3, 
5x , „ 

y = -^ = ±6. 



6 


1?. 




tj = - , or 






3 


6 ' 


13 


If 


V 


13 X 


y 


= vx 


5 


Substitute in 


(2), 


169x2 








— X2 


= 16, 


25 




26 




X2 


5 




X 


=4' 




13x 


^13 


y = 


6 


= ±T 



(1) 







•. X* 


2D2-4t 


» + 3 




1?2x2- 


-X2 
•.X2 


= 16. 
16 

©2-1 






17 




16 

=i,2_i:' 




2»2 


-4l7 


+ 3 
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Case 3. 

314. When the two equations are symmetrical with respect 
to X and y\ that is, w]^en x and y are similarly involved. 
Thus, the expressions 

2aj» + 3£cy+2/, 2a;y - 3a; -3y 4-1, x^-Zxhf^xy^^-y^ 

are symmetrical expressions. In this case the general rule 
is to combine the equations in such a manner as to remove 
the highest powers of x and y. 

Solve x* 4- 2^* = 3371 (1) 

X +y = li (2) 

To remove x* and y*, raise (2) to the fourth power, 

x* + 4«8y + 6a;2y2 + 4xy«+ y* = 2401 

Add (1), (g* 4- y*= 337 

2aj* + 4«»y + 6«V^ 4- 4a;y8 + 2y^ = 2738 

Divide by 2, aj* + 2x8y + 3xV + 2xy8 + y* = 1369. 

Extract the square root, x^ -¥ xy -\- y'^ = ± 37. (3) 

Subtract (3) from (2)2, xy = 12 or 86. 

We now have to solve the two pairs of equations, 

« + y = 7 ) x + y = 7 ) 
= 12 P xy = 86 r 



xy = 12 ) xy 

From the first, x = 4 ) nr * = ^ I 

y = 3r y = 4J 

7 ± V- 295 



From the second. 



7 3:^-296 

y^-'^ 
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315. The preceding cases are general methods for the 
solution of equations that belong to the kinds referred to; 
often, however, in the solution of these and other kinds of 
simultaneous equations involving quadratics, a little inge- 
nuity will suggest some step by which the roots may be 
foimd more easily than by the general method. 

1. Solve x + ]/ = ^0^ (1) 

xy = 300 J (2) 

Square (1), x^ + 2xy + y^ = 1600. (3) 

Multiply (2) by 4, ixy = 1200. (4) 

Subtract (4) from (3), 

aj2-2a;y-f7/2 = 400. (6) 

Extract the square root, x — y = ± 20. (6) 

From (1) and (6), a? = 30 ) . x = 10 ) 

y = 10 r ^'' y = 30 r 



(1) 
(2) 

(3) 
(4) 



2. Solve 


x^y 20 




11 41 
x^ y^ 400 


Square (1), ^ 


+ ' + ' = ''. 
^xy^y^ 400 


Subtract (2) from (3), 


2 40 
xy 400 


Subtract (4) from (2), 




1 
x2 


2 + ^= ^ • 
xy ^ y^ 400 


Extract the square root, 


1_1 = ±J-. 
X y ^20 


From (1) and (6), 


x = 4\ , 



(6) 
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3. Solve X —y = 4:\ (1) 

x^ + y^ = 4.0S (2) 

Square (1), x^-2xy + ^ = 16. (3) 

Subtract (2) from (3), — 2a;y = — 24. . (4) 

Subtract (4) from (2), 

x2 + 2xy + y2 = 34. 

Extract the root, x + y = ± 8. (5) 

From (1) and (6), z = 6l ^_x= — 2i 

y 



, = 6) x=-2} 



4. Solve a; 



!« + y« = 91-l 

+ y = 7J 



which gives xy = 

We now have, x + y = 12 

xy 
Solving, we find, 



= 12) 
= 32 J 
X = 8 I x = 4} 

y = 4p ^%=8r 



(1) 

(2) 



Divide (1) by (2), x^-xy + y^= 13. (3) 

Square (2), x^ + 2xy + y^ = 49. (4) 

Subtract (3) from (4), 3xy = 36. 

Divide by — 3, — xy = — 12. (6) 

Add (6) and (3), x^ - 2 xy + y2 = i. 

Extract the root, x — y = db 1. (6) 

From (2) and (6), x = 4 ) x = 3 ) 

(=3^ ^%=4r 



y 



5. Solve x*-\-y^ = lSxt/^ (1) 

X + y = 12 J (2) 

Divide (1) by (2), x2 - xy + y2 = 5|2( . (3) 

Square (2), x2 + 2 xy + y2 = 144. (4) 
Subtract (4) from (3), - 3xy = ^ - 144, 
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Exercise 121. 






Solve : 






1. a; + y = 7| 3, X- 


-y = 6l 


5. a;4-y = 12 


xy = 10 J xy 


= -8j 


aj2 + 2^* = 80 


2. x + y = 12'] 4. a;- 


-y = 10 


1 6. a; + y = 3 


xy = 27 J xy 


= 11 


a;24.2^2=,29 


7, X -y = 9 


17. 


x^^y- = 9\ 


x^-hy' = ^5' 




X -y =1] 


8. a; 4-2y = 7' 


18. 


a;2-|-32^-f 17 = 


1 


x^-h y' = 10/ 




3x-y = 3 


1 


9. Sx -y =12' 


19. 


i+i=5 1 




a,2_y2 = ie; 




lie 




10. 2/ = 3a; + l 




x«-y« = ^ 




a;2-|-iC3/ = 33 ' 










1 . 1_^ 




^ 


20. 






11. 6a; — 4y =10 




cc y (5 




3x^-Ay'= 8 " 




11 13 

x^ ^ y^ 36 




12. a; + 7y = 23l 






xy = 6 J 


21. 


3x-\-2y = 2xy^ 




^ _ "Y 




xy = 6 




13. 2x -3y =2 


^ 




•' 


x^ — 2xy = — 7 




22. 


i+i=ir 








a; y 




14. 2ic -3y = ll 




1 1 




3a;2-4a;3/ = 32j 




-, + -^=61 
aj« y^ 




15. x^-xy-^y^ = 21 


23. 


Sx + 6y = 4:xy'] 




x + y = 9 




xy = ie J 




16. ic2_3aj2^4.22^2 = 0\ 


24. 


a;8 + y8 = 35 


' 


2a; + 3y = 7 


; 




X -\-y = 5 
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25. aj«-y« = 61 
X —y = 1 

26. x^'>ty^ = ^^ 
X -\- 7/ = 5 

27. x^ -\- xy^ = 120^ 
X'hy = S 

28. x^-y^ = ^^ 

X -y = i 

29. a;» + 2/' = 126 

x^ — xy -{' y^ = 21 

30. «» — y« = 56 

aj2 + ay + 2^2 = 28 



31. 



32. 



33 



y X " S 
a;^y 12 



X 



,2 



1 



X 2 
1^J_ 
a; "18 



aj^ -h xy = 24 

34. a;* — a;2^ = 8 
xy— 2/^ = 7 

35. x2 + 2x2/ = 24 

2 a;2^-f 42^2^120 

36. 4a;* -\-5xy = 14:'] 
7xy + 9y^ =60 J 



37. x^-\-xy-\-y^ = S9 
2x^-\-Sxy-\-y^ = 6S 



38. 



x^ +32/2=, 52| 
xy'h2y^ = ^0j 



39. 


2a!»-y« = 46| 




xy +y«=14j 


40. 


a!'' + xy + 2y'' = 




2a:»-3a;y+2 


41. 


a!» + 3y« = 3l" 




4a;y + y* = 33 



42. 3aj2H-7a!2/ = 82 
x^ -\' 5xy+ 9y^ 



^ 1 

= 279 J 



44 



45 



:* + y* = 97 1 
: +2^ = 5J 

. a;* + 2^* = 17| 
a; +2/ = 3J 

. a;* + 2/' = 88l| 
x -y = IJ 



46. arS + 2/^ = 211 
a; -l-y = 1 

47. a;^-2^ = 242 
X —y — 2 



48. a;2 + y2 = 



X +2/ 



= a;2/ + 7 1 
= ^2/ - 1 J 



49. a;® — 2/^ = 7 a;2/ 
a; -2^ =2 
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50. a;*-f 2^ = 365cy 

a; -f y =24 
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61. X* — y^ = i 



1 61. a;* — y* = a*1 

J X - y =a } 



52. x^ + a-y + y2 = 61 1 
x* + a:y + 3/* = 1281J 



53. a;^ — xy 4- y* = 3 
a;* + a;y+y' = 21 

X —y X -k-y 6 
x^ + y^ = 20 



55. 



y a; + y _ 24 
5 



X -hy X —y 
3x + 4:y = 3e 



56. a;2 + y2^a; + y = 32 
a;y + 16 = 

57. aj — y — 3 = 1 

2(a;2-y2) = 3a:yj 



58. - + - = 7 
a; y 

1 1 



31 



x+ly+1 20 

59. a;* + / = 272 

x^ + y^ = Sxy-4: 



60. x^-\-y^ = xY-^ 
X -\-y =2xy — 



;} 



^+^ = 4 
a; y 



63. a;^ = ax + by 
y^ = hx + ay 



64. aj2 + 2/2==2(a2 + ^2)| 
xy = a^ — b^ J 



65. ^^ + y« = ^^ 
a:y = 1 



66. x^-y^ = 



a — b 
a-hb 



xy- 



ab 



(a + by 



67. x^ -xy =2ab + 2b' 
xy- y^ = 2ab-2h^ 



68. a;2-v* = 



a;y = Z>2 J 



69. a;«-y2 = 8a& 




xy = a^ — A:b^ 




70. a:»H-y« = a» + 5»l 


a; +y = a + 


ft J 
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EXEBCISE 122. 

1. The area of a rectangle is 60 square feet, and its 
perimeter is 34 feet. Find the length and breadth of the 
rectangle. 

2. The area of a rectangle is 108 square feet. If the 
length and breadth of a rectangle are each increased by 
3 feet, the area will be 180 square feet. Find the length 
and breadth of the rectangle. 

3. If the length and breadth of a rectangular plot are 
each increased by 10 feet, the area will be increased by 400 
square feet. But if the length and breadth are each dimin- 
ished by 5 feet, the area will be 76 square feet. Find the 
length and breadth of the plot. 

4. The area of a rectangle is 168 square feet, and the 
length of its diagonal is 25 feet. Find the length and 
breadth of the rectangle. 

5. The diagonal of a rectangle is 25 inches. If the 
rectangle were 4 inches shorter and 8 inches wider, the 
diagonal would still be 25 inches. Find the area of 
the rectangle. 

6. A rectangular field, containing 180 square rods, is 
surrounded by a road 1 rod wide. The area of the road is 
58 square rods. Find the dimensions of the field. 

7. Two square gardens have a total surface of 2137 
square yards. A rectangular piece of land whose dimen- 
sions are respectively equal to the sides of the two [squares^ ' 
will have 1093 square yards less than the two gardens 
united. What are the sides of the two squares ? 

8. The sum of two numbers is 22, and the difference of 
their squares is 44. Find the numbers. 
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9. The difference of two numbers is 6, and their product 
exceeds their sum by 39. Find the numbers. 

10. The sum of two numbers is equal to the difference 
of their squares, and the product of the numbers exceeds 
twice their sum by 2. Find the numbers. 

11. The sum of two numbers is 20, and the sum of their 
cubes is 2060. Find the numbers. 

12. The difference of two numbers is 5, and the differ- 
ence of their cubes exceeds the difference of their squares 
by 1290. Find the numbers. 

13. A number is formed of two digits. The sum of the 
squares of the digits is 58. If twelve times the units' 
digit is subtracted from the number, the order of the digits 
will be reversed. Find the number. 

14. A number is formed of three digits, the third digit 
being twice the sum of the other two. The first digit plus 
the product of the other two digits is 25. If 180 is added 
to the number, the order of the first and second digits will 
be reversed. Find the number. 

15. There are two nimibers formed of the same two 
digits in reverse order. The sum of the numbers is 33 
times the difference of the two digits, and the difference of 
the squares of the numbers is 4752. Find the numbers. 

16. The sum of the numerator and denominator of a cer- 
tain fraction is 5 ; and if the numerator and denominator 
are each increased by 3, the value of the fraction will be 
increased by ^. Find the fraction. 

17. The fore wheel of a carriage turns in a mile 132 
times more than the hind wheel ; but if the circumferences 
were each increased by 2 feet, it would turn only 88 times 
more. Find the circumference of each. 



CHAPTER XXI. 

RATIO, PROPORTION, AIO) VARIATION. 

316. The relative magnitude of two numbers is called 
their ratio, when expressed by the fraction which the first 
is of the second. 

Thus, the ratio of 6 to 3 is indicated by the fraction |, which is 
sometimes written 6:3. 

817. The first term of a ratio is called the antecedent, 
and the second term the consequent. When the antecedent 
is equal to the consequent, the ratio is called a ratio of 
equality; when the antecedent is greater than the conse- 
quent, the ratio is called a ratio of greater inequality ; when 
less^ a ratio of less inequality. 

818. When the antecedent and consequent are inter- 
changed, the lesidting ratio is called the inverse of the 
given ratio. 

Thus, the ratio 3 : 6 is the inverse of the ratio 6 : 3. 

319. The ratio of two quantities that can be expressed 
in integers in terms of a common unit is equal to the ratio 
of the two numbers by which they are expressed. 

Thus, the ratio of $9 to $11 is equal to the ratio of 9 : 11 ; and the 
ratio of a line 2f inches long to a line 3| inches long, when both are 
expressed in terms of a unit ^ of an inch long, is equal to the ratio 
of 32:45. 

320. Two quantities different in kind can have no ratio, 
for then one cannot be a fraction of the other. 
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321. Two quantities that can be expressed in integers 
in terms of a common unit are said to be commensurcbble. 
The common unit is called a common measure, and each 
quantity is called a multiple of this common measure. 

Thus, a common measure of 2\ feet and 3| feet is J of a foot, which 
is contained 15 times in 2i feet, and 22 times in 3f feet Hence, ^ 
feet and 3} feet are multiples of } of a foot, 2^ feet being obtained by 
taking ^ of a foot 15 times, and 3| feet by taking ^ of a foot 22 times. 

322. When two quantities are incommensurable^ that is, 
have no common unit in terms of which both quantities 
can be expressed in integers, it is impossible to find a frac- 
tion that will indicate the exact value of the ratio of the 
given quantities. It is possible, however, by taking the 
unit sufficiently small, to find a fraction that shall differ . 
from the true value of the ratio by as little as we please. 

Thus, if a and b denote the diagonal and side of a square, 

5 = ^- 

Now V2 = 1.41421356 , a value greater than 1.414213, but less 

than 1.414214. 

If, then, a miUiorUh part of b is taken as the unit, the value of the 

ratio - lies between fiJ^JJJ and UHJai* *^^ therefore differs from 

either of these fractions by less than ririrhifjf' 

By carrying the decimal further, a fraction may be found that will 
differ from the true value of the ratio by less than a billionth, trU- 
liorUhj or any other assigned value whatever. 

323. Expressed generally, when a and b are incommen- 
surable, and b is divided into any integral number (n) of 
equal parts, if one of these parts is contained in a more 
than m times, but less than m + 1 times, then 

a m . ^ m + 1 

■7>-^ but< ; 

b n n 

that is, the value of -r lies between — and 

n n 
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The error, therefore, in taking either of these values for 

7- is less than the difference between — and ; that is, 

n n 

less than -• But by increasing n indefinitely, - can be 

made to decrease indefinitely^ and to become less than any 
assigned value, however small, though it cannot be made 
absolutely equal to zero. 

324. The ratio between two incommensurable quantities 
is called an incommensurable ratio. 



325. Theorem. Two incommensurable ratios are equal 
if, when the unit of measure is indefinitely diminished, their 
approximate values constantly remain equal. 

Let a : b an& a* : 5' be two incommensurable ratios whose 
true values lie between the approximate values — and 

i when the unit of measure is indefinitely dimin- 

n 

ished. Then they cannot differ by so much as - • 

Now the difference (if any) between the fixed values a : b 
and a' : 5' is a fixed value. Let d denote this fixed value. 

Then, c?< — 

n 

But if d has any value, however small, —j which by 

hypothesis can be made less than any value, however small, 
can be made less than d. 

Therefore, d cannot have any value ; that is, d = 0, and 
there is no difference between the ratios a:b and a'lb'-, 
therefore, a:b = a':b'. 
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386. A ratio will not he altered if both its terms are 
multiplied by the same positive number. 

For the ratio a:h ia represented by r * the ratio ma : mb is repre- 
sented by — r : and since — 7 = T' therefore, ma:mb = a:b. 
^ mb* mb b 

327. A ratio will be altered if its terms are multiplied 
by different positive numbers; and will be increased or 
diminished according ew the multiplier of the antecedent is 
greater than or less than that of the consequent. 

For ma : n6 > or < a : 6 

,. ma ^ ^a / na\ 

according as ^>^^<6(=n6> 

according as jwa > or < no, 

according as m > or <; n. 

328. A ratio of greater inequality will be diminished, 
and a ratio of less inequality increased, by adding the same 
positive number to both its terms. 



For 


a + 


x:6 + x>or<a:6. 


according as 




a + x ^ ^a 


according as 




a6 + 6x>or<a64-aa:. 


according as 




6sc > or < ox, 


according as 




6 > or <; a. 



329. A ratio of greater inequality will be increased, and 
a ratio of less inequality diminished, by subtracting the same 
positive number froin both its terms. 

For a — x:6 — x> or <a:6, 

,. a — x^ .a 

according as r >. or < - » 

""■ X 

according as a6 — 6x > or < a6 — ox, 

according as ox > or < 6x, 

according as a > or < 6. 
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330. Eatios are compounded by taking the product of the 
fractions that represent them. 

Thus, the ratio compounded ofa-.h and c : dis found by taking the 

product of - and 3 = r:; • 
a oa 

The ratio compounded of a : 6 and a : & is the duplicate ratio a^ : &>, 

and the ratio compounded of a : &, a : 6, and a : 6 is the triplicate ratio 

331. Ratios are compared by comparing the fractions that 
represent them. 

Thus, a : 6 > or < c : d 

according as fc^^^'^w' 

according as rT>or< — > 

oa oa 

according as od > or < ftc. 

Exercise 123. 

1. Write the ratio compounded of 3 : 5 and 8 : 7. Which 
of these ratios is increased, and which is diminished by the 
composition ? 

2. Compound the duplicate ratio of 4 : 15 with the tripli- 
cate of 5 ; 2. 

3. Show that a duplicate ratio is greater or less than its 
simple ratio according as it is a ratio of greater or less 
inequality. 

4. Arrange in order of magnitude the ratios 3:4; 23 : 25 ; 
10 : 11 ; and 15 : 16. 

5. Arrange in order of magnitude 

a + b:a — bsjida^ + b^:a^ — b%ifa>b. 
Find the ratio compounded of ; 

6. 3:5; 10:21; 14:15. 7. 7 : 9; 102 : 105; 15 : 17. 
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a* + ax + X* ^ a^ — ax + »* 

®- "i irn — 5 i 8^^ 1 

a* — a^ + ax^ — x" a 4- a; 

9. 5 — and = — = 

x^ — ox x^ — ox 

10. a-^-h'.a-h', a^ + h^:(a + hy] (a^-b^ia^-b*, 

11. Two numbers are in tlie ratio 2 : 3, and if 9 is added 
to each, they are in the ratio 3 : 4. Find the numbers. 

Let 2 X and Sx represent the numbers. 

12. Show that the ratio a : ^ is the duplicate of the ratio 
a + c:b -\- c, \f c^ = ab. 

13. Two numbers are in the ratio 3 : 4. Their sum is to 
the sum of their squares as 7 : 50. Find the numbers. 

14. If five gold and four silver coins are worth as much 
as three gold and twelve silver coins, find the ratio of the 
value of a gold coin to that of a silver coin. 

15. If eight gold and nine silver coins are worth as much 
as six gold and nineteen silver coins, find the ratio of the 
value of a silver coin to that of a gold coin. 

16. There are two roads from A to B, one of them 14 
miles longer than the other ; and two roads from B to C, 
one of them 8 miles longer than the other. The distance 
from A to B is to the distance from B to C, by the shorter 
roads, as 1 to 2 ; by the longer roads, as 2 to 3. Find the 
distances. 

17. What must be added to each of the terms of the ratio 
m ; n, that it may become equal to the ratio j) :q? 

18. A rectangular field contains 5270 acres, and its length 
is to its breadth in the ratio of 31 : 17. Find its dimensions. 
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Proportion. 

332. An equation consisting of two equal ratios is called 
a proportion ; and the terms of the ratios are called propor- 
tionals. 

333. The algebraic test of a proportion is that the two 
fractions which represent the ratios of the quantities com- 
pared shall be equal. 

Thus, the ratio aib'is equal to the ratio c:d it the fraction that 
represents the ratio a : & is equal to the fraction that represents the 
ratio c : d. Then the four quantities, a, 6, c, d, are called proportionals, 
or are said to be in proportion. 

334. If the ratios a : b and e : d form a proportion, the 
proportion is written 

a\h =zcid 
(read the ratio of a to ^ is equal to the ratio of c to ef), 
or a:b: :c: d 

(read a is to ^ in the same ratio as c is to d). 

The first and last terms, a and dy are called the extremes. 

The two middle terms, b and c, are called the means. 

335. In the proportion a:b = c : d; d is called a fourth 
proportional to a, by and c. 

In the proportion a\b = b:c\ c is called a third propor- 
tional to a and b. 

In the proportion a.b = b\c\ ft is called a mean propor- 
tional between a and c. 

336. A continued proportion is a series of equal ratios in 
which each consequent is the same as the next antecedent. 

Thus, a:6 = 6:c = c:d = d:e = e:/isa continued proportion. 
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337. When four quantities are in proportion, the product 
of the extremes is equal to the product of the means. 

For, if aih = C'.dy 

then, ^-^• 

Multiply by M, od = be. 

The equation ad = bc gives a = — > ft = — ; so that an 

a c 

extreme may be found by dividing the product of the means 
by the other extreme ; and a mean may be found by divid- 
ing the product of the extremes by the other mean. 

Note. By the product of two quantities we mean the product 
of the two numbers that represent them when the quantities are 
expressed in a common unit. 

338. If the product of two quantities is equal to the prod- 
uct of two others, either two may he made the extremes of 
a proportion and the other two the means. 

For, if ad = he, 

then, divide hj hd, T^^ I^' 



or 



339. Transformations of a Proportion. If four quantities, 
a, b, c, d, are in proportion, they will be in proportion by : 

I. Inversion ; that is, b will be to a as <^ is to c. 
For, if a:b = c:d, 

then, | = i, 

a 



bd~ 


'-bd' 


a 


c 
^ d 


a : b = 


= c:d. 
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and the reciprocals of these fractions are equal ; 

that IS, - = -• 

a c 

.'. b:a = d : c. 
II. Composition ; that is, a+bwill beto^asc + c^istoc?. 
For, if a:b = c:d, 

then, 

and 



or 



a 
b 


c 




^^ 


=i+'. 




a + b 


c + d 




b 


d 




a + b:b 


= c + d: 


d. 



III. Division ; that is, a — ^ will beto^asc — £?isto<2. 
For, if a:b = c:df 



then, 

and 

or 









a 


e 












— 


■7— — , 












b 


d 








a 
b 


— 


1 


c 
~d~ 


1, 






a 


T 


1 


c — 
d 


d 




. a 


— 


b; 


■.b 


= e — 


d: 


d. 



TV. Composition and Division ; that is, a + b will be to 
a — bssc-hdisUiC — d. 

T? t TT a + b c + d 

For, from II, 

and from III, 

Divide, , — > 

a ^ b c — d 

.', a + b:a^b = c + d:c — d. 





b 


d 


a 


-b 


c-d 




b 


d 


a 


+ b 


c + d 
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V. Altemation ; that is, a will be to c as J is to €?. 
For, if a:b = c:d, 

then, 

Multiply by -> 



a 


c 


^"" 


d' 


ab 


be 


be 


Vd' 


a 


b 


e 


d 


a:c = 


bid. 



or 



Note. In order for four quantities, a, 6, c, d, to be in proportion, 
a and h must be of the same kind and c and d of the same kind ; but 
c and d need not necessarily be of the same kind as a and &. In 
applying aUemation, however, all four quantities must be of the same 
Hnd. 

340. In a Series of Equal Ratios, the sum of the antecedents 
is to the sum of the consequents as any antecedent is to its 
consequent 

^ .- a c e a 

For, if - = -=-=f, 

' b d f h 

r may be put for each of these ratios. 

Then, -_r,-^^r,y^r,-f^^r, 

.'. a = br, c = dr, e =fr, g = hr, 
.\a + c + e-hff=(b'i-d +/-f A) r. 

a+c+e+g_ _a 
'''b + d+f+h'''^~~b 
.\a-\-c-\- e-\-g:b-\-d +/+ h = a:b. 

In like manner it may be shown that 

ma H- nc + pe + qg : mb -+- nd 4-Jo/4- qh = a:b. 
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341. A mean proportional between two quantities is equal 
to the square root of their product. 

For, if a:h = h:c, 

1.x. ah 

then, 7 = -* 

' c 

Clear of fractions, h^ = ac. 

Extract the square root, b = '\/ac, 

342. The products of the corresponding terms of two or 
more proportions are in proportion, 

For, if a:b = c:d, 

e:f=g:h, 
k:l = min, 
. , a c e a k m 

Take the product of the left members, and also of the 
right members of these equations, 
aek __ c(/m 
bfl dhn 
.', aek : bfl = c(/m : dhn, 

343. Like powers, or like roots j of the terms of a propor- 
tion are in proportion. 

For, if a:b = c:d, 



a 

en, - = 


c 
'd 


Raise both sides to the nth. 


power, 


a" 


~ d^' 


.'. «« : J« = 


= c» : d"". 
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Extract the nth root, -7 = i ' 

1111 
.'. a" : ft" = c" : c?". 

344. The laws that have been established for ratios 
should be remembered when ratios are expressed in frac- 
tional form. 

. ^ , x^-^-x + l x^-x + 2 

X* — X — 1 X* -\- X — J 

By composition and division, 

2x2 2x2 



2(x+l) -2(x-2) 

This equation is satisfied when x = 0. For any other value of x, 
we may divide by x^. 

We then have — rr = :; ' 

x4- 1 2 — X 

and therefore, x = i. 

2. li a:b = c:d, show that 

a^ + abib^-ab^c^ + cdKp-cd. 

If 

^^^^' ^±i = ^3^' (§339, IV) 

and 



that is, 





a + 6 


c 

r 

e + d 


1 




a-b 


c-d' 






a 
-b 


c 
-d 




a 
-b 




— d c 


+ d 
-d 




a^ + ab 


c^-^cd 





(§342) 



52-06 d2 - cd 
or a2 + a6 : 62 - 06 = c2 + cd : d2 - cd. 
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Exercise 124. 

1. Find a third proportional to 21 and 28. 

2. Find a mean proportional between 6 and 24.- 

3. Find a fourth proportional to 3, 5, and 42. 

4. Findajif 5-fic:ll-a; = 3:5. 
Jl a : b = c : dy show that : 

5. ac:bd = c^:d\ 7. a^ - b^ : c^ - d^ = a^ : c\ 

6. ab:cd = a^:c\ 8. 2a + b : 2c -h d = b : d, 
9. 5a — b:5c — d = a:c, 

10. a-3ft:a-f3ft = c-3(/:c4-3(/. 

11. a^ + ab + b^:a^-ab-\-b^ = c^-}-cd + d^:c^-cd-\-d^. 
Find ic in the proportion : 

12. 45:68 = 90:x. 14. a; : Ij = If : Ij. 

13. 6:3 = x:7. 15. 3 ; x = 7 : 42. 

16. Find two numbers in the ratio 2 : 3, the sum of whose 
squares is 325. 

17. Find two numbers in the ratio 5 ; 3, the difference 
of whose squares is 400. 

18. Find three numbers which are to each other as 
2:3:5, such that half the simi of the greatest and least 
exceeds the other by 25. 

19. A and B trade with different sums. A gains $200 
and B loses $50 and now A's stock : B's : : 2 : J. But, if A 
had gained $100 and B lost $85, their stocks would have 
been as 15 : 3J. Find the original stock of each. 






l^rcO h O-^ f.c^O>c-5 
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20. Finda; if 6x — a:4aj — ^ = 3ajH-5:2aj + a. 

21. Find x and y from the ^iiupm>iiiiA|tfiJ 

a;:y = x + y:42; xiy = x — y :6. 

22. Find a; and y from the j ^ti^iul l flLia^H ■*' 

2 a; H- 2/ : y = 3 y : 2 2/ — a; ; 
2x + l:2aj4-6 = 2/:yH-2. 

23. If — --: = 7 r^' show that t = 3' 

a + 6 — c — a a — o — C'\-a o d 

Variation. 

345. One quantity is said to vary as another, when the 
two quantities are so related that the ratio of any two values 
of the one is equal to the ratio of the corresponding values 
of the other. 

Thus, if it is said that the weight of water varies as its volume, the 
meaning is, that one gallon of water is to any number of gallons as the 
weight of one gallon is to the weight of the gioen number of gallons. 

346. Two quantities may be so related that when a value 
of one is given, the corresponding value of the other can be 
found. In this case one quantity is said to be a function 
of the other ; that is, one quantity depends upon the other 
for its value. Thus, if the rate at which a man walks is 
known, the distance he walks can be found when the time 
is given ; the distance is in this case 2i function of the time. 

347. There is an unlimited number of ways in which 
two quantities may be related. We shall consider in this 
chapter only a few of these ways. 

348. When x and y are so related that their ratio is 
constant, y is said to vary as x ; this is abbreviated thus : 
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yoox. The sign oo^ called the sign of variation, is read 
varies as. 

Thus, the area of a triangle with a given base varies as its altitude ; 
for, if the altitude is changed in any ratio, the area will be changed in 
the same ratio. 

In this case, if we represent the constant ratio by m, 

y 

y : cc = m, or - = m ; .'. y = mx. 

X 



Again, 


if 


y\x' 


and 


y", 


x" 


are two sets of 


corresponding 


values of 


y 


and X 


i 






• 




then. 








y' 


tx' 


= y":x", 




or 


m. 




. __ :i 


y' 


■■y" 


= x' : x". 


(§339,\0 



349. When x and y are so related that the ratio of v to - 
^ x 

is constant, y is said to vary inversely as x ; this is written 

1 
yoo — 

^ X 

Thus, the time required to do a certain amount of work varies 
inversely as the number of workmen employed ; for, if the number of 
workmen is doubled, halved, or changed in any other ratio, the time 
required will be halved, doubled, or changed in the inverse ratio. 

In this case, y:- = m; ,\ y = —> and xy = m'j that is, 
the product xy is constant. 

As before, ^' ' x' "^ ^" ' x^'' 

• aj'y' = x"y", 
or y' : y" = x'' : x\ (§ 338) 

350. If the ratio of y :xz is constant, then y is said to 
vary jointly as x and z. 

In this case, y = mxz, 

and y* : y" = x'z' : x"z". 



318 VABIATION. 



351. If the ratio y : - is constant, then y varies directly 



as X and inversely as z. 



mx 



In this case, y = — 9 

^ z 

and y'-y" = ^- ^ 

352. Theorem 1. If y cox, and xcc z, then ycoz. 

For y = 7nx and x = w«. 

.*. y = m7iz', 
since m/i is constant, y varies as z, 

353. Theorem 2. Ifycx>x, and zcox, then (y ± s) 00 «. 
For y = wx and ;s5 = nx. 

.'. y dtz = (w ± n) a; ; 
since mztn is constant, y^z varies as x. 

354. Theorem 3. If y cox when z is constant, and y coz 
when x is constant, then ycoxz when x and z are both 
vamable. 

Let x\ y\ z\ and a", y^\ z" be corresponding values of the 
variables. 

Let X change from x' to x", z remaining constant, and let 
the corresponding value of y be F. 

Then, y':Y=x':x". (1) 

Now let z change from z' to z", x remaining constant. 

Then, Y:y^' = z':z^ (2) 

Multiply (1) and (2), 

y'Y:y"Y=x*z':x''z", (§342) 

or y' : y" = x'z' : x"z", 

or y' ; x'z' = y" : x"z'\ (§ 339, V) 

.'. the ratio y :xz is constant, and y varies as xz. 
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In like manner it may be shown that if y varies as each 
of any number of quantities x, z, w, etc., when the rest are 
unchanged, then when they all change, y ooxzu, etc. 

Thus, the volume of a rectangular solid varids as the length when 
the width and thickness remain constant; as the width when the 
length and thickness remain constant ; as the thickness when the 
length and width remain constant; but as the product of length, 
hreadth, and thickness when all three vary. 

1. If y varies inversely as x, and when y = 2 the cor- 
responding value of X is 36, find the corresponding value 

of X when y = 9. 

__ m 

Here y = — » or m = xy. 

.-. m = 2 X 36 = 72. 

If 9 and 72 are substituted for y and m, respectively, 

72 
the result is 9 = — > or 9x = 72. 

X 

.-. X = 8. 

2. The weight of a sphere of given material varies as 
its volume, and its volume varies as the cube of its diam- 
eter. If a sphere 4 inches in diameter weighs 20 pounds, 
find the weight of a sphere 5 inches in diameter. 

Let W represent the weight, 

V represent the volume, 
and D represent the diameter. 

Then, TToo F and 7 oo D^. 

.-. TTooDS. (§352) 

Put W = mD^ ; 

then, since 20 and 4 are corresponding values of W and D, 
20 = ?n X 64. 
20 5 
•••'^-64-16' 

.-. when D = 6, W=^^of 126 = 39^^^. 



320 VARIATION. 

Exercise 125. 

1. If a: X y, and if y = 3 when x = 5, find x when y is 5. 

2. If H' varies inversely as P, and ^ is 4 when P is 
15, find IV when P is 12. 

3. If x X y and ycozy show that a;« x y*. 

4. If x X - and y CO -9 show that x oc z. 

y z 

6. If x varies inversely as y^ — 1, and is equal to 24 
when y = 10, find x when y = 5. 

6. If a; varies as - -}- -> and is equal to 3 when y = 1 

y z ^ 

and « = 2, show that xyz = 2(y + z). 

7. If X — y varies inversely as « + -^ and x '\- y varies 

inversely as « > find the relation between x and « if 

x = l, y = S, when « = o * 

8. The area of a circle varies as the square of its radius, 
and the area of a circle whose radius is 1 foot is 3.1416 
square feet. Find the area of a circle whose radius is 20 
feet. 

9. The volume of a sphere varies as the cube of its 
radiuSj and the volume of a sphere whose radius is 1 foot is 
4.1888 cubic feet. Find the volume of a sphere whose radius 
is 2 feet. 

10. If a sphere of given material 3 inches in diameter 
weighs 24 pounds, how much will a sphere of the same 
material weigh if its diameter is 5 inches ? 
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11. The velocity of a falling body varies as the time 
during which it has fallen from rest. If the velocity of a 
falling body at the end of 2 seconds is 64 feet, what is its 
velocity at the end of 8 seconds ? 

12. The distance a body falls from rest varies as the 
square of the time it is falling. If a body falls through 
144 feet in 3 seconds, how far will it fall in 5 seconds ? 

The volume of a right circular cone varies jointly as its 
height and the square of the radius of its base. 

13. Compare the volume of two cones, one of which is 
twice as high as the other, but with one half its diameter. 

If the volume of a cone 7 feet high with a base whose 
radius is 3 feet is 66 cubic feet : 

14. Find the volume of a cone 9 feet high with a base 
whose radius is 3 feet. 

15. Find the volume of a cone 7 feet high with a base 
whose radius is 4 feet. 

16. Find the volume of a cone 9 feet high with a base 
whose radius is 4 feet. 

17. The volume of a sphere varies as the cube of its 
radius. If the volume is 179 J cubic feet when the radius 
is 3J feet, find the volume when the radius is 1 foot 6 
inches. 

18. Find the radius of a sphere whose volume is the sum 
of the volumes of two spheres with radii 3 J feet and 6 feet, 
respectively. 

19. The distance of the offing at sea varies as the square 
root of the .height of the eye above the sea level, and the 
distance is 3 miles when the height is 6 feet. Find the 
distance when the height is 24 feet. 



CHAPTER XXn. 
PROGRESSIONS. 

366. A succession of numbers that proceed according to 
some fixed law is called a series ; the successive numbers are 
called the tenns of the series. 

A series that ends at some particular term is a finite series ; 
a series that continues without end is an infinite series. 

Arithmetical Progression. 

366. A series is called an arithmetical series or an arith- 
metical progression when each term after the first is obtained 
by adding to the preceding term a constant difference. 

The general representative of such a series is 

1st 2(1 3d 4th 

a, a -\- d, a '\-2dy a -{- Sd , 



in which a is the first term and d the common difference ; 
the series is increasing or decreasing according 2ls d is 
positire or negative, 

357. The nth Term. Since each succeeding term of the 
series is obtained by adding d to the preceding term, the 
coelHoient of d is always one less than the number of 
the term, so that the wth term is a -f (« — 1) d. 

If the wth term is represented by /, we have * 

/ = a -f ^« - !)</. 
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358. Sum of the Series. If I denotes the ^itli term^ a the 
first term, n the number of terms, d the common difference, 
and s the sum of n terms, it is evident that 

s= a -\-(a-\-d)-\-(a + 2d) + + (l -d)+ I, or 

s= I +(Z -^ + (Z -2<Q + ■j-(a + d)+ g, 

.\2s = (a + l)'\-(a-{-r) +(a + l) + + {a + 1) -^ia + l) 

= n(a-\- 1). 

.■.s=\{a + r). 

359. From the equations 

I, 1 = a + (n - 1) d, 

n, . 8 = |(a + l), 

any two of the five numbers a, dj I, n, s may be foimd when 
the other three are given. 

1. Find the thirteenth term of an arithmetical progres- 
sion, if the first term is 3 and the common difference 5. 

Here a = 3, d = 5, n = 13. 

From I, « = 3 -f (13 - 1)6 = 63. 

2. Find the arithmetical series, if the tenth term is 31 
and the twentieth term 61. 

From I, a + 19d = 61 

and a+ 9d = 31 

Subtract 10d = 30 

Whence d = 3. 

Therefore, a = 4. 

Therefore, the series is 4, 7, 10 .... 
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3. Find the sum of ten terms of the series 2, 5, 8, 11 



Here 


a = 2, d = 3, n = 10. 


From I, 


Z = 2 -f 27 = 29. 


Substitute in II, 


« = ^ (2 -f 29) = 155. 



The sum of ten terms is 155. 

4. The first term of an arithmetical series is 3, the last 
term 31, and the sum of the series 136. Find the series. 

From I, . 31=3 + (n-l)d. (1) 

From II, 136 = I (3 + 31). (2) 

From (2), n = 8. 

Substitute in (1), d = 4. 

The series is 3, 7, 11, 15, 19, 23, 27, 31. 

5. How many terms of the series 5, 9, 13 must be 

taken in order that their sum may be 275 ? 

From I, l = 6+(n-l)^. ■ 

.-. Z = 4 w + 1. (1) 

From II, 276 = ^(5 + 0. (2) 

Substitute in (2) the value of I found in (1), 
275 = |(4n + 6), 
or 2 7i2 + 3 n = 275. 

Complete the square, 

16n2 + ( ) + 9 = 2209. 
Extract the root, 4 n + 3 = ± 47. 

Therefore, n = 11, or — 12^. 

We use only the positive result. 
Therefore, 11 terms must be taken. 
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6. Find n when d, I, s are given, 
From I, a = l- 

From II, a = — 



n 

,™ * ,/ -vj^s — Zn 
Therefore, Z — (n — 1) d = 

Zn — dn^ + dn = 2 « — Zw. 
dn2-(2f + d)n=-2s. 
Complete the square, 

4d2n2 - ( ) 4- (2 Z + d)2 = (2 ^ 4- d)2 - 8d«. 
Extract the root, 



2dn-(2Z4-d) = ± V(2i + d)2- 8d«. 

••'' 2d 

860. The arithmetical mean between two numbers is the 
number which stands between them, and makes with them 
an arithmetical series. 

If a and b represent two numbers, and A their arithmet- 
ical mean, then a, A, h are in arithmetical progression. 

,\ A — a = d, and h — A=^ d» 
.', A — a = b — A, 

361. Sometimes it is required to insert several arithmet- 
ical means between two numbers. 

Insert six arithmetical means between 3 and 17. 
Here the whole number of terms is eight ; therefore, by I, 
17=3-|-7d. 
.-. d = 2. 

The series is 3, [5, 7, 9, 11, 13, 15,] 17, the terms in 
brackets being the means required. 

Note. The student should work out all the problems on the follow- 
ing page, using the formulas I and II. 
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} 



No. 


GiTEN. 


Required. 


FOKMULAS. 


1 
2 
3 
4 


adn 
ads 
an8 
dns 


I 


l = a-\'ln-l)d. 


l = -id± V2d«4-(o-id)«. 

, 2« 

1 = a. 

8 (n-l)d 
* " n "^ 2 


5 
6 

7 
8 


adn 
adl 
anl 
dnl 


8 


« = i7i[2a + (n~l)d]. 

l + a , «2 _ a2 
*= 2 -^ 2d • 

8 = (l + a)l' 

8 = in[2l-(n-l)d], 


9 
10 
11 
12 


dnl 
dna 
dl8 
nls 


a 


a = i-(n-l)d. 
n 2 


a = id±V(Z + id)2-2d«. 

2s , 

a = 1. 

n 


13 
14 
15 
16 


anl 
ans 
a I 8 
n I 8 


d 


d='--- 
n-1 

2(s-an), 

n(n-l) 

P-a2 

^ = 2s-Z-a* 

2(in-s). 

n(n-l) 


17 
18 
19 
20 


adl 
ads 
als 
dls 


n 




d~2a±V(2a — d)2 + 8d8 
""" 2d 
2s 
Z + a 


2i + d±V(2Z + d)2-8ds 
2d 
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Exercise 126. 

1. Find the tenth term of 9, 13, 17 

2. Find the thirteenth term of — 3, — 1, -}- 1 

3. Find the ninth term of — 5, — 8, — 11 

4. Find the eighth term oi a, a + 3b, a-\- 6b 

5. Find the fifteenth term of 1, f , f 

6. Find the fourteenth term of — 44, — 40, — 36 

7. The first term of an arithmetical series is 3, the thir- 
teenth term is 55. Find the common difference. 

8. Find the arithmetical mean between — 6 and 17 ; 
between a^ + ab -hb^ ^Iid a^ — ab + b\ 

9. Insert three arithmetical means between 1 and 19 ; 
and four between — 4 and 17. 

10. The first term of a series is 2, and the common differ- 
ence J. What term will be 12 ? 

11. The seventh term of a series, whose common difference 
is 3, is 11. Find the first term. 

Find the sum of ; 

12. 5 + 8 + 11-1- to ten terms. 

13. — 4 — 1 + 2 + to seven terms. 

14. a + 4 a + 7 a + to n terms. 

15. t + t's + tV + to twenty-one terms. 

16. 1 + 2§ + 4J + to twenty terms. 

17. The sum of six terms of an arithmetical series is 27, 
and the first term is 1. Find the series. 

18. How many terms of the series — 5, — 2, + 1 

must be taken that their sum may be 63 ? 

19. The first term of an arithmetical series is 12, and the 
sum of ten terms is 10. Find the tenth term. 
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20. When a train arrives at the top of a long slope, the 
last car is detached and begins to descend, passing over 3 
feet in the first second, three times 3 feet in the second 
second, five times 3 feet in the third second, etc. At the 
end of 30 seconds it reaches the bottom of the slope. Find 
its velocity the last second. 

21. Insert eleven arithmetical means between 1 and 12. 

22. The first term of an arithmetical series is 3, and the 
sum of six terms is 28. What term will be 9 ? 

23. The arithmetical mean between two numbers is 10, 
and the mean between the double of the first and the 
triple of the second is 27. Find the numbers. 

24. The first term of an arithmetical progression is 3, 
and the third term is 11. Find the sum of seven terms. 

26. A common clock strikes the hours from 1 to 12. 
How many times does it strike every 24 hours ? 

26. The Greenwich clock strikes the hours from 1 to 24. 
How many times does it strike in 24 hours ? 

27. Find three numbers in arithmetical progression of 
which the sum is 21, and the sum of the first and second 
I of the sum of the second and third. 

Let x — y,x, and x + y stand for the numbers. 

28. The sum of three numbers in arithmetical progres- 
sion is 33, and the sum of their squares is 461. Find the 
numbers. 

29. The sum of four numbers in arithmetical progres- 
sion is 12, and the sum of their squares is 116. What are 
the numbers ? 

Let X — 3 y , X — y, X + y, and x -h 3 y stand for the numbers. 
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Geometrioal Progression. 

A series is called a geometrical series or a geometrical 
progression when each succeeding term is obtained by mul- 
tiplying the preceding term by a constant multiplier. 
The general representative of such a series is 

a, ar, ar^, ar^, ar^ , 

in which a is the first term and r the constant multiplier, or 
ratio. 

The terms increase or decrease in numerical magnitude 
according as r is numerically greater than or numerically 
less than imity. 

363. The nth Term. Since the exponent of r increases 
by one for each succeeding term after the first, the exponent 
is always one less than the number of the term, so that 
the nth term is ar^~^. 

If the nth term is represented by I, we have 

I, l = ai— ^ 

364. Sum of the Series. If I represents the nth. term, a the 
first term, n the number of terms, r the common ratio, and 
5 the sum of n terms, then, 

s = a-\- ar + ar^-\- + ar''-\ (1) 

Multiply by r, 

rs = ar+ ar^ -|- ar» -}- + ar«-i -}- ar-". (2) 

Subtract (1) from (2), 
rs — s = ar^ — a, 
or (r — l)s = a (f — 1). 

II, . . 8 ^ _ J 
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366. When r < 1, formula II may be more conveniently 

written 

a(l- r") 

s = —^ -- 



1- 



r 



366. I = ar«-i. (§ 363) 
Multiply by r, rl = ar^. 

By putting rl for ar*^ in formula II, we have 
TTT rl- ft 

ni, « = 7:rT- 

When r < 1, formula III is more conveniently written 

a — rl 
1 — r 

367. From the two formulas I and II, or the two for- 
mulas I and III, any two of the five numbers a, r, I, n, s 
may be found when the other three are given. 

1. Find the tenth term of a geometrical series if the 
first term is 3 and the ratio 2. 

Here o = 3, r = 2, n = 10. 

From I, f = 3 X 2* = 3 X 612 = 1536. 

2. Find the geometrical series if the third term is 20 and 
the sixth term 160. 

Let a = the first term, and r = the ratio. 

Then, at^ = the third term, and ai* = the sixth term. 

Therefore, 5 = 5. 

r8 = 8. 
.-. r = 2. 
Since ar^ = 20, a = 20 -r 4 = 5. 

The series is 5, 10, 20, 40 

3. Find the sum of six terms of the series 3, 6, 12 

Here a = 3, r = 2, n = 6, 

Fromn, s=^^^^^ = ^^^ = ZX^ = m. 
r— 1 r— 1 
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4. The first term of a geometrical series is 3, the last 
term 192, and the sum of the series 381. Find the number 
of terms and the ratio. 

From I, 192 = 3r*-i. (1) 

From m, 381 = ^^^"^^ . (2) 

From (2), r = 2. 

Substitute in (1), 2»-i = 64. 

.-. n = 7. 

The series is 3, 6, 12, 24, 48, 96, 192. 

368. The geometrical mean between two numbers is the 
number which stands between them, and makes with them 
a geometrical series. 

If a and b denote two numbers, and G their geometrical 
mean, then a, Gj b are in geometrical progression, and by 
the definition of a geometrical series (§ 362), 

G , b 

— = r, and -rz = r. 

a G 

^ = - 
" a G 

.'. G=-Vab. 

369. Sometimes it is required to insert several geomet- 
rical means between two numbers. 

Insert three geometrical means between 3 and 48. 

Here the whole number of terms is five ; 3 is the first term and 48 
the fifth. 

By I, 48 = 3r*. 

r* = 16. 
.•.r=±2. 

The series is 3, [ 6, 12, 24], 48; 

or 3, [-6, 12, -24], 48. 

The terms in brackets are the means required. 

In working out the following results, the student should make use 
of formulas I, II, and III. 
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No. 


Given. 


Reqcirei). 


Formulas. 


1 


am 




I = ar^-K 


2 


ar 8 


I 


^_a+(r-l)« 

r 


3 


ana 


Z (s - 0»-i - a (« - a)»-i = 0. 


4 


rns 




(r-l)8r«-i. 


6 


arn 




...t^. 


6 


arl 




rl-a 


7 


anl 


8 


n — 1^- n—1, — 
«-„_! „_i 

V t — V a 


8 


ml 




Ir^-l 


9 


ml 






10 


ma 


a 


(r - 1) s 


11 


rl8 




a = ri - (r - 1) s. 


12 


n I s 




a (s - a)**-! - 2 (s - 0»- 1 = 0. 








"-^r 


13 


a n I 




"^ V!;- 


14 


ans 




s , 8 — a ^ 

rn — -r-\ = 0. 

a a 


16 


a I 8 


r 


8 — a 

'=8-1' 


16 


nl8 




8 — I 8 — 1 
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Exercise 127. 

1. Find the seventh term of 2, 6, 18 

2. Find the sixth term of 3, 6, 12 

3. Find the ninth term of 6, 3, Ij 

4. Find the eighth term of 1, - 2, 4 

6. Find the fifth term of 4 a, - 6 ma^, 9 mV 

6. Find the geometrical mean between ISx^t/ and 30 xi/^z. 

7. Find the ratio when the first and third terms are 5 
and 80, respectively. 

8. Insert two geometrical means between 8 and 125; 
and three between 14 and 224. 

9. If a = 2 and r = 3, which term will be equal to 162 ? 

10. The fifth term of a geometrical series is 48, and the 
ratio 2. Find the first and seventh terms. 

Find the sum of : 

11. 3 -I- 6 -h 12 -h to eight terms. 

12. 1 — 3 -}- 9 — to seven terms. 

13. 8 + 4-1-2-1- to ten terms. 

14. 0.1 -t- 0.5 -h 2.5 -h to seven terms. 

15. m r + tt; — to five terms. 

4 16 

16. The population of a city increased in four years from 
10,000 to 14,641. What was the annual rate of increase ? 

17. The sum of four numbers in geometrical progression 
is 200, and the first term is 5. Find the ratio. 

18. Find the sum of eight terms of a geometrical series 
whose last term is 1, and fifth term J. 
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19. In an odd number of terms, show that the product of 
the first and last is equal to the square of the middle term. 

20. The product of four terms of a geometrical series is 
4, and the fourth term is 4. Find the series. 

21. If from a line one third is cut ofp, then one third of 
the. remainder, and so on, what fraction of the whole will 
remain when this has been done five times ? 

22. Of three numbers in geometrical progression, the 
sum of the first and second exceeds the third by 3, and the 
sum of the first and third exceeds the second by 21. What 
are the numbers ? 

23. Find two numbers whose sum is 3J and geometrical 
mean Ij. 

24. The sum of the squares of two numbers exceeds twice 
their product by 576; the arithmetical mean of the two 
numbers exceeds the geometrical mean by 6. Find the 
numbers. 

25. There are four numbers such that the sum of the 
first and the last is 11, and the simi of the other two is 10. 
The first three of these four nimibers are in arithmetical 
progression, and the last three are in geometrical progres- 
sion. Find the numbers. 

26. Find three numbers in geometrical progression such 
that their sum is 13 and the simi of their squares 91. 

27. The difference between two numbers is 48, and the 
arithmetical mean exceeds the geometrical mean by 18. 
Find the numbers. 

28. There are four numbers in geometrical progression, 
the second of which is less than the fourth by 24, and the 
sum of the extremes is to the sum of the means as 7 to 3. 
Find the numbers. 
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Infinite Geometrical Series. 

370. When r is less than 1, the successive terms of a 
geometrical series become numerically smaller ; by taking n 
large enough we can make the nth term, ar"~^, as small as 
we please, although we cannot make it absolutely zero. 

The sum of n terms, r: (§ 366), may be written 

; this sum differs from by z ; 

by taking enough terms we can make Z, and consequently 
:j > as small as we please. Hence, may be con- 
sidered the sum of an infinite number of terms of the series. 

1. Find the sum ofl-J + J-i+ 

Here a = 1, and r = — i. 

_ g _ 1 _ 1 _2 
•'•* 1-r l-(-i) 1 + i 3* 

2. Find the value of 0.2363636 

The terms after the first form a decreasing geometrical series in 

which a = 0.036, and r = 0.01. 

_ a _ 0.036 _ 0.036 _ 36 _ 2 

•*•* 1-r 1-0.01 0.99. 990 55* 

r^ ^ X,- . ^ , . 2 , 2 22 -h 4 13 

Therefore, the required value is 77: + — = ■...^ = 77 * 

lu 00 110 60 



Exercise 128. 
Find the sum of the following infinite series : 

1. 4 + 2 + 1 + 5. 2-lJ + f- 

2. 1+J + 1 + 6. 0.1+0.01 + 0.001 + 

3. J _ ^ + gj^ - 7. 0.868686 

4. 1 _ ^ + ^ _ 8. 0.54444 
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*HaxinonicaI Progression. 

371. A series is called a harmonical series or a harmonical 
progTession when the reciprocals oi its terms form an arith- 
metical series. 

Hence, the general representative of such a series is 

111 1 

—J 



a a -\- d a -\-2d a -\- (n — V)d 

372. Questions relating to harmonical series should be 
solved by writing the reciprocals of its terms so as to form 
an arithmetical series. 

373. If a and h denote two numbers, and H their har- 
monical mean, then, by the definition of a harmonical series, 

H a" b H 

''Ha b ab 
2ab 



H = 



a-\-b 



374. Sometimes it is required to insert several harmon- 
ical means between two numbers. 

Let it be required to insert three harmonical means be- 
tween 3 and 18. 

Find the three arithmetical means between \ and y\. 
These are found to be }f , |f, -f^ ; therefore, the harmonical means 
are Hi ill ¥; or 3^, 6 j, 8. 

* A harmonical series is so called because musical strings of uniform 
thickness and tension produce harmony when their lengths are repre- 
sented by the reciprocals of the natural series of numbers ; that is, by 
the harmonical series 1, i, i, i, |, etc. 
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Exercise 129. 

1. Insert four harmonical means between 2 and 12. 

2. Find two numbers whose difference is 8 and har- 
monical mean 1|. 

3. Find the seventh term of the harmonical series 3, 

^, 4 

4. Continue to two terms each way the harmonical 
series two consecutive terms of which are 15, 16. 

5. The first two terms of a harmonical series are 5 and 
6. Which term will equal 30 ? 

6. The fifth and ninth terms of a harmonical series are 
8 and 12. Find the first four terms. 

7. The difference between the arithmetical and har- 
monical means between two numbers is If, and one of the 
numbers is four times the other. Find the numbers. 

8. Find the arithmetical, geometrical, and harmonical 
means between two numbers, a and h ; and show that the 
geometrical mean is a mean proportional between the 
arithmetical and harmonical means. Also, arrange these 
means in order of magnitude. 

9. The arithmetical mean between two numbers exceeds 
the geometrical by 13, and the geometrical exceeds the 
harmonical by 12. What are the numbers ? 

10. The sum of three terms of a harmonical series is 11, 
and the sum of their squares is 49. Find the numbers. 

11. When a, h, c are in harmonical progression, show 
that a \ c : \ a — h \h — c. 



CHAPTER XXm. 
VARIABLES AJH) LIMITS. 

376. Constants and Variables. A number that, under the 
conditions of the problem into which it enters, may be 
made to assume any one of an unlimited number of values 
is called a variable. 

A number that, under the conditions of the problem into 
which it enters, has a fixed value is called a constant. 

Variables are represented by x, y, z; constants by a, by c, 
and by the Arabic numerals. 

376. Limits. When the value of a variable, measured at 
a series of definite intervals, can by continuing the series 
be made to differ from a given constant by less than any 
assigned quantity, however small, but cannot be made abso- 
lutely equal to the constant, the constant is called the limit 
of the variable, and the variable is said to approach indefi- 
nitely to its limit. 

Consider the repetend 0.333 , which may be written 

A + xf XT + Tin^T^ "^ 

The value of each fraction after the first is one tenth of 
the preceding fraction, and by continuing the series we 
shall reach a fraction less than any assigned value, how- 
ever small ; that is, the values of the successive fractions 
approach as a limit. 

The sum of these fractions will always be less than J ; 
but the more terms we take, the nearer does the sum 
approach ^ as a limit. 
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Suppose a point to move from A toward B, under the con- 
ditions that the first ^ m x' w b 



second it shall move ' ' ' 

one half the distance from A to B, that is, to M\ the next 
second, one half the remaining distance, that is, to M^ ; the 
next second, one half the remaining distance, that is, to Jlf " ; 
and so on indefinitely. 

Then it is evident that the moving point may approach 
a^ near to B as we please^ but will never arrive at B, For, 
however near it may be to B at any instant, the next second it 
will pass over one half the interval still remaining ; it must, 
therefore, approach nearer to J5, since half the interval 
still remaining is some distance, but will not reach B since 
half the interval still remaining is not the whole distance. 

Hence, the distance from A to the moving point is an 
increasing variable, which indefinitely approaches the con- 
stant AB as its limit ; and the distance from the moving 
point to -B is a decreasing variable, which indefinitely 
approaches the constant zero as its limit. 

If the length of AB is two inches, and the variable is 
denoted by x, and the difference between the variable and 
its limit by y : 

after one second, x = 1, y = 1 > 

after two seconds, x = l + J, y = i> 

after three seconds, x = l + ^ + ^, 2/ = 4; 
after four seconds, a; = l + i + i+i, 2/ = i5 
and so on indefinitely. 

Now the sum of the series l + ^ + i + h ®*^-' ^^ less than 
2 ; but by taking a great number of terms, the sum can be 
made to differ from 2 by as little as we please. Hence, 2 is 
the limit of the sum of the series, when the number of the 
terms is increased indefinitely ; and is the limit of the 
difference between this variable sum and 2. 
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877. Test for a limit. In order to prove that a variable 
approaches a constant as a limit, it is necessary and suffi- 
cient to prove that the difference between the variable and 
the constant can be made as near to as we please, but 
cannot be made absolutely equal to 0, 

A variable may approach a constant without approaching it as a 
limit. Thus, in the last example x approaches 3, but not as a limit ; 
for 3 — X cannot be made as near to as we please, since it cannot 
be made less than 1. 

378. Infinites. As a variable changes its value, it may 
constantly increase in numerical value ; if the variable can 
become numerically greater than any assigned value, how- 
ever great this assigned value may be, the variable is said 
to increase without Ihnit, or to increase indefinitely. 

When a variable is conceived to have a value greater 
than any assigned value, however great, the variable is said 
to become infinite; such a variable is called an infinite 
number, or simply an infinite, and is denoted by oo. 

379. Infinitesimals. As a variable changes its value, it 
may constantly decrease in numerical value; if the vari- 
able can become numerically less than any assigned value, 
however small this assigned value may be, the variable is 
said to decrease without limit, or to decrease indefinitely. 

In this case the variable approaches as a limit. 

When a variable which approaches as a limit is con- 
ceived to have a value less than any assigned value, how- 
ever small this assigned value may be, the variable is said 
to become i?ifinitesimal ; such a variable is called- an infini- 
tesimal number, or simply an infinitesimal. 

380. Infinites and infinitesimals are variables, not con- 
stants. There is no idea of fixed value implied in either 

.n infinite or an infinitesimal. 
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381. An infinitesimal is not 0. An infinitesimal is a 
variable arising from the division of a quantity into a con- 
stantly increasing number of parts ; is a constant arising 
from taking the difference of two equal quantities, 

382. Finite Numbers. A number which cannot become 
infinite is said to be finite. 

Theorems of Infinites and Infinitesimals. 

383. Theorem 1. If x is infinitesimal, and a is finite 
and not 0, then ax is infinitesimal. 

For ax can be made as small as we please since x can be 
made as small as we please. 

384. Theorem 2. If X is infinite, and a is finite and 
not 0, then aX is infinite. 

For aX can be made as large as we please since Xcan be 
made as large as we please. 

385. Theorem 3. Ifxis infinitesimal, and a is finite and 

a , , 

not 0, then - is infinite. 

For - can be made as large as we please since x can be 
made as small as we please. 

386. Theorem 4. If X is infinite, and a is finite and 
not 0, then ~y is infinitesimal. 

For — can be made as small as we please since X can be 

made as larg'e as we please. 

In the above theorems a may be a constant or a variable ; 
the only restriction on the value of a is that it shall not 
become either infinite or 0. 
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387. At>breyiated Notation. The expression - cannot be 
interpreted literally, since we cannot divide by ; neither 
can — = be interpreted literally, since we can find no 

00 

number such that the quotient obtained by dividing a by 
that number is 0. 

The expression - = od is simply an abbreviated way of writing : 

If-^Xy and X approaches asa limits X increases wUhoub limit. 

The expression — = is simply an abbreviated way of writing : 
1} ■:^^Xy and X increases tat^out limii,^ x approaches Oasa limit, 

388. Approach to a Limit. A variable may approach its 
limit in one of three ways : 

1. The variable may be always less than its limit. 

2. The variable may be always greater than its limit. 

3. The variable may be sometimes less and sometimes 
greater than its limit. 



If X represent the sum of n terms of the series l + l + i+J + - 
X is always less than its limit 2. 

If X represent the sum of n terms of the series 3 — i — i— | — • 
X is always greater than its limit 2. 

If X represent the sum of n terms of the series 3— ^ + | — f + - 
we have (§ 3 



. = i^5i^ = 2-2(-i)» 



As n is indefinitely increased, x evidently approaches 2 as a limit. 
If n is even, x is less than 2 ; if n is odd, x is greater than 2. 
Hence, if n is increased by taking each time one more term, x will 
be alternately less than and greater than 2. If, for example, 

n= 2, 3, 4, 6, 6, 7, 

x = \h 2i, IJ, 2^, 1|}, 2tt. 
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Indeterminate Forms.— Vanishing Fractions. 

389. When one or more variables are involved in both 
numerator and denominator of a fraction, it may happen that 
for certain values of the variables both numerator and denom- 
inator of the fraction vanish. The fraction then assumes 

the indeterminate form - • If there is but one variable 

involved, we may obtain a definite value as follows : 

Let X be the variable, and a the value of x for which the 

fraction assumes the form-- Give to a; a value a little 

greater than a, as a + A ; the fraction will now have a defi- 
nite value. The limit of this last value, as h is indefinitely 
decreased, is called the limiting value of the fraction. 

The fundamental indeterminate form is -? and all other 

indeterminate forms may be reduced to this. 

Thus, 





00 
00 


a 
= 0^ 


b 



■5- 




b 




o' 







X 00 


= ox 


a 
0~ 


Ox 



a _ 




o' 




» 


— 00 


a 
~0~ 


h 



Ox 


a — 



Ox J 







x^ — a} 
1. Find the limiting value of as x approaches a. 

When X has the value a, the fraction assumes the form - • 

Put z = a + ft ; the fraction becomes 

(a-hft)g-a^ _. 2aft + ft^ 
{a-\-K)— a. h 

Since h is not 0, we can divide by h and obtain 2a + h. 
As ft is indefinitely decreased, this approaches 2 a as a limit. 
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2x^ — 4:X -\- 5 
2. Find the limiting value of — - when x 

O X ~j~ A X — 1 

becomes infinite. 

Divide each term of the numerator and denominator by 7?, Then, 

2x«-4z + 6 _. gg z8 
3x8+2x2-1 „ , 2 1 ' 

X X* 

As X increases indefinitely, each term that contains x of the last 
fraction approaches as a limit (Theorem 4), and the fraction ap- 

2 

proaches ^ as a limit 

u 

Exercise 130. 
Find the limiting value of : 

1. ^ _ , — 7^^ — — -r-^ when X becomes infinitesimal. 

7 a;' — 6 a + 4 

2. ^^ . . oi^ when x becomes infinite. 

X* + 35 

(x -h 2)» 

3. ^ ^ . ; when x becomes infinitesimal. 

x^ -\- \ 

4- It — ^ — TTT^ when X approaches 3. 

cc^ — 7 X + 12 ^^ 

x^ — 9 
^- a;2 ^ 9 ^ ^ ;^3 ^^en x approaches - 3. 

^ x(x^ + 4x + 3) , . . 

^- ^8|3^. + 5^ + 3 when x approax^hes - 1. 

^- x« +^2 x^ - 2 X - 1 ^^^^ "^ approaches 1. 



4a; + Va; -1 

8. , when X approaches 1. 

2x-Vx + l ^^ 
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PROPERTIES OF SERIES. 



Ck>nvergent and Divergent Series. 

390. By performing the indicated division, we obtain 

from 3 the infinite series 1 + x + x^ + x^ + This 

1 — X 

series, however, is not equal to the fraction for all values of x, 

391. If X is numerically less than 1, the series is equal to 
the fraction. In this case we can obtain an approximate 
value for the sum of the series by taking the sum of a 
number of terms ; the greater the nimiber of terms taken, 
the nearer will this approximate sum approach the value of 
the fraction. The approximate sum will never be exactly 
equal to the fraction, however great the number of terms 
taken ; but by taking enough terms it can be made to differ 
from the fraction by as little as we please. 

Thus, if ic = -> the value of the fraction is 2, and the 

series is "'"248 

The sum of four terms of this series is 1| ; the sum of 
five terms, 1||; the sum of six terms, 1§^; and so on. 
The successive approximate sums approach, but never 
reach, the finite value 2. 

392. An infinite series is said to be convergent when the 
sum of the terms, as the number of terms is indefinitely 
increased, approaches some fixed finite value ; this finite 
value is called the sum of the series. 
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393. In the series 1 + x -\-x^ + x^ -\- suppose x 

numerically greater than 1. In this case the greater the 
number of terms taken, the greater will their sum be j by 
taking enough terms we* can make their sum as large as 
we please. The fraction, on the other hand, has a definite 
value. Hence, when x is numerically greater than 1, the 
series is not equal to the fraction. 

Thus, if a; = 2, the value of the fraction is — 1, and the 
series is 

1 + 2 + 4 + 8 + 

The greater the number of terms taken, the larger the sum. 
Evidently, the fraction and the series are not equal. 

394. In the same series suppose x = 1. In this case the 

fraction is r = -, and the series 1 + 1 + 1+1 + 

The more terms we take, the greater will the sum of the 
series be, and the sum of the series does not approach a 
fixed finite value. 

If X, however, is not exactly 1, but is a little less than 1, 

the value of the fraction will be very great, and the 

fraction will be equal to the series. 

Suppose x = — 1. In this case the fraction is = -, 

X "+ 1 iv 

and the series 1 — 1 + 1 — 1 + If we take an even 

number of terms, their sum is ; if an odd number, their 
sum is 1. Hence, the fraction is not equal to the series. 

395. A series is said to be divergent when the sum of the 
terms, as the number of terms is indefinitely increased, 
either increases without end, or oscillates in value without 
approaching any fixed finite value. 
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No reasoning can be based on a divergent series ; hence, 
in using an infinite series it is necessary to make such 
restrictions as will cause the series to be convergent. Thus, 

we can use the infinite series 1 -\- x -{- x^ + x^ + when, 

and only when, x lies between + 1 and — 1. 

396. Theorem. If two series, arranged hy powers of x, 
are equal for all values of x that make both series con- 
vergent, the corresponding coefficients are equal each to each. 

For, iiA-\-Bx-h Cx^+ = A' -\- B'x + C'x^ -h , 

by transposition, 

A - A' = (B' - B)x -\- (C' - C)x^+ 

Now, by taking x sufficiently small, the right side of this 
equation can be made less than any assigned value what- 
ever, and therefore less than A — A', if A — A' has any 
value whatever. Hence, A — A' cannot have any value. 

Therefore, ^ - ^' = 0, or ^ = A'. 

Hence, Bx + Cx^ + Bx^ + = B'x + Cx^ + JO'x^ + , 

or (B- B^x = (C -C)x^+ (D' - D)x^ + 

Divide by x, 

B-B' = (C'- C)x-\-(D'-D)x^+ * 

By the same proof as for A — A\ 

B-B' = 0,OT B = B'. 
In like manner, 

C= C\ D = Z>'; and so on. 
Hence, the equation 

A + Bx+Cx^+ = ^' + B'x + C'x^ + , 

if true for all finite values of x, is an identical equation; 
that is, the coefficients of like powers ofx are equal. 
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Indeterminate Coefficients. 
897. Expand -r— — — -^ in ascending powers of x. 

Assume .V^V^ ^ = A -\- Bx + Cx'^ + Bx^ + ; 

then, by clearing of fractions, 

2 + 3x = ^ + Bx + Cx2 -h Dx* + 

+ ^x + 2?x2 + Cx8 -h 

+ Ax^ + 5x8 + 

.-. 2 + 3x = ^ + {B-\-A)x + (C+5 + ^)x2 + (i)+ C+B)Q^+ 

By §396, ^=2, 5 + ^=3, C + B + ^=0, i)+C + 5 = 0; 
whence, 5 = 1, C=— 3, D = 2; and so on. 

.-. , i"^ i^ » = 2 + X - 3x2 + 2x8 + 

1 + X + X2 

The series is of course equal to the fraction for only such values of 
X as make the series convergent. 

Note. In employing the method of Indeterminate Coefficients, 
the form of the given exprestion must determine what powers of the 
variable x must be assumed. It is necessary and sufficient that the 
assumed equation, when simplified, shall have in the right member 
all the powers of x that are found in the left member. 

If any powers of x occur in the right member that are not in the 
left member, the coefficients of these powers in the right member will 
vanish, so that in this case the method still applies ; but if any powers 
of X occur in the left member that are not in the right member, then 
the coefficients of these powers of x must be put equal to in equating 
the coefficients of like powers of x ; and this leads to absurd results. 
Thus, if it were assumed that 

, i"^ 1^ . = Ax + 5x2 + Cx8 + 

1 + X + X2 

there would be in the simplified equation no term on the right cor- 
responding to 2 on the left ; so that, in equating the coefficients of 
like powers of x, 2, which is 2 x^, would have to be put equal to Ox^ ; 
that is, 2 = 0, an absurdity. 
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Exercise 131. 
Expand to four terms : 

, 1 ^ 1-a; ^ S-hx 

1. . . c ' 4. :r-, : — 5* 7. 



l4-2ic * l+x + x^ 1-x-x 

3. 1-. 5.4^1^,- 8. 1+^ 



.2 



,2 






2H-3x • l-2xH-3a;2 ' 1 — aj-Gic^ 

Expand to five terms : 
10. ^. 12. . ^-^^ „■ 14. ^--2 



2 4- a ' l+3a;-x2 ' x(x-iy 



3-\-x ' x(x-2) ' (x-l)(x^-hl) 

Partial Fractions. 

398. To resolve a fraction into partial fractions is to 
express it as the sum of a number of fractions of which 
the respective denominators are the factors of the denom- 
inator of the given fraction. This is the reverse of the proc- 
ess of adding fractions that have different denominators. 

Kesolution into partial fractions may be easily accom- 
plished by the use of indeterminate coefficients and the 
theorem of § 396. 

In decomposing a given fraction into its simplest partial 
fractions, it is important to determine what form the assumed 
fractions must have. Since the given fraction is the sum of 
the required partial fractions, each assumed denominator 
must be a factor of the given denominator ; moreover, all 
the factors of the given denominator must be taken as 
denominators of the assumed fractions. 



350 PROPERTIES OF SERIES. 

Since the required partial fractions are to be in their 
simplest form, incapable of further decomposition, the nu- 
merator of each required fraction must be assumed with 
reference to this condition. Thus, if the denominator is 
a;" or (x =t a)", the assumed fraction must be of the form 

— or :- ; for, if it had the form or —j 

aj» (x zh a)" ' ' a;» (x d= a)» 

it could be decomposed into two fractions, and the partial 

fractions would not be in the simplest form possible. 

When all the monomial factors, and all the binomial 

factors, of the form x zta, have been removed from the 

denominator of the given expression, there may remain 

quadratic factors that cannot be further resolved; and 

the numerators corresponding to these quadratic factors 

may each contain the first power of x, so that the assumed 

Ax -|- B 

fractions must have either the form —z --7 or the 

x^dzax + 

Ax + B 

form a . 7> • 



3 

1. Resolve , . . into partial fractions. 
x*-|- 1 ^ 

Since x^ + 1 = (x + 1) (x* — A + 1), the denominators will be x + 1 
and x2 — X + 1. 

3 A . Bx+C 

Assume , , ., = — r—r + • 



X8 + 1 X+1 ' X2-X + 1' 

then, 3 = A{x^ - x + 1) + (J5x + C7) (x + 1) 

= (A+ J?)x2 + (B+C-A)x + {A-\-q; 
whence, S = A + C, B+ C - A =0, A + B = 0, 

and A = 1,B=-1,C = 2. 

3 1 x-2 



Therefore, 



X'-l-l X + l X2-X + 1 
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2. Kesolve ^ i_i\2 ^^^ partial fractions. 

The denominators may be x, x^, x + 1, (x + 1)2. 

4x8-x2-3x — 2 A , B , C , D 
Assume — — r-rr^ = h -r H TT + ' 



x2(x + l)2 X x2 ' x + 1 (x+l)a 

... 4x8 - x2 - 3x - 2 =^x(x + 1)2 +B(x + 1)2 + Cx2 (x + l) + 2)x2 
= (^ + C)x8 + (2^ + B + C + Z))x2 + (^ + 25)x + JB; 
whence, A + C = 4, 

2A + B+C-\-D=-l, 
A+2B=-S, 
B=-2; 
and .-. B = -2, ^ = 1, C = 3, i) = -4. 

^ ^ 4x8-x2-3x-2 1 2 , 3 4 

Tlierefore, ^,,^ , ,,, = --Ii + : 



X2(X+ 1)2 X X2 X + 1 (X+l)2 

Exercise 132. 
Resolve into partial fractions : 





7a; + l 


■ (»= 


+ 4) (a; - 5) 




7a;-l 


• (1 


-2a;)(l-3a;) 




6a:-l 


■• (2 


a; - 1) (a; - 5) 




a;-2 


'■ ('^ 


-6)(a5 + 2) 


'• ^ 


3 
-1 


. «' 


-a;-3 



8. 



10. 



11. 



12. 



x\x'\-5) 
7x^-x 

(x-iy(x + 2y 

2x^-7x + l 
x«-l 

7x-l 
(6x + l)(a;-l)* 

(a^-f l)(a: + 2)* 
a;2 - a; 4- 1 



x(x'-4) ' {x^ + l){x-l) 



CHAPTER XXV. 

BINOMIAL THEOREM. 

9. Binomial Theorem, Positive Integral Exponent. By suc- 
cessive multiplication we obtain the following identities : 
(a + by = a^ + 2ab-^b^', 
(a -I- by = a« -{-Sa^b + 3ab^ + ^«; 
(a -h J)* = a* + 4 a^b + 6 a%^ + 4ab^-{- b\ 

The expressions on the right may be written in a form 
better adapted to show the law of their formation : 

(a + by = a^ + 2ab +j^l^^; 

(a + by = a' + 3a%-\-j^ab' -^Y^b'} 

Note. The dot between the Arabic figures means the same as the 
sign X. 

400. Let n represent the exponent of (a -|- b) in any one 
of these identities ; then, in the expressions on the right, 
we observe that the following laws hold true : 

1. The number of terms is n -}- 1. 

2. The first term is a", and the exponent of a is one less 
in each succeeding term. 

3. The first power of b occurs in the second term, the 
second power in the third term, and the exponent of b is 
one greater in each succeeding term. 

4. The sum of the exponents of a and b in any term is w. 
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5. The coefficients of the terms taken in order are 1 ; n ; 
n(n-l)^ n{n-l){n-2) ^ and so on 
1-2 ' 1-2-3 J ana so on. 

401. Consider the coefficient of any term ; the number 
of factors in the numerator is the same as the number of 
factors in the denominator, and the number of factors in 
each is the same as the exponent of b in that term j this 
exponent is one less than the number of the term. 

402. Proof of the Theorem. That the laws of § 400 hold 
true when the exponent is any positive integer is shown 
as follows : 

We know that the laws hold for the fourth power; 
suppose, for the moment, that they hold for the A;th power. 
We shall then have 

(a + by = a* -h ka'^-'b + ^^^""^^^ a'-^^ 

^ M.-l)(.^-2) ^,_3^,^ ^^^ 

Miiltiply both members of (1) hj a + b; the result is 
(a + 6)*+' = a*+» + (k + l) a'=b + ^^^^^ ^ a^-'ft" 

^ (A. 4-1)^^^-1) ,.-,,. + ^,^ 

In (1) put k + 1 for k ; this gives 
(a + J)*+> = «*+> + (k + l)a*6 + (^+1)(^ + 1-1) a*-iji. 

1 * ^ 

, (k + l)(k + l-l)(k + l-2) ^,_,^, _^ 

= a*+» + (k + l) an + (^+^^ «*-i6« 

+ ^^±|>|f^a-^»+ ^3^ 

Equation (3) is seen to be the same as equation (2). 
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Hence, (1) holds when we put k + lioT k-, that is, if the 
laws of § 400 hold for the A;th power, they must hold for 
the (k -f- l)th power. 

But the laws hold for the fourth power ; therefore, they 
must hold for the fifth power. 

Holding for the fifth power, they must hold for the sixth 
power ; and so on for any positive integral power. 

Therefore, they must hold for the nth power, if ri is a 
positive integer ; and we have 



(a -f- *)'» = a» + na»-** + ^-^-Tj^a"-' 

1 * Z 



, n{n — l)(n — 2) 
+ — ^^ — iT2^3 ^ ^ + (^) 

Note. The above proof is an example of a proof by maihemaAical 
induction. See § 134. 

403. This formula is known as the binomial theorem. 
The expression on the right is known as the expansion of 

(a + l))^\ this expansion is a finite series when /i is a positive 
integer. That the series is finite may be seen as follows : 

In writing out the successive coefficients we shall finally 
arrive at a coefficient that contains the factor n — n\ and, 
therefore, this term will vanish. The coefficients of all the 
succeeding terms likewise contain the factor w — n, and, 
therefore, all these terms will vanish. 

404. If a and h are interchanged, the identity (A) may 
be written 

(a 4- by = (6 + ay = J» 4- nb^'^a -h ^^^^-^6— V 

1 • Z 
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This last expansion is the expansion of (A) written in 
reverse order. Comparing the two expansions, we see 
that the coefficient of the last term is the same as the 
coefficient of the first term ; the coefficient of the last term 
but one is the same as the coefficient of the first term but 
one; and so on. 

In general, the coefficient of the rth term from the end 
is the same as the coefficient of the rth term from the 
beginning. In writing an expansion by the binomial 
theorem, after arriving at the middle term, we can shorten 
the work by observing that the remaining coefficients are 
those already found, taken in reverse order. 

405. If h is negative, the terms that involve even powers 
of b will be positive, and the terms that involve odd powers 
of h will be negative. Hence, 

(a - by = a« - na^-^b + '^ ^"^ ~^\ ^-^b^ 

n(n — 1) (7^ — 2) ^ ^,g , ,_.. 
^^ — ^.2.3 -a''-^'' 4- (B) 

Also, putting 1 for a and x for b in (A) and (B). 
(1 + x)» = 1 + wa: + "^^Y^^^ x^ 

^ ,( 1)( 2) ^3^ . ^^^ 



(1 — a;)" = l—nx-\- 



1-2-3 

1-2 ' 



n(n~l)(n-2) 

1-2-3 "" ^ 



(P) 



356 BINOMIAL THEOREM. 

1. Expand (14- 2 x)*. 

In (C) put 2 X for X and 6 for n. The result is 

(1 + 2x)^ = 1 + 6(2x) + Y^4x2 + frfrf^xs 

6'4-3-2 5'4'3-2-l 

+ r2^3Ti^^^ + 1.2.3-4.6^2^ 

= 1 + lOx + 40x2 + 80 x« + 80x* + 32x6. 



2. Expand to three terms 



/I _ 2^A« 



1 2x2 

Put a for - , and b for -r- ; then, by (B), 

(a-b)^ = cfi-Q a^b + 16a*62 _ 

Replace a and & by their values, 

(i-f)'=(:)'-(5)'(¥)+»e)'(¥)'- 

_!_£ 20_ 
x« x«"*" 3 



406. Any Required Term. From (A) it is evident (§ 400) 
that the (r + l)th term in the expansion of (a + by is 

n(n — l)(n — 2) to r factors „_,.,,. 

1X2X3 r "* 

Note. In finding the coeflScient of the (r + l)th term, write the 

series of factors 1 X 2 X 3 r for the denominator of the coefficient, 

then write over this series the factors n (n — 1) (n — 2), etc., writing 
just as many factors in the numerator as there are in the denominator. 

The (r -|- l)th term in the expansion of (a — by is the 
same as the above if r is even, and the negative of the 
above if r is odd. 



BINOMIAL THEOREM. 367 



Find the eighth term 



.0-f)' 



X2 

Here a = 4, & = ^ » n = 10, r = 7. 

The term required is ^.^.3.^.^.^.^ (4)»(- -) , 
which reduces to — 00 z^*. 

407. A trinomial may be expanded by the binomial 
theorem as follows: 
Expand (l'\-2x-xy. 

Put 2 X — x2 = z. 

Then, {1 + z)^=l-h Sz + Zz^ + sfi. 

Replace z by 2x — x^. 

.-. (1 +2x-x2)8 = l +3(2x-x2) + 3(2x-x2)2+(2x-x2)« 
= 1 +6x + 9x2-4x8-9x* + 6x5-x6. 

Exercise 133. 
Expand : 

1. (a -{-by. 6. (a'4-^y. 11. (m-^ + ny. 

2. (x-2y. 7 (m2 + n«)«. 12. (x-^ + «*)« 

3. (Sx-2yy. 1 

^ 8. (a-&8)l 13. (2a;2 + y^^ 

5. (4 + 3«/)*. 10. (a-i + ^»-2)8. 15. (2a^-i-y7fy. 

18. (2 cc22r^ - 2/^)*- 21. (2 aJ-2 __ j^i^^ 



16. 
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22. 



(fV^-j)'- '' (f>/^^)' 



24. Find the fourth term of (2 aj- 3 2^y. 

26. Find the ninety-seventh term of (2 a — by^. 

NoTR. As the expansion has 101 terms, the ninety-seventh tenn 
from the beginning is the fifth term from the end. 

26. Find the eighth term of (3 x - yy\ 

27. Find the tenth term of (2 a* - ^)^. 

28. Find the fifth term of (a - 2 Vi)^. 

29. Find the eleventh term of (2 - ay\ 

30. Find the fifteenth term of {x -f y)^. 

31. Find the fourth term of (3 - 2 x^, 

32. Find the' twelfth term of (a^ - a\^y\ 

33. Find the seventh term of (y^ - iy\ 

34. Find the fifth term of (^a - bVby\ 
36. Find the fourth term of (Va - -v^*». 

36. Find the third term of ( Va - V^)'. 

37. Find the sixth term of ("V^ - V^)^ 

38. Find the eighth term of ( Vfa -f- Vfx)^. 

39. Findthe ninth term of (icV^ + yV^)^^ 

40. Find the fifth term of ( a^b - ^^Y'- 

41. Find the seventh term of (x + x-^""' 
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408. Binomial Theorem, Any Exponent. We have seen 
(§ 402) that when ti is a positive integer we have the 
identity 
(l+.)- = l+n. + ^^x' + "("-^H»-2) ,.+ 

We proceed to the case of fractional and negative expo- 
nents. 

P 
I. Suppose n is a positive fraction, — ? in which p and 

q are positive integers. We may assume that 

(1 -I- xy = (A + Bx+ cx^ -f 2>x« + y, (1) 

provided x is so taken that the series 

A + Bx-\-Cx^'\-Dx^+ 

is convergent, § 392. 

That this assumption is allowable may be seen as follows : 
Expand both members of (1). We obtain 

and A^ + qA^'^Bx-^-[^^j^^A^-^B^+qA^-^cl x^+ 

In the first k coefficients of the second series there enter 

only the first k of the coefficients A, B, C, D, If, then, 

we equate the coefficients of corresponding terms in the 
two series (§ 396) as far as the /cth term, ive shall have just 

k equations to find k unknown numbers A, B, C, D, 

Hence, the assumption made in (1) is allowable. 

Equating the two first terms and the two second terms, 
we obtain 

^« = 1, .-.^ = 1; 
qA^-^B =jp, or qB = j9, .'. B = ^' 
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Elxtraeting the qih root of both members of (1), we have 

(1 -\-x)\ = l -h^x + Cx^ -hDx*+ , (2) 

where jr is to be so taken that the series on the right is 
convergent. 

II. Suppose n is a negative number, integral or frac- 
tionaL Let n = — niy so that m is positive; then, 

(l+x)- = (l+x)-. = ^^. 

From (2), whether m is integral or fractional, we may 
assume 

1 1 

(1 -\- x)'^~ 1 -^ mx + €x^ -{■ dx^ + * 

By actual division this gives an equation in the form 

(1 + «)-«• = \ - mx -{- Cx^ ^ Dx^ + (3) 

409. It appears from (2) and (3) (§ 408) that whether n is 
integral or fractional, positive or negative, we may assume 

(l-h a;)« = 1 + naj + Cx^ -^ Dx^ + , 

provided the series on the right is convergent. 

Square both members, 

(1 + 2 a; 4- a;^" = 1 + 2 7^a; -h 2 Ca;2 -f 2 2)a;8 -f 

+ riV 4-2 7iCa;8 + (1) 

Also, since 

(l + yY = l+ny+ Cy^ + Dy"^ + , 

we have, putting 2x -\-x^ for y, 

(1+ 2a; + a;2)« = 1 4- w (2x + x2) -I- C(2a? + x^ 

-[-.D{2x'^xy 

= l-^2nx-^nx^ + 4 Ca;^ -f 

4- 4Ca:^ + 8 i>a;« + (2) 
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Equate corresponding coefficients in (1) and (2), 

4C + 82> = 22> + 2n(7. 
.'.2C = n^-n, and ^ = ^^^^5 

and so on. 

Hence, whether n is integral or fractional, positive or 
negative, we have 
(1 + .)» = 1 + n. + ^^ff^^+ nin-lXn-2) ^, ^ ^ 

provided, always, x is so taken that the series on the right 
is convergent. 

The series obtained will be an infinite series unless n is a 
positive integer, § 403. 

410. If X is negative, 
(l-.)- = l-«. + 2i^._!Ll!L^^(|Il2I,. + 

Also, if aj < a, 

(a-|-a;)« = a«(l +- J 

« F-i . aj , w (7i — 1) aj2 , "I 
L a 1 • 2 a^ J 



^ ( ^ — 1) -o 



= a** + na'^'^x H ^ ^ ^ a**~V + • 

if a; > a, 

(a + a;)~ = (x + a)« = ««( 1 + - J 

-[•+»:-+=^s+ ] 
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1. Expand (1 + at;*. 

The above equation is true only for those values of x that make 
the series convergent. 

2. Expand ~ 



vr:i 



= (l-x)-i 

= l + Jx + i^x«+^x.+ , 

if X is 80 taken that the series is convergent. 

A root may often be extracted by means of an expansion. 
3. Extract the cube root of 344 to six decimal places. 

344 = 343(l + ^) = 7.(l + 3L). 

L 3V343^^ 1-2 1343.'^ J 
= 7 (1 + 0.000971817 — 0.000000944 + ) 



= 7.006796. 



4. Eind the eighth term of ( cc — . 

3 3 1 

Here a = x, 6 = ^ = —, n=--, r=7. 

Tlie term is - t'- f - j — ^ - § — Y'-Y^-y/ J_y, 
inetermis 1.2-3-4-5-6-7 ^ V 4xM 

1-3-5-7-91113-3' 



2-4-6-81012-14-4''xU 



BINOMIAL THEOREM, . 363 



Exercise 13 
Expand to four terms ; 

1. (l+aj)^. 6. (l'hx)f 11. (2aj + 3y)* 

2. (l+x)-2. 7. (l+x)~K 12. (2ajH-3y)~* 

3. (l+x)~^ 8. (l+a;)-8. 13. 

4. (!-«)*. 9. (l + 5a;)-^ ^ 




-J/^^ 



03 



14. 



6. (1-x) *• 10. (l + 5a;)l ■v^(a - xf 

2V^y 



15. Find the fourth term of [ a = » • 



16. Find the fifth term of 



■y/(a-2xy 

17. Find the third term of (4 - 7 xy. 

18. Find the sixth term of (a^ - 2 ax)\ 

19. Find the fifth term of (1 - 2 x)~^. 

20. Find the fifth term of (1 - x)-^ 

21. Find the seventh term of (1 — x)^, 

i_ 

22. Find the third term of (1 -\- x) 2n 

23. Find the fourth term of (1 + xyK 

24. Find the sixth term of /^2 - iV^- 

25. Find the fifth term of (2 aj - 3 y)~^. 

26. Find the fourth term of (1 -Bx)'^. 
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Exercise 135. — General Eeview. 

1. Add (a - b)x^ -h (b - c) y^ + (c - a) z^-, (b - c)x' 

H- (c - a) y^ H- (a - b) z^\ (c - a) x^ + (a - b)f 
-^(b-c) z\ 

2. kM(a->rb)x->r(p-^c)y-{c-^a)z', {b-\-c)z-\' (c-Va)t 

— {a-\'b)y\ {a-^c)y-^{a-\-b)z— (p-\-c)x, 

3. From 4a;» — Gaj^-hSx — 7 take the sum of 

8x« + 7-8x2-f Txand - 9aj» - Sa;^ -f 4a; -f 4. 

4. Find the product of a^ - ZaP-^ -f ^aP-'^ - 6aP-« -f haP-^ 

and 2 a' — a^ -h a. 

5. Divide 1 - 6a;« + 5a;« by 1 - 2a; H- x\ 

6. Divide 4 /i^+i - 30 A,* H- 19 /i^-^ -f- 5 A^-^ + 9 A*"* 

by A^-« - 7 A.^-* + 2 A,*-« - 3 A'-«. 

7. Simplify Z\a -2(b - c)\-\J^b + \2b - (c - a)}]. 

8. Find the factors of 10 a;^ H- 79 a; - 8. 

9. FindtheH.C.F. of 2a;»-f a;2-f 4a;-7 

anda;«- 2a;^ + l. 

.^ T> A ^1 i-i. a* -f- 9a -20 

10. Reduce to lowest terms 



5a*-f 9a8-64 
11. If a = 4, ^ = |-, c = — 2, find the numerical value of 



2(ib^ 



c b^ 

^o T* a-^b . ^x.^(^ — ^\ x — 2a-\-b . 

12. If a; = — T-— ? show that ( ; ^77 = 0. 

2 \x — bj x-\-a — 2b 

13. lfx = 2y-\-Szy show that 

x^-S7/-27z^- 18 xyz = 0. 

14. Resolve into factors 6 a;^ -f- 5 a; — 4. 

15. Resolve into factors a;* + 2 x* - 13 a;^ - 38 a; - 24. 

16. Resolve into factors 12 x' + 20 a;^ — a; - 6. 
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17. A boy bought a number of apples at the rate of 5 for 
2 cents. He sold half of them at the rate of 2 for a cent 
and the rest at the rate of 3 for a cent, and cleared a cent 
by the transaction. How many did he buy ? 

Find the H. C. F. and the L. C. M. of : 

18. 3ic«-5a;» + 2, and2cB5-5aj2H-3. 

19. 3x^ + 10x^-\-7x-2, and3a;« + 135c2-f 17ic-f 6. 

20. 4a;*-95c2 + 6a;-l, and 6aj»-75c2-f 1. 

21. aj*^ + 11 a; - 12, and x^ + 11 5c« + 54. 

22. 2x^'\-5x^y-6xy^-hy^, sjid 2x^ -7 x^i/-\-5x7/ - i/^ 

Simplify : 

x + 1 3a; + 2 . 2a;-l 

23. — 7 ^ ; —rr -f 



24. 



25. 



x(x-2) x(x-\-l) x^-x-'2 

1 + a; 1-a; 1 + g^ 1 - x\ 
l-x^l'\-x 1-x^ 1-hx'' 

x-1 2 fa + 2) 



(x-\-2)(x-\-5) (x-\-5)(x-l) (x-l)fa + 2) 

1 1 3 

ax — a?' ax-\-2a^ x^ -\- ax — 2 a^ 

27 ^ I ^-^ ^-^ 

(X + 3){x -1)^ (x + 3)(2 -x) (2 - x)(l - x) 

28. 5 5 n-- 30 



^2 -^ ^,2 ^2 -^ ^^ 3 



29. ^-^ ^ + ^ 31 "^ *^' 



1 — a 1 -\- a 



366 
32. 
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1 „ 1 



33. 



x-lH- 



1 + 



1-f 



4 — 05 



l + a + 



2a^ 



l+a 



34. Two passengers have together 400 pounds of bag- 
gage. One pays $1.20, the other $1.80, for excess above the 
weight allowed. If all the baggage had belonged to one 
person, he would have had to pay- $4.50. How much bag- 
gage is allowed free ? 



Solve : 



^^ 6x + 13 9a;-f 15 ^ ^ _ 2a; + 1 5 

35. j-^ ■;:; p7^ "T t> — * 



15 



5x-25 



36. 



2x '\- a . Sx — a 



3(x-d) 2(x-ha) 



6 y 



39. 2£ + 3,_45^^ 
a c 

a b c 



3x 4^_2« 
a b c 



5 



= 2*. 



1^ + 1 = 31 



40. 2 + »+2 .3 

x y z 

X y z 

2a b <^ __ A 



Find the arithmetical value of : 

41. 36^; 27^; 16^; 32*; 4^; 8*; 27*; 64^ 

42. 32*; 64^ 81^; (3f)^; (5^)^; (V^)*. 
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43. (0.25)^; (0.027)*; 49"*; 32"*; 81"* 

44. 36"*; 27"'^; (t^^)"*; (0.16)"*; (0.0016)"* 

Arrange in ascending order of magnitude : 
45. 6V7; 9V3; SVlO. 46. 4V6; 3x^; 5^. 

Simplify : 

.» . /E . r^ a Hi .« 2V10 7VI8 4V15 

47. *V3XtV5^^V2. 48. ;= X 7=^-5- 7=- 

^ 3V27 5V14 I5V2I 

49. =• 50. ;=• 51. T^ 62. 



2+V3 * 2-V3 ' 2V5 + 3 * 2V5-3 

1 1 

53. |(a;^"*)« X (iC«*)-2(3a-2. 54. (3^180x2^-12)30-2. 

65. 3 (a^ + Z^*)2 - 4 (a* + h^) (a* -h^ + (a^-2h^\ 

56. \{a^"^l\^i, 58. {^[{a-'^y^Yy ■^l\{a"'Y\-py<^, 









60. 5 V- 320 - 2 V- 1715 + 3iVl35. 

61. 2Vi8-3V8 + 2V50; "V^ + V^ - -5^192. 

62. fVj + V80-iV2(); 8 V^ + 10 Vf - 2 V|. 

Extract the square root of : 

63. 9 a;- * - 18 x'h/ + 15 a;- ^ - 6 x-^y^ + y^. 

Extract the cube root of : 

64. 8aj« + 12ic2 - 30a; - 35 + 45a;-i + 27 a;-^ - 27 a;-' 
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Resolve into prime factors with fractional exponents : 
66. V^12, y/T2, yf^, ^64 ; and find their product. 
Solve : 

66 



67, 



X — 2 X X + 6 

xJ-_3__2x--J^_ 
2x-7 x-3 ~ 



x+4 . a- -2 ^, 



71. 


2 6c^ 
ax^ , 2. — ^^ 


-fta;2 


72. 


Sxij-5y^= l' 
5xy + 3a;2 = 22 ' 




73. 


a;2 + 10x2/ = ll^ 
5icy-32/2= 2/ 





a? — a x — h _a^ -\-b^ 74, Vaj -f y = Vy + 2 
'aj — ^ X — a ah x — y = 1 ' 

ax -\- h _ ex '\- d 75. aj^ H- a;?/ + y^ = 52 1 

* a + fta: c-[- dx xy — x^ = S J 

Form the equation of which the roots are : 

76. a-b,a-\- h. 79. 1 + VS, 1 - VS. 

77. a-2b,a + Sb. 80. - 1 + V3, - 1 - V3. 

78. a + 2Z>, 2a + ^'. 81. 1 + V^, 1 - V^. 

82. A vessel that has two pipes can be filled in 2 hours 
less time by one than by the other, and by both together 
in 1 Jiour 52 minutes 30 seconds. How long will it take 
each pipe alone to fill the vessel ? 

83. A number is expressed by two digits, the second of 
which is the square of the other, and when 54 is added its 
digits are interchanged. Find the number. 

84. Divide 35 into two parts such that the sum of the 
two fractions formed by dividing each part by the other 
may be 2^. 
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85. A number consists of three digits in arithmetical 
progression; and this number divided by the sum of its 
digits is equal to 26 ; but if 198 is added to the number, 
the digits in the units' and hundreds' places will be inter- 
changed. Find the number. 

86. The sum of the squares of the extremes of four num- 
bers in arithmetical progression is 200, and the sum of the 
squares of the means is 136. What are the numbers ? 

87. Show that if any even number of terms of the series 

1, 3, 5 is taken, the sum of the first half is to the sum 

of the second half in the ratio 1 : 3. 

88. If a horse took 1 second more for each rod, he would 
travel Ij miles less per hour. Find his rate of traveling. 

Solve : 

89. aj8 4-2/* = 18V21 90. 2x^'\-Sxy = S 
x + y = 3V2 J y^-2xj/ = 20 

Expand : 

91. (x-x-y. 93. (2a^-ar^y. 95. (iV^-JV^)*. 

92. (y/x-^xy. 94. (2x-^-\-x^y. 96. (iVx^^ -\- ix'^. 

97. If a, b, c, d are in continued proportion, prove that 
^ -f- c is a mean proportional between a -\- b and c-^ d. 

98. lia-\-b:b + c = c-^d:d + a, 

prove that a = c, or a-{-b-\-c-{-d = 0. 

99. The number of eggs which can be bought for 1 
dollar is equal to twice the number of cents which 32 eggs 
cost. How many eggs can be bought for 1 dollar ? 

100. Find two fractions whose sum is y\, and whose 
difference is equal to their product. 
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101. The velocity of a falling body varies as the time 
during which it has fallen from rest, and the velocity at 
the end of 2 seconds is 64 ft. Find the velocity at the 
end of 6 seconds. 

102. The distance through which a body falls from rest 
varies as the square of the time it falls ; and a body falls 
144 ft. in 3 seconds. How far does it fall in 4 seconds ? 

103. The volume of a gas varies directly as the absolute 
temperature and inversely as the pressure. If the volume 
of a gas is 1 cubic foot, when the pressure is 15 and the 
temperature 280, what will be the volume when the pres- 
sure is 35 and the temperature 320 ? 

104. The difference between the first and second of four 
numbers in geometrical progression is 96 ; the difference 
between the third and fourth is 6. Find the numbers. 

105. If a^ b^, c^ are in arithmetical progression, prove 
that 6-fc, c+a, a-^b are in harmonical progression. 

When a: = 00, and when x = 0, find the limit of : 

(2x-S)(S-5x) x^-x + 1 , 

7x'-6x-\-4. "^- {x^-\-l)(x-iy 

Eesolve into factors and find all the values of x : 

108. x*-5x^ + 4: = 0. 114. 3-J^-5^-f2 = 0. 

109. x^-9x^-\-S=0. 115. 6Vic — 3^i-45 = 0. 

110. 9a:* -13a:2 4-4 = 0. 116. 21V^-5^-74 = 0. 

111. Ax*-17x^-\-^ = 0, 117. 3V^-f4Vx^-20 = 0. 

112. 2x*- 5x^-{-2 = 0. 118. 2a;«- 19x8 + 24 = 0. 

113. 2ic^-3a;*-f-l = 0. 119. ar* - 1 = 0. 
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120. a:«-l = 0. 124. 4ic"^ -3a;~' - 27 =0. 

121. a;* + 8a;*-9 = 0. . 125. ar^n _j_ 3 ^« __ 4 ^ q 

122. 16x*-17a;^' + l = 0. 126. Sx^ - 2ax^ - a^ = 0, 

123. aj~* + 5a:~*-14 = 0. 127. V2^--v^-2 = 0. 
Solve: 

128. Vaj-l-4-f V3a;-M =V9a; + 4. 

129. V5x + 1 + 2 V4a; - 3 = 10 Vx - 2. 

130. 2Vx + 2-3V3a:-5+V5x + l = 0. 

131. Vll - aj + V8 - 2 X - V2I -f 2 a;' = 0. 

Expand : 

132. (J-x^y-, (3 a* -2^2)6. (a'-i^^)^; 
(2-ixy; (3-ixV; (:«^-0'- 

133. (x2-Jy8)S; (2^2 +V3^)*; (Va^-l-l + a^^ 
(l + 2a;-x2-jr8)8. 

134. Expand to four terms 

(l-3x)"*; (1-4x2)"*; (i_|^i)f. (a_2x~V'- 

135. Eind the eighty-seventh term of (2x — 1/)^. 

136. Resolve into partial fractions 

3-2x 3-2x 1 



l-3x + 2x2' (l-x)(l-3x)' 1-x^ 

3 — 2x 
137. Expand to five terms q — ^— — ^ g - 

1 — tj X ~\~ Z X 



CHAPTER XXVI. 
LOGARITHMS. 

411. If numbers are regarded as powers of ten, the expo- 
nents of the powers are the Common or Briggs Logarithms of 
the numbers. 

If A and B denote two numbers, a and b their loga- 
rithms, then 10** = A, Ky* = B', or, written in logarithmic 
form, log A = a, log B=b. 

412. The logarithm of a product is found by adding the 
logarithms of its factors. 

For AXB = 10« X 10'' = 10»+^ (§ 244) 

Therefore, log (A X B) = a '\- b = log A -h log B, 

413. The logarithm of a quotient is found by subtract- 
ing the logarithm of the divisor from that of the dividend. 

Therefore, log — = a — 7^ = log ^ — log B. 

414. The logarithm of a power of a number is found by 
multiplying the logarithm of the number by the exponent 
of the power. 

For J« = (10«)« = 10««. (§ 251) 

Therefore, log A» = na = n log A. 
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416. The logarithm of the root of a number is found by- 
dividing the logarithm of the number by the index of the 
root. 

For Va = V^ = m. (§ 251) 

Therefore, log Va = - = — — 
n n 

416. The logarithms of 1, 10, 100, etc., and of 0.1, 0.01, 
O.OOl, etc., are integral numbers. The logarithms of all 
other numbers are fractions. 

Since 10« = 1, 10-^ (= ^) = 0.1, 

10^= 10, 10-2 (=^J^) =0.01, 

10^ = 100, 10-»(=^^^) = 0.001, 

therefore, log 1 = 0, log 0.1 = — 1, 

log 10 = 1, log 0.01 =-2, 

log 100 = 2, log 0.001 = - 3. 

Hence, the common logarithms of all numbers between 

1 and 10 will be + a fraction, 

10 and 100 will be 1 -f a fraction, 

100 and 1000 will be 2 + a fraction, 

1 and 0.1 will be — 1 -f- a fraction, 
0.1 and 0.01 will be — 2 -h a fraction, 
0.01 and 0.001 will be — 3 + a fraction. 

417. If the number is less than 1, the logarithm is 
negative (§ 416), but is written in such a form that the 
fractional part is alwaiys posit ir p. 

418. Every logarithm, therefore, consists of two parts : 
a positive or negative integral number, which is called the 
characteristic, and a positive decimal fraction, which is 
called the mantissa. 
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Thus, in the logarithm 3.52184, the integral number 3 
is the characteristic, and the fraction .52184, the mantissa. 
In the logarithm 0.78256 — 2, which is sometimes written 
2.78256, the integral number — 2 is the characteristic, and 
the fraction .78256 is the mantissa. 

419. If the logarithm has a negative characteristic, it 
is customary to change its form by adding 10, or a mul- 
tiple of 10, to the characteristic, and then indicating the 
subtraction of the same number from the result. 

Thus, the logarithm 2.78256 is changed to 8.78256 - 10 
by adding 10 to the characteristic and writing — 10 after 
the result. The logarithm 13.92732 is changed to 7.92732 
— 20 by adding 20 to the characteristic and writing — 20 
after the result. 

420. The following rules are derived from § 416. 

Rule 1. If the number is greater than 1, make the 
characteristic of the logarithm one unit less than the num- 
ber of figures on the left of the decimal point. 

Rule 2. If the number is less than 1, make the char- 
acteiristic of the logarithm negative, and one unit more than 
the number of zeros between the decimal point and the 
first significant figure of the given number. 

Rule 3. If the characteristic of a given logarithm is 
positive, make the number of figures in the integral part of 
the corresponding number one more than the number of 
units in the characteristic. 

Rule 4. If the characteristic is negative, make the 
number of zeros between the decimal point and the first 
significant figure of the corresponding number one less than 
the number of units in the characteristic. 
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Thus, the characteristic of log 7849.27 is 3 ; the char- 
acteristic of log 0.037 is -2, or 8.00000-10. If the 
characteristic is 4, the corresponding number has five 
figures in its integral part. If the characteristic is — 3, 
that is, 7.00000 — 10, the corresponding fraction has two 
zeros between the decimal point and the first significant 
figure. 

421. The mantissa of the common logarithm of any- 
integral number, or decimal fraction, depends only upon 
the digits of the number, and is unchanged so long as the 
sequence of the digits remains the same. 

For, changing the position of the decimal point in a 
number is equivalent to multiplying or dividing the num- 
ber by a power of 10. Its common logarithm, therefore, 
will be increased or diminished by the exponent of that 
power of 10 ; and since this exponent is integral, the man- 
tissa, or decimal part of the logarithm, will be unaffected. 

Thus, 271,960 = 10«*8*«S 2.7196 = 10«"«S 

27,196 = 10*««S 0.27196 = lO^^^i-w 

2719.6 = 108"«S 0.027196 = 10«*«*5i-w 

271.96 = 102*8*51^ 0.0027196 = 10'*»«i-io, 

27.196 = 10i*»*s^ 0.00027196 = \o^-^^^^^-^\ 

One advantage of using the number ten as the base of 
a system of logarithms consists in the fact that the man- 
tissa depends only on the sequence of digits, and the char- 
a^teristic on the position of the decimal point, 

422. The characteristic of the common logarithm of a 
number can be found by the rules given in § 420 ; but the 
mantissa of the logarithm is foimd by means of a Table of 
Logarithms. 
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423. A Five-place Table of Logarithms. In this table 
(pp. 389-407) the vertical colmnns headed N contam 
numbers, the columns headed: 0, 1, 2, 3, etc., contain the loga- 
rithms, and the columns headed D contain the tabular 
differences of the logarithms. On page 389 both the char- 
acteristic and the mantissa are printed. On pages 390-407 
the mantissa only is printed, and the first two figures of 
the mantissa are printed in the left-hand column only, 

A star prefixed to the last three figures of a logarithm 
indicates that the first two figures are in the line below. 

The fractional part of a logarithm can be expressed only 
approximately, and in a five-place table all figures that 
follow the fifth are rejected. Whenever the sixth figure is 
5 or more, the fifth figure is increased by 1, 

Thus, if the mantissa of a logarithm written to seven places is 
6328732, it is written in a five-place table 53287. If the mantissa is 
5328751, it is written in a five-place table 53288. 



To Find the Logarithm of a Given Number, 

424. If the given number consists of one or two figures, 
the logarithm is given on page 389. If zeros follow the 
significant figures, or if the number is a proper decimal 
fraction, the characteristic is determined by § 420. 



426. If the given number has three significant figures, 
the number will be found in the column headed N (pp. 
390-407), and the mantissa of its logarithm in the next 
column to the right, and on the same line. Thus, 

Page 390. log 146 = 2.16137, log 14,500 = 4.16137. 

Page 395. log 364 = 2.56110, log 0.0364 = 8.56110 - 10. 

Page 402. log 716 = 2.86491, log 0.716 =9.85491-10. 

Page 406. log 926 = 2.96661, log 9260 =3.96661. 
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426. If the given number has four significant figures, the 
first three figures will be found in the column headed N, 
and the fourth figure at the top of the page in the line 
containing the figures 0, 1, 2, 3, etc. The mantissa will be 
foimd in the column headed by the fourth figure, and on 
the same line with the first three figures. Thus, 

Page 403. log 7682 = 3.88547, log 76.86 = 1.88664. 
Page 406. log 93,280 = 4.96979, log 0.9468 = 9.97626 - 10. 

427. If the given number harf five or more significant 
figures, a process called interpolation is required. 

Interpolation is based on the assumption that between 
two consecutive mantissas of the table the change in the 
mantissa is directly proportional to the change in the 
number. 

1. Find the logarithm of 34,237. 

The required mantissa is (§ 421) the same as the mantissa for 3423.7; 
therefore, it will be found by adding to the mantissa for 3423 seven 
tenths of the difference between the mantissas for 3423 and 3424. 

The mantissa for 3423 is 63441. 

The difference between the mantissas for 3423 and 3424 is 12. 

Hence, the mantissa for 3423.7 is 53441 -f- (0.7 of 12) = 63449. 

Therefore, the logarithm of 34,237 is 4.63449. 

2. Find the logarithm of 0.0015764. 

The required mantissa is the same as the mantissa for 1676.4. 
The mantissa for 1676 is 19766. 

The difference between the mantissas for 1676 and 1677 is 27. 
Hence, the mantissa for 1676.4 is 19766 -f- (0.4 of 27) = 19767. 
Therefore, the logarithm of 0.0016764 is 7.19767 — 10. 

3. Find the logarithm of 32.6708. 

The required mantissa is the same as the mantissa for 3267.08. 
The mantissa for 3267 is 61416. 

The difference between the mantissas for 3267 and 3268 is 13. 
Hence, the mantissa for 3267.08 is 61415 + (0.08 of 13) = 51416. 
Therefore, the logarithm of 32.6708 is 1.51416. 
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488. When the fraction of a unit in the part to be added 
to the mantissa for four figures is less than 0.5, it is to be 
neglected ; when it is 0.5 or more than 0.5, it is to be taken 
as one unit. 

Thus, in example 1, § 427, the part to be added to the mantissa for 
3423 is 8.4, and the .4 is rejected. In example 2, the part to be added 
to the mantissa for 1676 is 10.8, and 11 is added. 

To Find the Antilogarithm ; that is, the Number 
Corresponding 'to a Given Logarithm. 

429. If the given mantissa can be found in the table, 
the first three figures of the required number will be found 
in the same line with the mantissa in the column headed 
N, and the fourth figure at the top of the column containing 
the mantissa. 

The position of the decimal point is determined by the 
characteristic (§ 420). 

1. Find the number corresponding to the logarithm 
0.92002. 

Page 404. The number for the mantissa 92002 is 8318. 
The characteristic is ; hence (§ 420), the number is 8.318. 

2. Find the number corresponding to the logarithm 
6.09167. 

Page 390. The number for the mantissa 09167 is 1235. 

The characteristic is 6 ; hence (§ 420), the number is 1,236,000. 

3. Find the number corresponding to the logarithm 
2.51055. 

Page 394. The number for the mantissa 51065 is 3240. 
The characteristic is 2 ; hence (§ 420), the number is 324. 

4. Find the number corresponding to the logarithm 
7.50325 - 10. 

Page 394. The number for the mantissa 60326 is 3186. 

The characteristic is — 3 ; hence (§ 420), the number is 0.003186. 
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430. If the given mantissa cannot be found in the table, 
find in the table the two adjacent mantissas between which 
the given mantissa lies, and the four figures corresponding 
to the smaller of these two mantissas will be the first four 
significant figures of the required number. If more than 
four figures are desired, they may be found by interpolation, 
as in the following examples : 

1. Find the number corresponding to the logarithm 
1.48762. 

Here the two adjacent mantissas of the table, between which 
the given mantissa 48762 lies, are fomid to be (p. 394) 48766 and 
48770. The corresponding numbers are 3073 and 3074. The 
smaller of these, 3073, contains the first four significant figures of the 
required number. 

The difference between the two adjacent mantissas is 14, and the 
difference between the corresponding numbers is 1. 

The difference between the smaller of the two adjacent mantissas, 
48756, and the given mantissa, 48762, is 6. Therefore, the number 
to be annexed to 3073 is j\ of 1 = 0.428, and the fifth significant 
figure of the required number is 4. 

Hence, the required number is 30.734. 

2. Find the number corresponding to the logarithm 
7.82326 - 10. 

Here the two adjacent mantissas of the table, between which the 
given mantissa 82326 lies, are found to be (p. 401) 82321 and 82328. 
The corresponding numbers are 6656 and 6657. The smaller of 
these, 6656, contains the first four significant figures of the required 
number. 

The difference between the two adjacent mantissas is 7, and the 
difference between the corresponding numbers is 1. 

The difference between the smaller mantissa, 82321, and the 
given mantissa, 82326, is 5. Therefore, the number to be annexed 
to 6656 is ^ of 1 = 0.7, and the fifth significant figure of the required 
number is 7. 

Hence, the required number is 0.0066567. 
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Cologarithins. 

431. The logarithm of the reciprocal of a number is 
called the cologarithm of the number. 
If A denotes any number, then 

colog ^ = log 2 = log 1 - log A (§ 413) = - log -4 (§ 416). 

Hence, the cologarithm of a nimiber is equal to the logar 
rithm of the number with the minus sign prefixed, which 
sign affects the entire logarithm. 

In order to avoid a negative mantissa in the cologarithm, 
it is customary to substitute for — log A its equivalent 
(10 - log A) - 10. 

Hence, the cologarithm of a number is found by sub- 
tracting the logarithm of the number from 10, and then 
annexing ~ 10 to the remainder. 

The best way to perform the subtraction is to begin on 
the left and subtract from 9 each significant figure of log 
A except the last, and subtract this from 10. 

If log A is greater in absolute value<than 10 and less 
than 20, then in order to avoid a negative mantissa it is 
necessary to write — log A in the form 
(20 -log ^)- 20- 
So that, in this case, colog A is found by subtracting log A 
from 20, and then annexing — 20 to the remainder. 

1. Find the cologarithm of 4007. 

10. - 10 

Page 396. log 4007 = 3.60282 

colog 4007= 6.39718-10 

2. Find the cologarithm of 103,992,000,000. 

20. - 20 

Page 390. log 103992000000 = 11.01700 

colog 103992000000 = 8.98300 — 20 
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If the characteristic of log A is negative, then the sub- 
trahend, — 10 or — 20, will vanish in finding the value of 
colog A. 

3. Find the cologarithm of 0.004007. 

10. - 10 

Page 396. log 0.004007 = 7.60282 - 10 

colog 0.004007 = 2.39718 

With practice, the cologarithm of a number can be taken 
from the table as rapidly as the logarithm itself. 

By using cologarithms the inconvenience of subtracting 
the logarithm of a divisor is avoided. For dividing by a 
number is equivalent to multiplying by its reciprocal. 
Hence, instead of subtracting the logarithm of a divisor its 
cologarithm may be added. 



Exercise 136. 
Find the logarithm of : 

1. 6170. 4. 85.76. 7. 0.8694. 

2. 0.617. 5. 296.8. 8. 0.5908. 

3. 2867. 6. 7004. 9. ^75^43.'; 

Find the cologarithm of : 
^ 13. 72^33. [ 16. 869.278. 



14. 802.376. 

15. 15.7643. 



17. 154.000.^ 

18. 70.0426. 



19. 
20. 
21. 



10. 67.3208. 

11. 18.5283. 

12. 0.0042003. 

0.002403. 
0.000777. 
0.051828. 



Find the antilogarithm of : 

22. 2.47246. 25. 1.26784. 28. 9.79029-10. 

23. 7.89081. 26. 3.79029. 29. 7.62328-10. 

24. 2.91221. 27. 5.18752. 30. 6.15465-10. 
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Computation by Logarithms. 

1. Find the value oix,iix = 72,214 X 0.08203. 

Page 402. log 72214 = 4.85862 

Page 404. log 0.08203 = 8.91397 - 10 

By §412. logo; =3.77259 

Page 399. x =6923.6 

In using a five-place table the numbers corresponding to 
mantissas may be carried to five significant figures, and in 
the first part of the tabl^ to six figures. 

2. Fmd the product of - 908.4 X 0.05392 X 2.117. 

Page 406. log 908.4 = 2.95828« 

Page 398. log 0.05392 = 8.73175 - 10 

Page 392. log 2. 117 = 0.32572 

Page 390. 2.01575 = log 103.69. — 103.69. Ans, 

When any of the factors are negative, find their logarithms, with- 
out regard to the signs ; write n after the logarithm that corresponds 
to a negative number. If the number of logarithms so marked is odd, 
the product is negative; if even, the product is positive. 

3. Find the value of ic, if aj = 5250 ^ 23,487. 

Page 398. log 5250 =3.72016 

Page 392. colog 23487 = 5.62917 — 10 

Page 392. logx = 9.34933 — 10 = log 0.22353. 

.-. X = 0.22353 

. ... . ^, 1 ^ -P 7.56 X 4667 X 567 

4. Fmd the value of x, li x = ^^^^ ^ ^^^^^^ ^ ^3435* 

Page 403. log 7.56 =0.87852 

Page 397. log 4667 = 3.66904 

Page 399. log 567 =2.75358 

Page 405. colog 899. 1 = 7.04619 - 10 

Page 394. colog 0.00337 = 2.47237 

Page 392. colog 23435 = 5.6.3013 — 10 

Page 393. logx =2.44983 = log 281.73. 

.-. X =281.73. 
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5. Find the cube of 376. 

Page 395. log 376 =2.67519 

Multiply by 3 (§ 414), 3 

Page 398. log 3768 = 7.72557 = log 63159000. 

... 3768 = 53,159,000. 

6. Find the square of 0.003278. 

Page 394. log 0.003278 = 7.51561-10 

Multiply by 2 {§ 414), 2 

Page 390. log 0.0032782 = 16.03122 - 20 = log 0.000010745. 

.-. 0.0032782 = 0.000010745. 

7. Find the square root of 8322. 

Page 404. log 8322 = 3.92023 

Divide by 2 {§ 415), 2 ) 3.92023 

Page 406. log V8322 = 1.96012 = log 91.226. 

.-. V8322 = 91.226. 

If the given number is a proper fraction, its logarithm will have ajs 
a subtrahend 10 or a multiple of 10. In this case, before dividing the 
logarithm by the index of the root, both the subtrahend and the 
number preceding the mantissa should be increased by such a number 
as will make the subtrahend, when divided by the index of the root, 
10 or a multiple of 10. 

8. Find the square root of 0.000043641. 

Page 396. log 0.000043641 = 5.63989 - 10 

10. - 10 

Divide by 2 (§ 415),^ 2 ) 15.63989 - 20 

Page 401. log Vo.000043641 = 7.81995 - 10 = log 0.0066062. 
.-. Vo.000043641 = 0.0066062. 

9. Find the sixth root of 0.076553. 

Page 403. log 0.076563 = 8.88397-10 

60. - 60 

Divide by 6 (§ 416), 6 ) 58.88397 - 60 

Page 400, log Vo.076553 = 9.81400 - 10 = log 0.66163. 
.-. Vo.076553 = 0.65163. 
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.A -c.. ^ .V 1 i. W3.1416 X 4771.21 x 2.7183* 

10. Find the value of V30.IO3.* X 0.4343* X 69.897*' 

log 3.1416 =0.49716 = 0.49715 

log 4771.21 = 3.67863 = 3.67863 

i log 2.7183 =1(0.43430) = 0.21715 

4 colog 30.103 = 4 (8.52139 - 10) = 4.08566 - 10 

icolog 0.4343 =i (0,36221) = 0.18111 

4 colog 69.897 =4(8.15654-10)= 2.62216-10 

11.28176 - 20 

30. - 30 

5 )41.28176-50 

8.25635 — 10 

= log 0.018045. 

11. Find the value of x in 81^ = 10. 

81* = 10. 
.-.log 81* = log 10. 

X log 81 = log 10. (§ 414) 

log 10 1.00000 ^ ^^^^. 
^ = iSi^ = 1:90849 = ^-'''^^- 

Exercise 137. 
Find the value of : 

1. 849.7 X 0.7834. 10. 6078 ^ 8703. 

2. 3.709 X 0.08673. 11. 8.326 ^ 0.1978. 

3. 83.75 X 0.009376. 12. 0.6539 -f- 0.9761. 

4. 8593 X 0.0008974. 13. - 2.567 h- 0.6785. 

5. - 0.007634 X 6457. 14. (39.47 X 5.938) ^ 76.54. 

6. - 0.07843 X 48.66. 15. (5674 X 0.763) -f- 0.9803. 

7. - 0.8734 X 0.4378. 16. 357 h- (7069 X 0.07948). 

8. - 7.384 X (- 5.837). 17. 8.9 -5- (17.81 X 0.002831). 

9. 4657 X 3145. 18. 51.98 h- (81.71 X 0.0008002). 
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79.32 X 0.005763 X 0.8064 
0.4273 X 0.8462 X 0.01 

72.56 X 0.0005723 X 8979 
42.28 X 4.745 X 0.006158 ' 

Q.01723 X 34.29 X 0.5477 
0.07692 X 37.69 X 0.7733* 

7.126 X 0.7213 X 0.7583 
0.4684 X 7.385 X 0.9673' 

2.057 X 77.12 X 0.004896 X 4.771 
7.582 X 97.33 X 0.008697 X 0.4963* . 

24. 5.03». 28. 0.6787*. 32. 9.068^. 

25. 15.01^ 29. 0.9679^ 33. 0.0635*. 

26. 76.85*. 30. 0.078678. 34. 0.008721^ 

27. 8.7132. 31. 0.008546^. 35. 0.6543*. 



19. 
20. 
21. 
22. 
23. 



36. 
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39. 



■i. 



83.25 X 8375 X 0.008576 
0.0327 X 687.5 X 0.005003 ' 

4.163^ X 17.74 X 0.7183^ 
3.0132 X 34.34 X 0.08137* 

7132 X 9.245 X 0.5477^ 
76.93 X 0.000173* X 0.01 

65.02 X 0.002753 X 97.98 
7.2982 X 0.04754 X 8.1562* 



/0.6012 X VO.6OI2 X VO.6OI2 

*^- ^ , . 

\ 0.5926 X VO.5926 X VO.5926 

Find X from the equation : 

41. 5^ = 10. 43. 7^ = 40. 45. (0.4)"^ = 3. 

42. 4^=20. 44. (1.3)^ = 4.2. 46. (0.9)"^ = 2. 
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Compound Interest and Annuities. 

432. The amount of $F at compound interest at r per 
cent 

for 1 year is P (1 + r) ; 

for 2 years is P (1 4- ry ; 

for 71 years is P (1 + r)\ 

Hence, if the amount for 7i years is represented by A, 
^ = P(l4-r)». 

Note. If the interest is compounded semi-annually, 

Find the amount of f 150 for 6 years at 4% compound 
interest. 

^ = P(l+r)« = 150(1.04)«. 
log 150 =2.17609 
log 1.046 = 0.10218 
log A = 2.27827 = log 189.79. 

Hence, the required amount is $189.79. 

433. The present worth, P, of $A, payable in n years at 
r per cent, must just amount in n years to A, 

434. An annuity is a sum of money to be paid at regular 
intervals of time, as years, half years, quarter years. 

435. To find the present value of an annuity of fA per annum 
for n years, at r per cent. 

The present value of the 1st payment is ; (§433) 
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^^ - • ' A 

The present value of the 2d payment is 



(l+r)2' 
A 



The present value of the T^th payment is ,^ . ^ 
^ ^ -^ (1 + 7'y 

Hence, the present value of all the payments is 



(1+ r) (1 + rf ' (1 + r/ 

1 =— 

1-hr 
Multiply both numerator and denominator by 1 -f- r, 



_llJ_a±irJ 



r • 



=^i 



1 • 1 



(1 +'•)•; 



*— ,-3 

Find the present value of an annuity of f 500 for 5 years, 
if money is worth 4%. 

rL (H-r)»J 0.04\ 1.046/ 

log 1.04« = 6 X 0.01703 = 0.08515 = log 1.2166. 

600 0.2166 
*' 0.04 1.2166* 

log 500 = 2.69897 

log 0.2166 = 9.33566 - 10 
colog0.04 = 1.39794 
colog 1.2166 = 9.91485 - 10 

3.34742 = log 2225.5. 

Therefore, the present value of the annuity is $2225.50. 
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Exercise 138. 
Find the amount at compound interest : 

1. Of $8764 for 9 years at 5%. 

2. Of $16,470 for 17 years at 3^%. 

3. Of $12,000 for 12 years at 4%. 

4. Of $976.45 for 9 years 6 months at 
Find the principal that will : 

6. Amoimt to $1200 in 7 years at o% compound interest. 

6. Amount to $18,740 in 12 years at 4% compound 

interest. 

7. Amount to $847.55 in 5 years 3 months at 3^% com- 

pound interest. 

Find the rate of compound interest : 

8. If $1296 amoimts to $1576.75 in 5 years. 

9. If $4830 amounts to $6472.70 in 6 years. 

10. If $4625 amounts to $7404.80 in 12 years. 

11. In what time at 3^% will $2225 amount to $3225 at 

compound interest ? 

12. In what time at 5% will $1640 amount to $3000, 

interest being compounded semi-annually ? 

Find the present value of an annuity : 

13. Of $750 for 12 years, if money is worth 4%. 

14. Of $1200 for 10 years, if money is worth 5J-%. 

15. Of $1875 for 6 years, if money is worth 4%. 

16. Of $3200 for 14 years, if money is worth 3^%. 

17. Of $2500 for 8 years, if money is worth 3%. 

18. Of $612.50 for 18 years, if money is worth 3^%. 
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778 


785 


^ 


800 


S 


573 


815 


823 


831 


838 


853 


861 


876 


884 


S 


574 


891 


899 


906 


914 


921 


929 


937 


944 


952 


959 


S 


575 


967 


974 


982 


989 


997 


♦005 


*OI2 


*020 


♦027 


*035 




576 


76042 


050 


057 


065 


072 


080 


087 


095 


103 


110 




577 


118 


125 


133 


140 


148 


155 


163 


170 


178 


185 




578 


193 


200 


208 


215 


223 


230 


238 


245 


253 


260 




579 


268 


275 


283 


290 


298 


305 


313 


320 


328 


335 




580 


343 


35Q 


358 


365 


373 


380 


388 


395 


403 


410 


I 


5f' 


418 


425 


433 


440 


448 


455 


462 


470 


477 


485 




5!^ 


492 


500 


507 


515 


522 


530 


537 


545 


552 


559 




583 


567 


574 


582 


589 


597 


604 


612 


619 


626 


634 




584 


641 


649 


656 


664 


671 


678 


686 


693 


701 


708 


' 


585 


716 


723 


730 


If. 


745 


753 


760 


gf 


775 


782 




586 


790 


797 


!^5 


819 


827 


834 


849 


856 




587 


864 


871 


879 


886 


893 


901 


908 


916 


923 


930 




588 


938 


945 


953 


960 


967 


048 


982 


989 


997 


*oo4 




589 


77012 


019 


026 


034 


041 


056 


063 


070 


078 




590 


085 


093 


100 


107 


"5 


122 


129 


«37 


144 


15* 




591 


159 


166 


173 


181 


188 


i?5 


203 


210 


217 


225 




592 


232 


240 


247 


254 


262 


269 


276 


283 


291 


298 




593 


305 


3^1 


320 


327 


III 


342 


349 


357 


364 


371 




594 


379 


386 


393 


401 


415 


422 


430 


437 


444 




595 


452 


459 


466 


474 


481 


488 


fel 


503 


510 


517 




596 


525 


532 


539 


546 


554 


561 


576 


583 


590 




597 


597 


605 




619 


627 


634 


641 


648 


656 


663 




598 


670 


677 


685 


692 


699 


706 


7'1 


721 


gf 


735 




599 


743 


750 


757 


764 


772 


779 


786 


793 


808 




W. 





1 


2 


3 


4 


5 


6 


7 


8 


9 


I 



400 



600—650 



N. 





1 


2 


3 


4 


5 


6 


7 


8 


9 


D. 


600 


77!J5 


822 


830 


837 


844 


851 


859 


866 


873 


880 




601 


887 


89s 


902 


909 


916 


924 


931 


938 


945 


952 




602 


960 


967 


974 


981 


988 


996 


*oo3 


*OIO 


*oi7 


*025 




603 


78032 


039 


046 


053 


061 


068 


075 


082 


089 


097 




604 


104 


III 


118 


125 


132 


140 


H7 


154 


161 


168 




^^r 


176 


183 


190 


197 


204 


211 


219 


226 


233 


240 




606 


247 


254 


262 


269 


276 


283 


290 


297 


SS 


312 




S 


319 


326 


333 


340 


347 


355 


362 


369 


383 




390 


398 


405 


412 


419 


426 


433 


440 


447 


n 




609 


462 


469 


476 


483 


490 


497 


504 


512 


519 




610 


533 


540 


547 


554 


561 


569 


576 


583 


590 


597 




611 


604 


611 


618 


s 


633 


640 


647 


654 


661 


668 




6l2 


675 


682 


689 


704 


711 


718 


725 


732 


739 




613 


Ify 


l^ 


& 


1% 


774 


781 


789 
859 


796 


803 


810 




614 


845 


852 


866 


873 


880 


L 


615 

616 


888 


895 


902 


909 


916 


923 


930 


937 


944 


951 




958 


965 
036 


972 


979 


986 


993 


*ooo 


*oo7 


♦014 


*02I 




617 
618 


79029 


043 


050 


057 


064 


071 


078 


085 


092 




099 


106 


"3 


120 


127 


134 


141 


148 


155 


162 




619 


169 


176 


183 


190 


197 


204 


211 


218 


225 


232 




620 


239 


246 


253 


260 


267 


274 


281 


288 


295 


302 




621 


309 


3i! 


323 


330 


337 


344 


351 


35! 


365 


372 




622 


379 


386 


393 


400 


407 


414 


421 


428 


435 


442 


7 


623 


449 


456 


463 


470 


477 


484 


491 


498 


505 


5" 




624 


518 


52s 


532 


539 


546 


553 


560 


567 


574 


581 




626 


588 


595 


602 


609 


616 


623 


630 


637 


644 


650 




657 


664 


671 


678 


685 


692 


699 


706 


713 


720 




627 


727 


'dt 


741 


748 


754 


t,\ 


768 


844 


782 


789 




628 


g 


810 


817 


824 


837 


851 


858 




629 


872 


879 


886 


893 


900 


906 


913 


920 


927 




630 


« 934 


941 


948 


955 


962 


969 


975 


982 


989 


996 




631 


80003 


010 


017 


024 


030 


037 


044 


051 


058 


065 




632 


072 


079 


085 


092 


099 


106 


"3 


120 


127 


134 




633 


140 


M7 


154 


161 


168 


175 


182 


188 


195 


202 




634 


209 


216 


223 


229 


236 


243 


250 


257 


264 


271 




^A 


277 


284 


291 


298 


305 


312 


3i« 


325 


332 


339 




636 


346 


353 


359 


366 


373 


380 


387 


393 


400 


407 




637 


414 


421 


428 


434 


441 


448 


455 


462 


468 


475 




638 


482 


489 


496 


502 


509 


516 


523 


530 


536 


543 




639 


550 


557 


564 


570 


577 


584 


591 


598 


604 


611 




640 


618 


625 


632 


638 


645 


652 


659 


665 


672 


679 




641 


686 


693 


699 


706 


7^3 


720 


726 


733 


g? 


Z47 




642 


lit 


760 


767 


774 


848 


787 


794 


801 


814 




643 


828 


835 


841 


855 


862 


868 


875 


882 




644 


889 


895 


902 


909 


916 


922 


929 


936 


943 


949 




645 


956 


963 


969 


976 


983 


990 


996 


*oo3 


*oio 


♦017 




646 


81023 


030 


037 


043 


050 


057 


064 


070 


077 


084 




!^? 


090 


097 


104 


III 


117 


124 


131 


«37 


144 


151 




648 


158 


164 


171 


178 


184 


191 


198 


204 


211 


218 




649 


224 


231 


238 


245 


251 


258 


265 


271 


278 


285 




N. 





1 j 2 J 3 4 5 


6 


7 


8 


9 


D. 



650—700 



401 



'ir. 





1 


2 


3 


4 


5 


6 


7 


8 


9 


D. 


650 


81291 


298 


305 


3" 


318 


325 


331 


338 


345 


351 




651 


358 


365 


371 


378 


385 


391 


398 


405 


411 


418 




652 


425 


431 


438 


445 


^5i 


458 


465 


471 


478 


485 




653 


491 


498 


505 


5" 


518 


525 


531 


538 


544 


551 




654 


558 


564 


571 


578 


584 


591 


598 


604 


611 


617 




^55 


624 


631 


637 


644 


651 


657 


664 


671 


677 


684 




656 


690 


697 


704 


710 


717 


723 


730 


737 


743 


750 




657 


757 


763 


770 


776 


849 


790 


796 


803 


809 


816 




658 


ll^ 


829 


836 


842 


856 


862 


869 


875 


S82 




659 


889 


895 


902 


908 


915 


921 


928 


935 


941 


948 




660 


954 


961 


968 


974 


981 


987 


994 


1*000 


♦007 


♦014 




661 


82020 


027 


033 


040 


046 


053 


060 


066 


073 


079 




662 


086 


092 


099 


105 


112 


U9 


125 


132 


138 


145 




663 


151 


158 


164 


171 


178 


184 


191 


197 


204 


210 




664 


217 


223 


230 


236 


243 


249 


256 


263 


269 


276 




^^1 


282 


289 


295 


302 


308 


315 


321 


328 


334 


341 




666 


347 


354 


360 


367 


373 


380 


387 


393 


400 


406 




667 


413 


419 


426 


432 


439 


445 


452 


458 


465 


471 




668 


478 


484 


491 


497 


504 


510 


5*7 


523 


530 


536 




669 


543 


549 


556 


562 


569 


575 


582 


588 


595 


601 




670 


607 


614 


620 


627 


633 


640 


646 


653 


659 


666 


7 


671 


672 


679 


685 


692 


698 


705 


711 


718 


724 


730 


6 


672 


Z37 


743 


750 


756 


763 


769 


840 


782 


789 
853 


795 


6 


673 


802 


808 


814 


821 


827 


834 


847 


860 


6 


674 


866 


872 


879 


885 


892 


898 


905 


911 


918 


924 


6 


^i 


930 


937 


943 


950 


956 


963 


969 


975 


982 


988 


6 


676 


995 


♦001 


*oo8 


♦014 


*020 


*027 


*033 


♦040 


♦046 


♦052 


6 


\n 


83059 


065 


072 


078 


085 


091 


097 


104 


no 


117 


6 


678 


'53 


129 


136 


142 


149 


155 


161 


168 


174 


181 


6 


679 


187 


«93 


200 


206 


213 


219 


225 


232 


238 


245 


6 


680 


251 


257 


264 


270 


276 


283 


289 


296 


302 


308 


6 


681 


315 


321 


327 


334 


340 


347 


353 


359 


366 


372 


6 


682 


378 


385 


391 


398 


404 


410 


417 


423 


429 


436 


6 


S^ 


442 


448 


455 


461 


467 


474 


480 


487 


493 


499 


6 


684 


506 


512 


518 


525 


531 


537 


544 


550 


556 


563 


6 


fA 


569 


575 


582 


588 


594 


601 


607 


613 


620 


626 


6 


686 


i^i 


639 


% 


651 


658 


664 


670 


677 


683 


689 


6 


^l 


696 


702 


7*5 


721 


727 


734 


740 


'A 


753 


6 


688 


759 


765 


771 


778 


784 


790 


797 


803 


816 


6 


689 


822 


828 


83s 


841 


847 


853 


860 


866 


872 


879 


6 


690 


948 


891 


897 


904 


910 


916 


923 


929 


935 


942 


6 


S' 


954 


960 


967 


973 


979 


048 


992 


998 


*oo4 


6 


692 


8401 1 


017 


023 


029 


036 


042 


055 


061 


067 


6 


693 


073 


080 


086 


092 


098 


105 


III 


"7 


123 


130 


6 


994 


136 


142 


148 


155 


161 


167 


173 


180 


186 


192 


6 


^ 


198 


205 


211 


217 


223 


230 


236 


242 


248 


255 


6 


696 


261 


267 


273 


280 


286 


292 


298 


305 


3" 


317 


6 


697 


^11 


330 


336 


342 


348 


354 


361 


367 


373 


379 


6 


698 


386 


392 


398 


404 


410 


417 


423 


429 


435 


442 


6 


699 


448 


454 


460 


466 


473 


479 


485 


491 


497 


504 


6 


N. 





1 


2 


3 


4 


5 


6 


7 8 


9 


°- 



402 



700—750 



N. 





1 


2 


3 


4 


5 


6 


7 


8 


9 


D. 


700 


84510 


5'^ 


522 


528 


535 


541 


547 


553 


559 


566 


6 


701 


572 


578 


584 


590 


iP 


603 


609 


615 


621 


628 


6 


702 


^ 


640 


646 


652 


665 


671 


677 


683 


689 


6 


703 


696 


702 


708 


714 


720 


72^ 


733 


739 


Sf 


75' 
813 


6 


704 


757 


763 


770 


776 


782 


788 


794 


800 


6 


705 


819 


825 


831 


837 


844 


850 


856 


862 


868 


874 


6 


706 


880 




893 


899 


905 


9H 


917 


924 


930 


936 


6 


707 


942 


948 


954 


960 


967 
028 


973 


979 


985 


991 


997 


6 


708 


85003 


009 


016 


022 


034 


040 


046 


052 


058 


6 


709 


065 


071 


077 


083 


089 


095 


lOI 


107 


114 


120 


6 


710 


126 


132 


138 


144 


150 


156 


163 


169 


175 


181 


6 


711 


187 
248 


193 


199 


^5 


211 


217 


224 


230 


236 


242 


6 


712 


254 


260 


266 


272 


278 


285 


291 


3^^ 


303 


6 


713 


309 


315 


321 


327 


333 


339 


345 


352 


364 


6 


7M 


370 


Z7^ 


382 


388 


394 


400 


406 


412 


418 


425 


6 


715 


431 


437 


443 


449 


455 


461 


S 


473 


479 


485 


6 


716 


491 


497 
558 


503 


509 


516 


522 


534 


540 


546 


6 


717 
718 


552 


564 


570 


576 


582 


588 


594 


600 


606 


6 


612 


618 


625 


631 


637 


643 


649 


655 


661 


667 


6 


719 


673 


679 


685 


691 


697 


703 


709 


715 


721 


727 


6 


720 
721 


733 


^ 


i^ 


'& 


'^. 


s 


830 


Vie 


t 


848 


6 
6 


722 


860 


866 


872 


878 


884 


890 


896 


902 


908 


6 


723 


914 


920 


926 


932 


938 


944 


950 


956 


962 


968 


6 


724 


974 


980 


986 


992 


998 


♦004 


*OIO 


*oi6 


♦022 


*028 


6 


725 


86034 


040 


046 


052 


058 


064 


070 


076 


082 


088 


6 


726 


094 


100 


106 


112 


118 


^^ 


130 


136 


141 


147 


. 6 


727 


153 


159 


165 


171 


«77 


183 


189 


195 


201 


207 


6 


728 


213 


219 


225 


231 


237 


243 


249 


255 


261 


267 


6 


729 


273 


279 


285 


291 


297 


303 


308 


314 


320 


326 


6 


730 


332 


33^ 


344 


350 


356 


362 


368 


374 


380 


386 


6 


731 


392 


398 


404 


410 


415 


421 


427 


433 


439 


445 


6 


732 


451 


457 


463 


469 


475 


481 


487 


493 




504 


6 


733 


510 


516 


522 


^f 


534 


540 


546 


552 


558 


564 


6 


734 


570 


576 


581 


587 


593 


599 


605 


611 


617 


623 


6 


735 


629 


635 


641 


646 


652 


658 


664 


670 


676 


682 


6 


736 


688 


694 


700 


705 


711 


717 


723 


729 


735 


741 


6 


737 


747 


753 


759 


764 


770 


776 
835 


782 


IS 


IT^ 


800 


6 


12fi 


806 




817 


823 


829 


841 


859 


6 


739 


864 


870 


876 


882 


888 


894 


900 


906 


911 


917 


6 


740 


923 


929 


935 


941 


947 


953 


958 


964 


970 


976 


6 


741 


982 


988 


994 


999 


*oo5 


*OII 


*oi7 


*023 


*029 


*o35 


6 


742 


87040 


046 


052 


058 


064 


070 


075 


081 


087 


093 


6 


743 


099 


105 


III 


116 


122 


128 


134 


140 


146 


151 


6 


744 


157 


163 


169 


175 


181 


186 


192 


198 


204 


210 


6 


7"^! 


216 


221 


227 


233 


239 


245 


251 


256 


262 


268 


6 


746 


274 


280 


286 


291 


297 


303 


309 


315 


320 


326 


6 


1% 


332 


33^ 


344 


349 


355 


361 


367 


373 


379 


384 


6 


390 


396 


402 


408 


413 


419 


425 


431 


437 


442 


6 


749 


448 


454 


460 


466 


471 


477 


483 


489 


495 


500 


6 


N. 





1 


2 


3 


4 


5 


6 


7 


8 


9 


D. 



750—800 



403 



N. 





1 


2 


3 


4 


5 


6 


7 


8 


9 


D. 


750 


87506 


512 


518 


523 


529 


535 


541 


547 


552 


558 


6 


751 


564 


570 


576 


581 


587 


593 


599 


604 


610 


616 


6 


752 


622 


628 


633 


639 


645 


651 


656 


662 


668 


674 


6 


753 


679 


685 


691 


697 


703 


708 


7*4 


720 


726 


73' 


6 


754 


737 


743 


749 


754 


760 


766 


772 


777 


783 


789 


6 


755 


1% 


800 


806 


812 


818 


823 


829 


835 


841 


846 


6 


756 


858 


864 


869 


875 


881 


887 


892 


898 


904 


6 


757 
758 


910 


915 


921 


927 


933 


938 


944 


950 


955 


961 


6 


967 


973 


978 


984 


990 


996 


*OOI 


*oo7 


*oi3 


*oi8 


6 


759 


88024 


030 


036 


041 


047 


053 


058 


064 


070 


076 


6 


760 


081 


087 


093 


098 


104 


no 


116 


121 


127 


133 


6 


761 


138 


144 


150 


156 


161 


167 


173 


178 


184 


190 


6 


762 


195 


201 


207 


2i3 


218 


224 


230 


235 


241 


247 


6 


763 


252 


258 


264 


270 


275 


281 


287 


292 


298 


304 


6 


764 


309 


315 


321 


326 


332 


338 


343 


349 


355 


360 


6 


765 


366 


372 


377 


3S3 


389 


395 


400 


406 


"^li 


417 


6 


766 


423 


429 


434 


440 


446 


451 


457 


463 


468 


474 


6 


s 


480 


485 


491 


497 


502 


508 


513 


51? 


5^5 


530 


6 


536 


542 


547 


553 


559 


564 


570 


576 


581 


587 


6 


769 


593 


598 


604 


610 


615 


621 


627 


632 


638 


643 


6 


770 


649 


655 


660 


666 


672 


677 


683 


689 


694 


700 


6 


771 


705 


711 


717 


722 


728 


734 


739 


Z^5 


^7 


If. 


6 


772 


762 
818 


767 


773 


779 


784 


846 


795 


8oi 


6 


773 


824 


829 


835 


840 


852 


857 


863 


868 


6 


774 


874 


880 


885 


891 


897 


902 


908 


913 


919 


925 


6 


775 


930 


936 


941 


947 


953 


958 


964 


969 


975 


981 


6 


776 


986 


992 


997 


*oo3 


♦009 


*oi4 


*020 


♦025 


♦031 


*037 


6 


777 
778 


89042 


048 


053 


059 


064 


070 


076 


081 


087 


092 


6 


098 


104 


109 


"5 


120 


126 


131 


«37 


143 


148 


6 


779 


»54 


159 


165 


170 


176 


182 


187 


193 


198 


204 


6 


780 
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